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Abstract

One solution to limit the contractor’s default risk in first-price procurement auctions is to audit
the winning firm in order to assess the reliability of its bid, and, in case of an unsatisfactory
response, moving to the next firm. We provide conditions under which a standard mechanism
with audit — a mechanism in which allocation and audit proceed monotonically, starting
from the lowest cost firm — is indeed optimal. These conditions involve the cost of the
auditing procedure, the direct benefit of audit (the reduction in the risk of having the project
unfinished), and, crucially, the relationship between firms’ costs and default risks. We also
provide conditions such that the procurer would rather use a mechanism in which allocation
and audit are done randomly, at least at some point of the awarding process.
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1 Introduction

A well-known problem in the procurement of works is the risk of non-performance: the firm that
is awarded the contract, in the (often long) time span between the assignment and the completion
of the work, may encounter unforeseen contingencies that may hinder, partially or totally, the
realization of the object of the contract. Such unforeseen contingencies can be of several types:
some of them could be specific to the project to be realized (technical difficulties, a sudden increase
in the cost of the inputs), others could affect the general economic conditions of the firm (financial
distress, a drop in the demand for other firm’s products). A lack of performance by the firm may
be extremely costly, especially when the object of the procurement is a public good or service.
These costs may consist in delays, litigations, extra-costs to complete the work if the appointed
firm defaults, political costs for the procurer and, of course, welfare losses for the public who
misses the benefits from the good/service.

Public contracts are often awarded via competitive bidding, usually through first-price auctions.
Limiting corruption of public officials and fostering an efficient contract allocation are some of the
well known advantages of competitive bidding. However, when the risk of the contractor’s non
performance is an issue, competitive bidding may even exacerbate this risk, as it econourages the
bidder most likely to default to bid low and hence win.

This perverse effect may occur for two reasons. On the one hand, a riskier firm may bid lower
because it has less to lose in case of default. This may occur when firms have heterogenous assets.
Being protected by limited liability, the value of a firm’s assets actually constitutes an upper bound
on its potential losses, as the firm will rather go bankrupt and lose its assets when the expected
loss from going on with the project exceeds this value. Hence, a firm with little assets is more
likely to go bankrupt if a negative shock occurs ex-post, and, at the same time, having less to lose
in case of a negative shock, can also afford to bid lower than a firm with larger assets.

On the other hand, a riskier firm may bid lower because it has more to gain in case of no
default. This may occur when firms adopt different solutions to realize the tendered project and
these solutions are characterized different cost-risk balances: some solutions may be more cost-
effective if everything goes well, but more difficult to adapt to negative contingencies; others are
more costly on average, but more flexible and secure. In this case, upon bidding in the auction,
a firm with a riskier technology only takes into account its (low) production cost in the (low
probability) good states, as it is protected by limited liability in the (high probability) bad states
of the world.

An approach to alleviate the contractor’s default problem is to rule out bids that are perceived
as abnormally low. This approach has been and still is adopted in several European and non-
European countries. In general, the mechanism is formulated as a first-price auction in which,
however, bids that are below some threshold defined as a function of all bids (often their average)
are considered unreasonable and automatically eliminated. Hence, the winning bid turns out to be
the one that is closest and above to a certain average of all submitted bids, which actually makes
this mechanism an instance of average bid auction. An average bid auction has an equilibrium
(possibly the unique) in which all firms make the same bid: in other words, it is essentially
equivalent to a lottery. Therefore, an average bid auction may effectively reduce the risk that the
winning firm defaults with respect to a genuine first-price auction.

Despite its potential in reducing default risk, the average bid auction mechanism has been
viewed with suspect for its anticompetitive ﬂavorE| In the European Union, such mechanism is
prohibited for contracts above a certain value (see Directive 2004/18, art. 55), but is still used
in practice for contracts below that value. In particular, the European Law dictates that bids
that appear abnormally low can be eliminated but only after auditing the firms that made it. In
this sense, an average bid method can possibly be used, but only to identify those bids that are
suspect. Implicitly, the European provision introduces a different awarding mechanism, that can
be called a first-price auction with audit: the contract is provisionally awarded to the firm that

1 Another shorthcoming of average bid auctions is that they are weak to collusion, as the members of a cartel,
by placing coordinated bids, may pilot the average (see |Conley and Decarolis| [2016]).



makes the lowest bid, but the procurer, before coming to a final decision, can decide to audit
this firm. Then, depending on the information collected from this audit, the procurer can then
either definitively assign the contract to this firm or, instead, moving to the firm that made the
second-lowest bid, which, in turn, can be audited; and so on. The rationale behind a first-price
auction with audit is then to alleviate the risk of awarding the contract to a risky firm without
giving up the benefits of competition.

The goal of this paper is to study whether and when auditing firms does indeed represent
an optimal compromise between the two competing goals of reducing the awarding price and
minimizing the risk of non-performance. This potential remedy has been greatly overlooked by
the literature, which has mainly focussed on other solutions (e.g. penalties, perfomance bonds).
To tackle this question, we adopt a mechanism design approach. We assume that firms are
characterized by an idyosincratic risk of non-performing ex-post, which is correlated with their
expected cost for completing the project. Although our model allows for any possible relation
between default risk and (expected) production cost, what we have in mind is a situation in which
this relation is negative: a firm that plans to adopt a cheaper technology to realize the project
is more likely to be unable to adapt to unexpected negative shocks and thereby to default. This
assumption captures a situation in which the perverse effect of competitive bidding originates from
the fact that firms have technologies characterized by different riskiness rather than heterogeneous
assets’ value. This situation seems more in line with the scope of the provision of the European
Union. In fact, Directive 2004/18 specifies that the audit should be concerned with the “details
of the constituent elements of the tender” (art. 55). Hence, its goal is not to assess the general
financial conditions of the firm, but, rather, to evaluate the reliability of the firm’s bid and, in
particular, to appraise how likely it is that, given the technical solutions the firm declares it will
adopt to realize the project, the firm will be able to effectively complete the project. We also
assume that the firm that is awarded the contract receives the payment only upon performance,
and that, if the project is assigned to a firm but not completed, the procurer suffers a loss, which
captures any delay, social, or political cost. We finally pose that auditing firms is costly and, by
simplicity, that audit fully reveals whether a firm will be able to fulfill the contract or not.

As a benchmark, we begin the analysis with the case in which the contract is allocated at
one go, without auditing any firm. We provide the condition such that the optimal mechanism is
equivalent to a first-price auction and the condition such that the optimal mechanism is a lottery
(i.e. it is implemented by an average bid auction). These conditions are generalizations of the
standard result of Myerson (1981), and involve the shape of the virtual surplus functions, which,
in the present context, also depend on the relationship between firms’ expected production cost
and risk of default and on the magnitude of the loss suffered by the procurer in case of default.

We then introduce audit in the awarding mechanism. We define a mechanism with audit as an
incentive compatible and individually rational direct mechanism that allows the procurer to audit
a firm that has been (provisionally) awarded the contract, and, depending on the outcome of this
audit, to definitively assign the contract to this firm or to move to another firm, which, in turn, can
be audited; and so on. We also define a standard mechanism with audit as a mechanism with audit
where the (provisional) allocation follows the ranking of firms’ costs; and a random mechanism
with audit as a mechanism with audit where the (provisional) allocation is made randomly, at
least in some round of the assignment process.

We first consider the case in which any firm, upon assignment, must be audited (with some
fixed probability). We provide a sufficient condition that guarantees that a standard mechanism
with audit is indeed optimal. This condition involves the shape of a different virtual surplus
function that takes also into account the option value of assigning the contract to a certain firm.
Such option value captures the fact that, if a firm is audited, the procurer still has the possibility to
have the project done by another firm. We also characterize the first-price (and the second-price)
auction with audit that implements such a mechanism.

We finally move to the case in which the procurer can optimally decide whether to audit a
certain firm or not. In this case, the trade-off between firms’ costs and default risks interacts
with a second trade-off, the one between the cost and the benefits of audit. We provide sufficient
conditions under which a standard mechanism with audit is optimal. In particular, these conditions



imply that, in those situations in which, in the absence of audit, the procurer should adopt a lottery
(i.e. an average bid auction) to maximize her expected payoff, a standard auction with audit can
indeed be optimal, but only if the relationship between firms’ expected cost and default risk is not
too steep, the probability of firms’ default is neither too high nor too low, and, in addition, the
ratio between auditing cost and procurer’s loss in case of default is sufficiently low. When these
conditions fail to hold, instead, a standard mechanism with audit will in general be suboptimal.
This does not mean that auditing is not beneficial at all, but, rather, that, at least at some round
of the allocation process, the procurer should assign the project randomly to one of the eligible
firms, and then audit this firm. In particular, we characterize random mechanisms with audit
that, under certain conditions, dominate the best standard mechanism with audit.

Our paper is related to the literature, especially theoretical, on the problem of contractor’s
default in procurement auctions and its remedies.

Spulber| (1990) was the first to note that auctions may provide incentives for contractors to
default when there are cost overruns. [Zheng (2001)) highlights how this problem is exacerbated
when bidders have heterogenous limited liabilities. He shows that, in a first-price selling auction,
it is possible that, in equilibrium, low-budget bidders bid high and high-budget bidders bid low, so
that the winner is the most budget-constrained bidder, who is most likely to declare bankruptcy.
Burguet et al.| (2012)) consider a procurement setting which is equivalent to that of |Zheng (2001)),
and show that a standard auction can haradly be optimal. Waehrer| (1995) and Board, (2007)
investigate the implications on the auctioneer’s payoff of different post-default situations.

Several papers then explored possible remedies to the risk of default’s problem. |Calveras
et al.|(2004) and Birulin/ (2020) consider surety (or performance) bondsE| The latter article, in
particular, shows that, under the (crucial) hypothesis that the possible ex-post cost overrun is
realized after the contractor has already made a significant sunk investment, a first-price auction
together with an optimally designed surety bond can be the optimal mechanism. |Chillemi and
Mezzetti| (2014) considers a different setting in which the procurer can impose penalties (stipulated
damage payments) in case of contract’s breach. They show that the optimal mechanism may lead
to an inefficient lock-in effect (the contractor completes the project even if it is not efficient to
do so), and, interestingly, that that, if the cost types of all agents are above a threshold, then
the project is assigned by lottery. |Birulin and Izmalkov| (2022)) study the problem of optimally
balancing up-front and final payments to the contractor. They highlights how an increase in the
up-front payments may alleviate opportunistic behavior at the bidding stage; however, this comes
at the cost of increasing the risk of opportunistic behavior ex-post.

Among the variuos remedies to the contractor’s default problem in competitive auctions, the
most relevant to us is the authomatic elimination of abnormally low tenders, which actually yields
to an average bid auction. There is not a single definition of this type of auction, as there are
various actual examples around the world that differ in the details (especially the way in which
the average is deﬁned)ﬂ For the average bid methods in use in Italy, |Galavotti et al.| (2018)
and Decarolis| (2018) show that there is a continuum of equilibria, in all of which all bidders
make the same (sufficiently high) bidﬁ making an average bid auction essentially equivalent to
a lottery. However, most of the studies on average bid auctions, including the cited article by
Decarolis| (2018), are empirical and aimed at comparing the relative performance of this method
with respect to the first-price auction (see also [Decarolis| |2014| and |Chang et al.| |2015)). In this
respect, one of the contribution of our paper is to provide conditions under which an average bid
auction (i.e. a lottery) is indeed the optimal mechanism (at least when the contract is assigned
without audit)ﬂ

2A surety bond is a financial instrument by which a specialized firm, the surety company, guarantees to the
procurer that the contractor will perform the procurement contract. In case of difficulties by the contractor, the
surety company can help the contractor completing the job. In case of default, the surety company refunds the
buyer.

3See, e.g., [Decarolis| (2018)) for a list of countries that adopt average bid auctions with different averages.

4This equilibrium can be unique or not, depending on the details, but even if it is not unique, the other equilibria
still display a large degree of pooling.

51t should be noted, nonetheless, that both [Burguet et al|(2012) and |Chillemi and Mezzetti| (2014), in their



Even more scarce is the theoretical literature that deals with bid audit as a potential solution
to the default risk. This lack of research could be due to the fact that, while the literature has
almost exclusively focussed on heterogeneous limited liability as the main driver of the adverse
effect of competitive auctions, the European law dictates that audit should not be concerned with
evaluating a firm’s financial status but only the reliability of its bid. In this respect, our model
shows how the perverse effeect of first-price auctions may also arise as a consequence of different
technologies or technical solutions adopted by the firms, a situation that justifies auditing firms’
bids. The only article that deals explicitely with bid audit in auctions is, again, Decarolis| (2018)).
Although the interest of this paper is mainly empirical, it also presents a theoretical analysis of
first-price auctions with audit. However, it does not address the optimality of such a method: in
fact, in his model, the decision to audit a bid is not optimized over and totally exogenous, and
only the lowest bid can be audited (although it is assumed that all firms that can possibly default
are immediately eliminated).

Finally, the results of our paper are reminiscent of those arising from situations in which a buyer
is interested both in the price paid and in the quality of the supplier. In particular, Manelli and
Vincent| (1995)), in a setting where there is a trade-off between suppliers’ costs and qualities, show
that, depending on the primitives of the problem, the buyer, rather than exploiting competition
among suppliers, may prefer to adopt a sequential offer mechanism, in which the buyer makes a
take-it-or-leave-it offer to a randomly selected supplier, and, if this offer is rejected, then the buyer
makes another take-it-or-leave-it offer to a different supplier chosen randomly, and so on. This
mechanism has the same structure as what, in our paper, we call a random mechanism mith audit.
In|Wan and Beil| (2009)), instead, the buyer is interested in contracting with a supplier that satisfies
a minimum level of quality, and screens suppliers to assess their qualities. In a setting in which
there is no trade-off between suppliers’ costs and qualities (cost and qualities are independent),
the question they address is how to optimally balance ex-ante and ex-post screening, where the
ex-post screening is done sequentially, one firm at a time, until a firm that satisfies the minimum
quality requirement is found.

The rest of the paper is organized as follows. Section 2 presents the model. Section 3 devel-
ops a preliminary analysis of the buyer’s problem. Section 4 collects the results on the optimal
mechanisms, which are then discussed in Section 5. Section 6 briefly concludes.

2 Model

A procurer wants to assign the realization of a project to one out of n risk neutral firms. Each
firm i € N = {1,2,...,n} is characterized by its type ¢; € C = [¢,¢], which we refer to as firm
i’s cost. c¢; is private information to the firm, but it is commonly known that ¢; is drawn from
the cumulative distribution function G;, with strictly positive density g;, and that, for all ¢ and
J, ¢; and ¢; are stochastically independent. It is not guaranteed that firms will indeed be able to
finalize the project. In particular, we assume that a firm with cost ¢, if assigned the project, will
complete it with probability ¢(c) € (0,1], where ¢ is a commonly known function.

The simple relationship between cost and probability of completing the project, summarized
by the function ¢, can be interpreted as the reduced form of the following richer model. Suppose
there is a continuum of possible states of the world S, with generic element s, and corresponding
density f(s). On the other hand, there is a (potentially infinite) set of possible technologies to
realize the project. Each technology j is summarized by a function «;(s) that associates, to each
state of the world, the actual cost borne by the firm that adopts that technology if state s realizes.
For each technology j, there is a subset of states of the world Sp(j) € S such that, if any of these
states realizes, the actual cost would be so high that the firm is not able to complete the project
(i.e. the firm defaults). On the other hand, if the realized state of the world does not belong to

mechanism design exercises, show that, under some conditions, the optimal mechanism may involve a random
allocation.



Sp(j), the firm will complete the project. We can thus define the probability that a firm that with
technology j defaults as Prob(s € Sp(j)), and the expected cost associated to the technology j
conditional on completing the project as c¢(j) = E[x;(s)|s ¢ Sp(j)]. Of course, it perfectly possible
that two different technologies have the same expected cost conditional on completing the project,
but, different default sets and different probabilities of default. If this is the case, knowing a firm’s
expected cost does not allow to know the actual technology and the actual probability of default.
Hence, our model can be interpreted as follows: ¢; — the cost of firm 7 — is the expected cost to
realize the project associated to the (privately known) technology adopted by firm 4, conditional
on the event that a state of the world realizes such that, with that technology, firm ¢ will be able to
complete the project. Clearly, firm 7 knows her own technology and thus her actual probability of
default. But the procurer (and the other firms), even knowing ¢;, cannot ascertain what the actual
technology is: hence, from their point of view, ¢(c;) is the probability that a firm with expected
cost ¢; is indeed able to complete the project, which is the result of the expected probability of
default associated with all the technologies with expected cost ¢;

Only if the appointed firm completes the work, the firm will receive the agreed payment p, and
the procurer will enjoy the benefits from the project, equal to v. In the opposite case, the firm’s
payoff will be equal to zero, while the procurer will suffer a loss equal to dﬁ

To face this risk, the procurer, before awarding the project, has the option to audit firms in
order to ascertain their ability to perform the task and use the information obtained from this
auditing process to reach a final decision. We assume that auditing a firm has a cost equal to
a, but fully reveals whether the firm is able to complete the project or not. In other words, if a
firm with cost ¢ is audited, with probability ¢(c), the response will be positive and the firm would
perform with probability 1, whereas, with probability 1 — ¢(c), the response will be negative and
the firm would certainly defaultm

To sum up, the ex-post payoff of the procurer, gross of the auditing cost (which is given by
a times the number of firms that have been audited) is equal to v — p if the project is assigned
to a firm and completed, it is equal to —d if the project is assigned to a firm but not completed
(the appointed firm has defaulted), it is equal to 0 if the project is not assigned. On the other
hand, the ex-post payoff of the firm that has been assigned the project is equal to p — ¢ if the firm
completes the project, it is equal to 0 if it defaults. The payoff of all other firms is equal to zero.

3 Preliminaries

3.1 Mechanism with audit

Our goal is to determine an optimal, individually rational mechanism, i.e. a mechanism such that
all firms would like to take part in it and that, in equilibrium, maximizes the expected payoff of the
procurer. From the revelation principle, we can confine ourselves to incentive compatible direct
revelation mechanisms, namely mechanisms in which firms’ message spage is C and truthtelling
(i.e. all firms reveal their types) is a Bayes-Nash equilibrium of the game induced by the mechanism.

Now, if audit is not possible, the mechanism has simply to determine to which firm, if any, the
project is assigned and the payment to this firm conditional on completing the project. Instead,
when auditing is allowed, the decision is more complicated: the procurer has also to decide whether
to audit or not a certain firm and, depending on the response of this audit, whether to assign the
project to that firm, to another firm or to none. Moreover, if the project is re-assigned to another
firm, the procurer can decide to audit this firm as well. And so on.

Therefore, when audit is envisaged, we can think that the allocation of the project is decided
by means of a sequential process, where, in each round, three things can happen:

6d can be interpreted as a political and/or a delay cost (the procurer will have to postpone the realization of
the project).

"The assumption that the audit yields a perfect response is clearly extreme, but is made for the sake of simplicity
as it reduces the complexity of the procurer’s decision problem.



1. the project is not assigned to any firm;

2. the project is provisionally assigned to a certain firm, this firm is not audited or is audited
and the response is positive: in this case, the project is definitively assigned to that firm
(and the firm is then paid but only if it actually concludes the work);

3. the project is provisionally assigned to a certain firm, this firm is audited and the response
is negative: in this case, the project is not assigned to that firm.

We will restrict attention to mechanisms in which the transition to one round to the next occurs
only in case 3. above. In other words, if, in a certain round, the contract is not assigned to any
bidder, then the process is stopped (no other round takes place). Also, we will consider only
mechanisms in which, if a firm who has been provisionally assigned the project is audited and
the audit gives a negative response, then this firm is no longer eligible in the following rounds of
allocationﬁ In symbols, letting b; be the firm that is provisionally assigned the project in the i-th
round and letting blt=1 = (b1,ba,...,b:—1) denote the sequence of firms that are provisionally
assigned the project in the first (t — 1) rounds, the mechanisms we consider are such that bt~ is
a sequence of (t — 1) different firms and, in round ¢, only firms in the set N \ bl!=1 are eligibleﬂ
For conciseness, we can refer to bl!=1 as a history. Notice, finally that this implies that there can
be at most n rounds of allocations.

Hence, letting ¢ = (¢1,¢a, ..., cn) = (¢, c—;) denote a generic vector of reported costs by firms
(c_; is the vector of types of all firms except %), a mechanism with audit is given by the following
functions:

[t—1]
. Wgt‘b )(c): probability that firm ¢ is provisionally assigned the project in the ¢-th round
when firms report ¢, conditional on the history b=, Notice that, for any 1 < ¢ < n and

[t—1]
for any b=t 3, wgt‘b )(c) < 1. Moreover, to guarantee that firms that were assigned
the project in the previous rounds (but received a negative audit) are not eligible any more,
[t—1]
i(t‘b )(c) =0 for i € b1, When t = 1, b\~ is an empty sequence: in this
1)

i

we impose T

(c), which is the probability that firm ¢ is provisionally assigned
(¢l =)

%

case, we simply write m

the project in the first round. We can refer to =
conditional on history blt—1;

(c) as the t-round allocation rule,

[t—1]
. thlb )(c): probability that firm ¢ is audited when firms report ¢, conditional on firm i
being assigned the project in round ¢ and on the history blt=1;

e p;(c): payment to firm ¢ if firm ¢ is assigned the project and completes it, when firms report
c

It is also useful to define p(t‘b[t%])(c) as the probability of reaching round t of assignment after
the sequence of provisional assignments bl!=1] in the previous rounds, and to define m;(c) as the
probability that firm ¢ is provisionally assigned the project throughout the assignment process.
Specifically, omitting the dependence from c and writing ¢; for ¢(c;), it is

[t—1] 1
S 0 (1 g ) DD (1 g, )
ol b g (g

8The assumptions that auditing is costly and fully reveals whether the firm is able to complete the project or
not ensures that the allocation process described above is without loss of generality. In fact, it is clearly preferable
to audit firms one at a time than more than one simultaneously. Moreover, it is clearly optimal not to assign the
project to a firm when the response of the audit is negative, and to definitively assign it to her when the response
of the audit is positive (provided that the firm to be audited were selected optimally). Notice, finally, that, for any
mechanism in which the transition from one round to the next occurs in case 1. and case 3. there is an equivalent
(in the sense that produces the same allocation and gives the same expected payoff to the procurer) mechanism in
which the transition from one round to the next occurs only in case 3. By the way, the latter mechanism would be
strictly preferable when there was even a small cost for each transition.

9N \ blt=1] denotes the difference between the set N and the set of firms contained in bt—11,

10We are thus assuming that the payment to firm ¢ depends neither on the round in which firm i is assigned the
project nor on the sequence of firms that were assigned the project previously.



and

n
[t—1] plt—1
t=2 Blt—1]

where the second summation above is made over the set B!~ of every possible sequence of (t—1)

different firms. We will refer to m;(c) as the allocation rule. Notice that m;(c) depends on all the
(t[pl =)

t-round allocation rules and on the probabilities of auditing. Notice also that =, (c) becomes

— [t—1]
relevant only if p(t‘b[t 1])(c) > 0 (round t can possibly be reached); and that Hgtlb ' )(c) becomes
(b=t

relevant only if p®P" ") (c) > 0 and ;

can possibly be assigned the project).
In the sequel, we will use uppercase letters to denote (interim) expected values computed with

respect to the other firms’ types distribution. For example, the (interim) expected value of 7;(c)

1S

(c) > 0 (round ¢ can possibly be reached and firm 4

ID(Q)EEE—iVU(Q7C—O]==/Qnilﬁdcuc—ﬂg—xc—ﬁdc—u

where g_;(c—;) =[], 9j(c;) and de_; = [];_, de;.

3.2 Incentive Compatibility and Individual Rationality

The expected profit of firm ¢ with cost ¢; when she reports r; (while the other firms report
truthfully) is

Ui(rie) = /cm mi(ri, €—i)@(ci) [pi(ri, e—i) — ¢ g—i(e—;)de—;
= #(ci) [Qi(ri) — ILi(rs) x il

where Qz(cz) = E—i [7'('1‘(61‘7 C—i) X pi(ci7 C—i)]-

Incentive Compatibility (IC) amounts to the requirement that for all ¢, U;(¢;; ¢;) > Ui(rs;¢;)
for all ¢;,r;. Since, by assumption, ¢(c;) > 0 for all ¢;, this is equivalent to require that, for all i,
and for all ¢;, 7,

Qi(ci) —TLi(ci) x ¢; > Qi(ry) — (1) X ¢y,

an expression that is analogous to that of a standard problemB We can thus immediately obtain
the following lemma.

LEMMA 1 [INCENTIVE COMPATIBILITY|. A direct mechanism with audit is incentive compatible
if and only if, for all i, the expected allocation rule I1; is weakly decreasing on C. Moreover, in
an incentive compatible direct mechanism with audit, for all i, the expected payment function
Qi(c;) =E_; [mi(ci,e—;) X pi(ei,e—y)] is such that

Qules) = Que) ~ @) x e+ Ter) x i+ [ Ty 1)

7

Finally, Individual Rationality (IR) amounts to the requirement that U;(c;;¢;) > 0 for all 4
and all ¢;, which, using (), reduces to Q;(¢) — II;(¢) x ¢ > 0.

HSee, e.g., [Krishnal (2009).



3.3 Setup of the procurer’s optimization problem

The expected payoff of the procurer is the following (omitting the dependence from ¢ and writing

¢; for ¢(c;)):

e +Z > bl (t\b* ”)]

t=2 glt—1]

[(1—¢;)d — [ WM 4 +3 % BT A tlb“ 1])9(t|b[t_1])]}g(c)dc.

t=2 glt—1]

/HZ{@U—I% (1= ¢)d]

The first term in square brackets is the payoff to the procurer when the project is assigned to firm
i. This term is multiplied by the probability that this occurs during the assignment process (which
is simply ;). The third term in square brackets is the additional payoff (which can be negative)
to the procurer when firm ¢ is audited: auditing firm ¢ allows the procurer to avoid the delay cost
d when the response is negative (in this case the procurer will withdraw the project from firm )
but costs a. This term is multiplied by

n
t— [t—1] [t—1]
R S S VL] ®)

t=2 Blt—1]

which is the probability of auditing firm ¢ during the assignment process. The expected payoff of
the procurer can be written as

= /w Z {loiv — (1 = ¢i)d] - mi + [(1 — ¢3)d — a] - 0;} g(c)dc — /n Zgbipimg(c)dc. (3)

Consider the second integral in . It is:

/ 3 dlepile)mi(e)gle)de = 3 / o) Qu(ci)gi (c)des,
" i=1 i=17C

where the equality above follows from computing the integral with respect to c_;. Using , and
letting Z;(¢) = Q;(¢) — I1;(¢) x €, the above integral reduces to

/ch(ci)Qi(ci)gi(ci)dci = / (e { (ci)ei + Zi(c )+/CEHi(t)dt] gi(ci)de;

i

/ o(ci) [i(ci)es + Zi(2)] gi(ei)de; + / / o(t)gs(t)dt 11;(cs)des

/nm(ci) [(ﬁ(ci)ciJr QL )(( ] dc+/¢>cz (©)gs(ci)des.

c

Substituting this expression into , we obtain that the expected payoff of the procurer is

/. g [¢<ci><v i) — (1 - ¢lei))d - / ¢<?9;(t> dt] mile)g(c)de

+/HZ[(17¢(ci))d a0 dcf/Zm (O)gs(e2)des
/HZ{% ci)mi(e) + [(1 — ¢(ci))d — a] i(c }g dc—/Z:chZ (@) gi(ci)des, (4)

where, in the above expression,

Vv

V() = olei) (v —e¢;) — (1 — p(c;))d — " d)(gti)(gcigt)dt. (5)



Thus, the procurer’s problem is that of maximizing under the IR constraint (Z;(¢) > 0 for all
i), the IC constraint (II;(¢;) must be weakly decreasing for all ), and the feasibility constraints

— K3

=1

0<o™ ey <1, 0™ ey <1, A e <1, (6)

which must hold for all i = 1,2,...,n, for all c € C™, for all t = 1,2,...,n, and for all blt=1]
B,

From , we can immediately obtain the revenue equivalence principle in our setting (for which
we omit the proof).

LEMMA 2 [REVENUE EQUIVALENCE]. Any two direct mechanisms with the same m;(c) and
0:(c), i € N, c € C™, and with the same value of Z;(¢), i € N, yield the same expected payoff to

the procurer.

Before moving to the derivation of the optimal mechanism, it is instructive to highlight the

recursive structure of the procurer’s objective function . Fort=1,...,n,let
Ve = ST AT (ol + 0V ) [ oleyd —a) +
iEN\blt—1]
+ 0™ () (1= () VP TIEN ) @)

where it is intended that V" +1P™) = 0 for all b, and, for ¢ = 1, blt=1 is an empty sequence
and we write V(l)(c). It is immediate to see that the expected payoff of the procurer is

V= /n VW (e)g(c) de - /C;¢(C¢)Zi(c)gi(0i)dci~

Looking at , we see that V(t‘b[kll)(c) can be interpreted as the procurer’s t-round continu-
ation payoff: it is the additional value accruing to the procurer’s payoff if round ¢ is reached after
the sequence bl!~1) of assignments in the previous (¢t — 1) rounds (when firms’ vector of costs is
c¢). In particular, the expression within curly brackets in @ is the benefit to the procurer from
allocating the project to firm 4 in round ¢. This is made of four terms: (i) the first term, v9(c;)
(see ), is the direct contribution to the procurer’s payoff from assigning the project to firm 4.
The other three terms accrue to the procurer only if firm 4 is audited; in particular,: (4) if firm 4
is audited, the procurer has to bear the auditing cost a; (4it) if firm 7 is audited and the response
of the audit is negative (an event that occurs with probability 1 —¢(¢;)), the procurer saves on the
delay cost d (the project is withdrawn from firm 4); (4v) if firm ¢ is audited and the response of the
audit is negative (an event that occurs with probability 1— ¢(c;)), the procurer can opt for moving
to round of assignment (¢ + 1), where she will obtain the continuation value V(t“‘b[kllu{i})(c).
This last term captures the option value of auditing firm .

4 Optimal mechanism

Observe first that the most convenient way (to the procurer) to satisfy the IR constraint is to have
Z;(€) = 0 for all 4. This can easily be achieved by setting p;(¢,c_;) =€ for all c_;. Hence, in the
procurer’s objective function , the second integral is equal to zero and we can concentrate on
the first term only.
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4.1 No audit

We begin with the benchmark case in which audit is not allowed, i.e. th‘b[till)(c) = 0 for all 1,

for all ¢, for all ¢, and for all b1, Notice that, in this case, m;(c) reduces to w§1)(c) and the
procurer’s optimization problem simplifies to:

o = 0 (1)
I;l(é};( V= /cn {;% (Cz) © T (C)} g(C)dC,

under the IC constraint (I1;(¢;) = fC"fl 71'1(1) (¢ci;€—i)g—i(c—_;)de_; must be weakly decreasing), and
under the feasibility constraints

0<7M(e) <1, S aP(e) <1
A

This expression is akin to the one of a standard optimal auction problem, with v?(c;) represent
the virtual surplus of firm 7 in this context. Thus, we can apply directly [Myerson| (1981)) to obtain
the following;:

PROPOSITION 1 [OPTIMAL MECHANISM WITHOUT AUDIT|. Suppose that, for all i, 79 (c;) is
decreasing in the subset of C in which v?(c;) > 0, and let w = argmax; 7Y (c;). Then the optimal
mechanism assigns the project to firm w if 70 (c,) is strictly positive, does not assign the project
otherwise. Suppose that, for all i, v is increasing over C: if, for all i, E[4?(c;)] = k > 0, the
optimal mechanism assigns the project with equal probability to each firm; if, instead, for all i,

E[y?(c;)] < 0, the project is not assigned.

Hence, as in a standard problem, it is the shape of the virtual surplus functions 7 that
determines how the procurer should allocate the project. Notice however that, in our setting,
the virtual surpluses do not only depend on the cost distributions, but also, and crucially, on the
function ¢. In fact, consider the derivative of firm ¢’s virtual surplus

) = @) =i o) = 20e) + 50 [ oot

When there is a trade-off between a firm’s production cost and her probability of performing
(¢’ > 0), but this trade-off is moderate (¢ positive but sufficiently low), the procurer will typically
still find it optimal to award the project to the firm with the lowest cost. When, instead, the
trade-off is severe (¢’ positive and sufficiently high), the procurer would rather award the project
to the firm with the lowest risk (i.e. the one with the highest cost). However, doing this would
violate incentive compatibility, according to which a high cost firm should have a (weakly) lower
probability of being assigned the project than a low cost firm. As a result, the procurer optimally
decides to assign the project randomly (provided that, in so doing, her expected payoff is positive).

Notice, finally, that Proposition 1 implies that, in the symmetric case — g; = g and, thereby,
) = 4% for all i —, when 7 is decreasing, a first-price auction (possibly with reserve price) is
optimal. If, instead, 7° is increasing and E[y"(¢;)] > 0, then any auction mechanism such that, in
equilibrium, all firms make the same bid, the winner is chosen randomly and, upon completion of
the work, is paid ¢, is optimal.

4.2 Fixed audit probability

As a second case, let’s consider a situation in which, whenever a firm is provisionally assigned the

[t—1] _
project, it is audited with some exogenously fixed probability, i.e. 9?“’ ' )(c) =6 € (0,1] for all
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i, for all ¢, for all ¢, and for all bl!=1. Notice that, in this case, 6; reduces to 8 - 7; (see (2)), and
the procurer’s optimization problem simplifies to:

max 14

ﬂ_it\b["*l])(c)

/cn > {3l (e + 0101 = g(e))d — a]} mile)g(c)de

[ Y Alem©glene (8)
"i=1
subject to the IC constraint (II;(c;) must be weakly decreasing), and the feasibility constraints:

[t—1] i [t—1]
0< 7Ti(t|b ' )(c) <1, Zﬂgt‘b ' () < 1.
i=1

The expression for the objective function follows from defining

77 (i) =77 (i) + 0[(1 — ¢(ci))d — a . (9)

The function 7f (c;) can be interpreted as firm 4’s virtual surplus in this context: it is the sum
of v2(¢;) — the direct contribution to the procurer’s payoff from assigning the project to firm
¢ — plus the additional net payoff accruing from auditing firm ¢ (something that occurs with
probability ). Notice, however, that, differently from a standard problem, Y I, 7Y (ci)mi(c) is

not a weighted average because m;(c) is not a probability distribution, but a function of all the

t—1)
probability distributions ﬂét‘b ' )(c) (one for each t and for each blt=1), and of the exogenous

function ¢. Notice, in particular, that ). m;(c) can well exceed 1. Hence, the results in |Myerson
(1981) cannot be applied directly. The next Proposition provides a sufficient condition under
which it is optimal for the procurer to assign the project following the ranking of firms in terms of
costs, starting from the lowest cost firm and, if this firm is audited and the response is negative,
moving to the firm with the second lowest cost, and so on.

PROPOSITION 2 [OPTIMAL MECHANISM WITH FIXED AUDIT PROBABILITY]. Suppose that, for
alli, T(c;) =~2(c;)/ [1 — 0 (1 — ¢(c;))] is decreasing in the subset of C in whichT? > 0. Then the
optimal mechanism involves at most n rounds, where the t-th round of assignment, t =1,...,n,
works as follows:

® if max;c n\ple-1) I%(c;) < 0, the project is not assigned;

® if max;cn\plt-1) I‘?(ci) > 0, the project is provisionally assigned to any of the firms in
M(blt1) = arg MAaX; ¢ N\ blt-1] T'%(c;). The assignment becomes definitive if this firm is not
audited or is audited and the response is positive. If, instead, this firm is audited and the
response is negative, then we mowve to the next round t + IE

Proof. See the Appendix.

Proposition 2 holds that, when it is established that every firm that is provisionally assigned
the project will be audited with some fixed probability > 0, the first-best mechanism allocates
the project according to the ranking of firms in terms of the values Ff(ci), assigning the project
in the first round to the first firm in this ranking, and, if this firm is actually audited and the
response is negative, to the second firm, and so on. Hence, the optimal allocation is driven by the
functions

YT o)

2Tn the statement of Proposition 2, N \ blt=1] denotes the difference between the set N and the set of firms
contained in the sequence blt—11,
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Observe that I'; is the ratio between firm #’s virtual surplus 'yf and the probability that firm 3
is definitively assigned the project (either because it is not audited, or because it is audited and
the response is positive). The reason why, for the procurer, it is optimal to do so is intuitive.
When the project is assigned to firm 4, the effect on the procurer’s expected payoff is twofold.
The first effect is the direct benefit, measured by firm i’s virtual surplus fyf (¢;). The second
effect is indirect, and is related to the option value of assigning the project to firm 4: in fact,
if firm 4 is audited and the response is negative, the procurer can reallocate the project to the
next firm in the ranking. Clearly, this second effect is the higher, the lower the probability that
the allocation to firm ¢ becomes definitive. It is perfectly possible that, between two firms ¢ and
j, firm 4 has a higher virtual surplus than firm j (7¢(c;) > vf(cj)), but a lower option value
(1—=60(1—¢(ci)) >1—0(1—¢(cj)), ie. ¢(c;) > ¢(c;)), so that the procurer prefers to assign
the project earlier to firm j (I'Y(¢;) < I‘? (¢j)). Clearly, while allocating the project according to

the ranking of firms in terms of I'Y(¢c;) would certainly be the first-best for the procurer, this is
incentive compatible (and thereby optimal) only if this ranking respects the ranking of firms in
terms of cost efficiency, i.e. only if the functions I'Y(c;) are decreasing.

The next Corollary shows that, when firms are ex-ante symmetric, the optimal mechanism
of Proposition 2 is implemented by means of auction mechanisms that are generalizations of the
first-price and the second-price auction to this environment with (exogenous) audit.

COROLLARY 1 [OPTIMAL AUCTION WITH FIXED AUDIT PROBABILITY]. Suppose that all
firms are ex-ante homogeneous, i.e., g; = g and, thereby, ’y? = 75 for all i € N, and that
() = +9(c)/ [1—6(1—¢(c))] is decreasing over C. Then the following auctions with fized
audit probability 0 are optimal.

1. VICKREY AUCTION. Firms submit sealed bids. Let (b(l),b@),...,b(”)) be the wvector of
submitted bids in increasing order. If there exists ¢ € C such that v%(¢) = 0, let r = ¢ be
the reserve price, otherwise let v = ¢. Finally let p™ = r and, fort = 1,...,n — 1, let

PO =[1-0(1-¢d"))] x min {6+ 1} +0 (1 — ¢(HD)) x plt+D.

e ASSIGNMENT. The assignment involves at most n rounds. In round t, t = 1,...,n,
if b > 1, the project is not assigned; if b) < r, the project is provisionally assigned
to the firm who bid b : if this firm is not audited or it is audited and the response is
positive, the assignment becomes definitive, otherwise, if t < n, we move to round t+ 1
where the firm who bid b is not eligible any more, whereas, if t = n, the project is not
assigned.

e PAYMENTS. If the project is definitively assigned in round t, the firm who is assigned
it is payed p\¥ conditionally on performing.

2. PAY-YOUR-BID AUCTION. Firms submit sealed bids. Let (b(l), b b(”)) be the vector of
submitted bids in increasing order. If there exists ¢ € C such that ¥%(¢) = 0, let r = ¢ be the
reserve price, otherwise let r = ¢.

o ASSIGNMENT. The assignment rule is the same as in the previous auction.
o PAYMENTS. If the project is definitively assigned in round t, the firm who is assigned

the project is payed her own bid b9 conditionally on performing.

Proof. See the Appendix.

4.3 Endogenous audit probability

Finally, let’s consider the most general case in which the procurer can choose whether or not
(t—1]

to audit a certain firm 4, i.e. the audit probabilities leb )(c), i=1,2,....,n,t =1,2,...,n,

blt=1 € BIF—1I| are endogenous. For simplicity, in this section we focus on the case in which firms
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are ex-ante identical in all respects, i.e. g;(¢) = g(c) for all 4, which implies that 79 (c) = v°(c) for
all . We also define
7He) =) + (1~ ¢(e))d — a.

Notice that v*(c) is the analogue of (9) with § =1 (and g;(c) = g(c) for all i): hence, it can be
interpreted as the virtual surplus of a firm with cost ¢ when this firm is audited for sure.

Our question is whether the European law on procurement — according to which the firm that
makes the lowest bid cannot be excluded unless it is audited — is the best compromise between the
competing goals of reducing procurement cost and minimizing the risk of default of the winning
firm. To this end, let’s define a standard mechanism with audit as a direct mechanism in which:

e the contract is provisionally assigned monotonically, starting from the firm that reports the
lowest cost and then possibly moving to the second-lowest cost firm, to the third-lowest cost
firm, and so on;

e a provisional assignment to a certain firm can be undone only after that firm is audited (and
the outcome of the audit is negative).

Notice that, in a standard mechanism with audit, it is perfectly possible to definitively assign the
contract without audit. Hence, a provisional assignment can become definitive not only when a
firm is audited and the outcome is positive, but also when a firm is not audited at all. In other
words, a standard mechanism with audit can envisage a threshold such that firms whose cost is
below the threshold are audited (if provisionally assigned the contract), whereas firms whose cost
is above the threshold are not. The next propositions identify situations in which a standard
mechanism with audit is indeed optimal.

PROPOSITION 3.1 [OPTIMAL STANDARD MECHANISM WITH AUDIT (1)]. Suppose that there
exists ¢ € (c, @] such that: (i) max {v'(c),7%(c),0} =~'(c) forc < ¢, (ii) max {v'(c),7°(c),0} =0
for ¢ > ¢, and (iii) T'(c) = v*(c)/p(c) is decreasing in (c,é). Then a standard mechanism with
audit is optimal. In this case, any firm that is provisionally assigned the project is audited.

Proof. See the Appendix.

PROPOSITION 3.2 [OPTIMAL STANDARD MECHANISM WITH AUDIT (2)]. Suppose that there
exist ¢ and éa, with ¢ < ¢ < é < € such that: (i) max {’yl(c),’yo(c),O} = ~Y(e) for ¢ < é4,
(it) max {7'(c),7%(c),0} = 7°(c) for &1 < ¢ < &3, (iii) max {y*(c),7%(c),0} =0 for ¢ > ¢, (iv)
I'(c) = vHe)/p(c) is decreasing in (c,é2), (v) Y°(c) is strictly decreasing in (é1,c"), and (vi)
@(c) is increasing in (¢1,¢2). Then a standard mechanism with audit is optimal. In this case, the
mechanism involves a threshold, which is a function of the vector of reported costs: only firms that
report a cost that is below the threshold are audited.

Proof. See the Appendix.

The next propositions, instead, identifies situations in which a standard mechanism with audit
is certainly suboptimal. In particular, we show that, in such situations, there exists a random
mechanism with audit that yields a higher expected payoff to the procurer than the best standard
mechanism with audit. A random mechanism with audit is a mechanism with audit in which,
in some round of the assigment process, the allocation is done randomly (and the selected firm
may or may not be audited). Notice that Propositions 4.1 and 4.2 below are the counterparts
of Proposition 3.1 and 3.2, respectively. Before stating the Propositions, we need to define the
following quantities: let

and, for s > 1, let

We(er,ea. .o co41) = Wo(e1) —a+ (1= ¢(c1)) (d+ W Hea, ..., csq1)) -
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W?# can be interpreted as the continuation payoff if the procurer decides to assign the project to
the firm with cost ¢; in the current round and audit this firm, to the firm with cost ¢; in the next
round and audit this firm, ..., to the firm with cost ¢s;41 in s rounds from the current one and
not audit this firm. Moreover, for all s, let

W(er) = EW(c1,ca...,op)|ea].

Ws(cl) is the continuation payoff the procurer expects to gain if the procurer decides to go on
assigning the project for other s rounds (without auditing the firm that is assigned the project in
s rounds from the current one), knowing only that the cost of the firm that is assigned the project
in the current period is ¢;.

PROPOSITION 4.1 [RANDOM MECHANISM WITH AUDIT (1)]. Suppose that there exists ¢ > ¢
such that (i) max {y(c),7°(c),0} = +'(c) for ¢ < &, and (it) T'(c) = v'(c)/¢(c) is strictly
increasing in (¢, ¢). For any vector of firms’ costs ¢, define N(c) as the set of firms whose cost
is below ¢, and let A(c) be the cardinality of N(c). Let Mg be the incentive compatible standard
mechanism with audit that mazximizes the procurer’s expected payoff and let Mg be the following
random mechanism with audit:

e when n(c) <1, Mg allocates as Mg;

e when n(c) > 2, in all rounds t > n(c), Mg allocates as Mg, whereas in any round 1 <t <
f(c), Mg allocates as follows:

tIplt—1] 1 tplt—1]

if blt=1 s a sequence of (t—1) (different) firms in N(c), andi € N(c)\bl=1; wgtlb[t_ll)(c) =
0 otherwise.

Then Mg is incentive compatible and yields a strictly higher expected payoff to the procurer than
My.

Proof. See the Appendix.

PROPOSITION 4.2 [RANDOM MECHANISM WITH AUDIT (2)]. Suppose that there exist ¢ < ¢
such that (i) max {7*(c),7%(c),0} = 7' (c) for c < ¢, (ii) max {v'(c),7°(c),0} =~°(c) for c > ¢,
(iii) v°(c) is strictly increasing in (¢,¢), and (iv) for all i < n — 2,

n—n—1

< Z E [WS (01702»--~7Cs+1)’
s=0

w* (c(D, . , c<5+1)>

{ max
se{0,..., n—n—1}
ot
arg max_ }WS (cs+1) =0 A arg . max W’ (cri1) 20, 1< s:| X
s'e

Prob |ar: max Ws, c =0 A ar max W* (¢ 0, r<s|,
I: gs’E{O ,,,,, n—n—s—1} ( S+1) gS’G{O ..... n—n—r—1} ( T+l) 7

where (c1,¢a...,cey1) are (s + 1) independent draws from the distribution G(c|c > &), and c¢®)
denotes the t-th lowest out of n — 1 draws from that distribution. For any vector of firms’ costs c,
define N(c) as the set of firms whose cost is below ¢, and let fi(c) be the cardinality of N(c). Let
Mg be the (not necessarily incentive compatible) standard mechanism with audit that mazimizes
the procurer’s expected payoff and let Mg be the following random mechanism with audit:

e when n(c) > n—1, Mp allocates as Mg;

e when 7(c) < n —2, in all rounds t < 7(c), Mg allocates as Mg, whereas, in any round
n(c) +1 <t <n, Mg allocates as follows:

t|b[t71]) C) _ 1

! T
¢ n—t+1
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1 4f argmaxs—g,. . n—t{1W (¢;)p #0

ZRROES S 7
0 if argmax—q,. oW (c;)p =0

Y

if bt~ is a sequence of (t — 1) (different) firms, where the first i(c) elements belong to
N(c) and the remaining (t — 1 — @t(c)) elements belong to N\ N(c), and i € N\ blt=1;
ﬂgt‘b[till)(c) = 0 otherwise.

Then Mp is incentive compatible and yields a strictly higher expected payoff to the procurer than
My.

Proof. See the Appendix.

5 Discussion

The previous results allow us to draw some general comments on the effectiveness of a standard
mechanism with audit as an optimal solution to the trade-off between procurement’s cost and risk
of non-performance. To this end, let’s focus a situation in which the trade-off between firms’ cost
efficiency and risk of non-performance is indeed present, i.e. ¢ is strictly increasing over the entire
support of the cost distribution C. For simplicity, it is useful to restrict attention to a situation
in which both 7° and ! are positive on C: in words, this means that, whenever a firm is audited
and the response of the audit is negative, it is always in the interest of the procurer to reassign
the project to another firm.

Propositions 3.1 and 3.2 state that a standard mechanism with audit is optimal if the function

Lis decreasing and, at the same time, either of the following two conditions is satisfied:

(a) the auditing cost a is always lower than the expected default cost (1 — ¢(c))d;
(b) ~Y is decreasing whenever the auditing cost is above the expected default cost.

The decreasingness of I'! guarantees that, as long as the procurer goes on auditing firms throughout
the allocation process, it is indeed optimal to allocate the project monotonically, starting from
the lowest cost firm. To assess when this condition is satisfied, let’s look at the derivative of T'!,
which is

i) = DOI90 =00 +d=a) ¢
(o)
_ YO [, [ D) g'(e)  [“olt)g(t) ,
B [(;5(0)]2[ +/c g(c) dt] p(c)g(c) Je  gle) -

Notice, first, that, with ¢ increasing, it is possible to have v°(c) increasing and I'! decreasing: this
corresponds to a situation in which, without audit, the procurer would find it optimal to allocate
the project randomly, but, if a mechanism with audit is adopted, then the procurer finds it optimal
to allocate it monotonically, starting from the firm with the lowest cost. Second, the shape of T'!
depends on the auditing cost a but is unaffected by the value of the project v. Finally, observe
that I'' will typically be decreasing when ¢ is relatively flat and bounded away from zero, so that
the ratio ¢'/¢ is never too high.

However, the decreasingness of I'' is not enough, because it is not guaranteed that procurer
really wants to go on auditing all the firms. This is certainly the case when a < (1—¢(c))d for all ¢,
i.e. when the cost of auditing a certain firm 7 is always lower than the direct benefit from auditing
(1 — ¢(c;))d (the procurer avoids the default cost if it discovers that the firm will not perform),
regardless of the potential indirect benefit that can possibly accrue from reassigning the project
to another firm. Notice that, since ¢ is assumed to be everywhere increasing, this amounts to the
requirement that a/d < (1 — ¢(¢)), a condition that can possibly be satisfied only if ¢(¢) < 1, i.e.
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only if no firm, even one with very high cost, is guaranteed to finalize the project. On the other
hand, if a > (1 — ¢(c))d for some ¢, then, at some round ¢ of the assignment process, the procurer
may find it optimal to stop auditing firms. At this point, a standard mechanism (with audit)
assigns the project definitively to the firm with the lowest cost among the eligible ones, something
that is indeed optimal only 7%(c;) — the virtual surplus from definitively assigning the project to
firm t — is higher than the virtual surplus of all other remaining firms, i.e. only if 7 is decreasing.

Hence, we can conclude that the sufficient conditions of Propositions 3.1 and 3.2 are liekly to
be satisfied when

(a) either ¢ is relatively flat and bounded away from zero (so that the ratio ¢'/¢ is never too
high), and, at the same time, the cost of auditing is small (per se and with the respect to
the default cost);

(b) or ¢ is relatively flat and bounded away from zero (so that the ratio ¢'/¢ is never too high),
and, at the same time, the value of the project and the default cost are not too large (so
that 7o is decreasing).

Propositions 4.1 and 4.2 deals with the opposite situations considerd in Propositions 3.1 and
3.2. In such circumstances, a standard mechanism with audit will typically be suboptimal, and
the procurer would be better off by using a mechanism in which firms may still be audited but in
which, at least at some round of assignment, the project is allocated randomly. For example, if I'!
is decreasing but, for some ¢, a > (1 — ¢(c¢))d and g is increasing, then the procurer would find it
optimal to start assigning the project monotonically to the firms and auditing them, but only up
to same point; at that point, the project should definitively be assigned randomly to one of the
remaining firms. If, instead, I'' is increasing, this does not imply that the procurer should never
audit firms. Rather, the project should be assigned randomly from the very first round, but still
the procurer may find it convenient to audit the firm that has been selected and, if the outcome
of the audit is negative, possibly reassign the project, again randomly, to another firm.

6 Conclusion

Among the various remedies suggested to limit the risk of contractor’s default in procurement,
this paper provides a formal analysis of mechanisms with audit, i.e. mechanisms in which, before
determining the final allocation of the tendered project, the procurer can sequentially audit firms,
allocating the project to the firm that, on the basis of the auditing, appears to guarantee the
completion of the work. Our interest was motivated by the fact that, in the European Union, the
public procurement law dictates that, for contracts above a certain value, abnormally low bids
in first-price auctions can be disregarded only after auditing the firms that made those bids. On
the other hand, there are many Contracting Authorities, both in European (for contracts below
the EU threshold) and non-European countries, that still adopt an average bid awarding rule,
according to which abnormally low bids, i.e. bids that are below a certain average of all submitted
bids, are authomatically eliminated, without any further inquiry. The co-existence of these two
different approaches to deal with abnormally low tenders, led us to question the effectiveness of
both.

Using a model in which firms are heterogeneous with respect to their technologies, and the
risk of default is correlated with the technology adopted, we first showed that, when no audit is
envisaged, an average bid auction (i.e. a lottery) can indeed be optimal. We then introduced audit
and provided sufficient conditions for a standard mechanism with audit (the mechanism design
equivalent of the first-price auction with audit suggested by the European Union) to be the best
compromise between procurement cost and risk of contractor’s default.

These conditions are useful to assess whether the European provision of imposing audit only for
contracts of high value is justifiable. Our results clearly indicate that the optimality of a first-price
auction with audit is unaffected by the value of the tendered project. However, not surprisingly,
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it crucially depends on the costs of the auditing process (which include the cost of the people —
engineers, accountants, etc. — in charge of the audit, plus administrative and legal costs) and on
its benefits, given by the (social) loss associated with the contractor’s default, which audit allows
to avoid (or at least to limit). It seems reasonable to believe that the auditing costs should be
lower for larger CAs, which are likely to have skilled and dedicated personnel to conduct the audit
and more resources to face potential legal disputes. Moreover, it is also likely to be the case that
the auditing conducted by a large CA is more precise and effective than the auditing conducted
by a small one in identifying whether the firm will indeed be able to complete the project: in this
sense, also the expected benefit of audit should be larger for large CAs. These considerations seem
to support the EU approach to impose audit only for large procurement projects.

However, our results show that the optimality of a standard mechanisms with audit not only
depends on the direct cost-benefit balance of audit, but also, crucially, on the relation between
firms’ costs and default risk. In particular, a first-price auction with audit can be optimal only
if this relation is not too steep (i.e. firms are not too heterogeneous in terms of default risk)
and, moreover, the probability of default is not too high. Hence, any other instrument that can
affect such a relation in this direction should ideally be adopted together with this mechanism.
In the opposite case, the procurer would be better off by using a mechanism that involves some
randomness in the allocation process, still possibly auditing the firm that was (randomly) selected
in the first place.

Appendix
A Proof of Proposition 2

We proceed as follows: we disregard the IC constraint (namely that II;(c;) must be weakly decreasing) and
we show that the stated allocation pointwise maximizes the procurer’s objective function, i.e. it maximizes

Vie) = _Zw%) ~mi(c) (10)

for every profile of costs ¢, under the feasibility constraints

[t—1] " [t—1]
0< ﬂit‘bt Je) <1, Zﬂgtlbt )(c) < 1.

i=1
We will check ex-post that the IC constraint is indeed satisfied. Again, it is useful to rewrite (10 in a
recursive manner: in this framework, becomes

VO e = S ) [ + 8 (- sl v T O]
ieN\blt—1]

and the maximand (T0) is simply V(c) = VM (c). Notice that the mechanism that maximizes must

be such that, whenever p(t‘b[till) > 0 (i.e. there is a strictly positive probability of reaching round ¢ of
assignment after a sequence of provisional assignments b[tfl]), must be maximized.
The mechanism in Proposition 2 can be written as follows: for all ¢t = 1,...,n, and for every sequence
b= of (¢ — 1) different firms,
[t—1]
P e =0 if ¢ M) or Ti(e) <0 12)
[t—1]
Yiemminy T (@) =1 if Ti(e) >0 for i€ M(bl)

To show that the above mechanism is indeed optimal, we will proceed by induction, i.e. we will show that,
if, in all rounds t' > ¢, with ¢ < n, and for all b[tlfl], the allocation corresponds to 7 then the optimal
allocation in round ¢ also corresponds to .

Now, consider a certain round ¢ < n and a certain sequence bl*~) of (t — 1) different firms. The set
of eligible firms in round ¢ is N \ bl*~U. 1t is useful to rename such firms according to their ranking with

respect to the value of the function I'Y: let N \ b=t ={1,2,...,n—t+ 1}, where T';(c;) > T;(c;) for all
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i,j € N\ bl!"Y. Finally, let 0 < k < n — ¢+ 1 be the number of firms in N \ b~ for which w?(ci) >0

(i.e. the first k firms in N \ bl*~1)). Notice finally that 'y;(cl) and F?(ci) have always the same sign.

[t—
(tlb )(c) is optimal, including the allocation

Clearly, if p(t‘b[t_lb(c) 0, then any allocatlon ™,
corresponding to . So, consider the case p(t‘b )(c) > 0. Notice, first, that, if 7?(c;) < 0 for all
i€ N\bl™U (ie. k=0), then yEpITHUGEY g forall j € N \ bl=Yand it is clearly optimal to set

[t—1]
AL )(c)=0foralli € N\bl‘ ! asstated in (I2). Suppose, instead, that there is some i € N\ bl

' 7 (11
such that v/ (c;) > 0 (i.e. k > 0), and that, contrary to ﬁ(t‘bt ' ( ) > 0 for some j ¢ M(b~1). We

[t—1]
show that this cannot be optimal, in the sense that a decrease in TI'(t‘b )(c)

(bl
increase in

value of Vbl~

by € and a corresponding
)( ) by € would increase the value of y (el >(c). In fact, this would change the

D) by (a ain, we omit the dependence from ¢ and we write ¢; for ¢(c;
y (ag P ' 7]

- = _ [t—1] - t=1lyg;
R R R R A A B (13)

Now, if j > k (i.e. 7? <0), reduces to

5'|:(1_9(1_¢j)) <’Yf+2911(1_¢1) (1_¢z 1) )_'VJ:|7

=2

which is strictly positive (because 7]5 < 0 whereas all fy?, i =1,...,k are positive). If, instead, 7 > k (i.e.

) < 0), reduces to
5.[(1—9(1—¢J <71+ZO (11— 1) ,,,.(1_¢i1)7f>+

(]1(1—%) '(1—¢j—1)—1)%§]~

The above expression is positive if
- 7 —j—1
(1-8(1—¢)) <%+Ze (1-¢1)- -(1@_1)7?)2(19’ (L= 61) - (1= ¢5-1))

Observe that, since firms’ indexes are ordered according to the value of I'?, it is 'y?(l —0(1—¢;)) >
~v; (1 —0(1 — ¢;)) for all ¢ < j. Therefore, the left-hand-side in the above inequality is certainly greater
than

j—1
— z 1 0
((1—0(1—¢1)) +>_ (1-0(1-6:))8 <1—¢1>--..~(1—¢i1>> v =
i=2
i _
(1= =600 =6-0)) 7,

which is exactly the right-hand-side of the same inequality. We thus conclude that a decrease in W](t‘b[t_”)
(bl

(c)

1] :
by € and a corresponding increase in m; )( ) by e does always increase the value of (el 1])(c),

which implies that it is optimal to set TI'(t‘b )( ) =0 for all j ¢ M(b[tfl]). Finally, after noticing

[t—1]
that, whenever ~; (cz) > 0, an increase in 7r<t|b )(c) is always profitable, we conclude that, whenever

v9(c;) > 0 for i € M(b!*"1), it must be Diemblt=1y T (t‘ " 1])(C) =1.

We have thus shown that, if, in all rounds ¢’ > ¢ and for all bl*~! the allocation corresponds to ,
then the optimal allocation in round ¢ < n also corresponds to ((12). To show that (12} is indeed optimal,
we just need to make sure that the allocation corresponding to is indeed optimal in the last round,
i.e. when only one eligible firm is left, which is quite obvious.

Finally, the assumption that ¢ is decreasing guarantees that, for all 4 and for all c—;, m;(c;, c—;) — the
probability that firm ¢ is assigned the project throughout the assignment process, is weakly decreasing;:
hence, satisfies IC in the sense that it generates a weakly decreasing function IT;(c;). This completes
the proof. O
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B Proof of Corollary 1

1. VICKREY AUCTION. Notice that a firm that is assigned the project in round ¢ is payed, upon completion
of the work, an amount that is a weighted average among r and the bids that are above that firm’s bid
and below r. First, we show that truthtelling is an (ex post) equilibrium of this auction. Now, consider
a firm with cost ¢ and denote this firm’s bid by b. Suppose the other firms bid truthfully (each firm’s
bid is equal to its cost), and let (¢, c®, ... e ~Y) be the vector of the other n — 1 firms’ costs/bids in
increasing order.

Consider, first, the case ¢ > TE If the firm bids truthfully (b = ¢), the firm will be assigned the
project with probability zero, so its profit will be equal to zero, as it will be with any other bid greater
than r. To have a positive probability of being assigned the project, the firm should bid b < ¢, but in this
case the payment received (upon completion) will be no greater than r, leading to a negative profit.

Consider now the case ¢ < r. If this firm bids truthfully, its profit is positive: this firm is assigned
the project with positive probability and is payed (upon completion) an amount that is no smaller than
c. Let’s verify that no deviation is profitable. Notice, first, that bidding b > r is obviously non-profitable
(the firm’s profit would be equal to zero). Notice, also, that any deviation that does not alter the position
of this firm in the ranking of bids, does not affect the firm’s profit (the probability of being assigned the
project is unchanged, as it is the payment, which only depends on the bids of the firms that follow in the
ranking). Hence, we have to focus on deviations that change the position of the firm in the ranking of
bids. Now, suppose, that c*™1 < ¢ < ¢, i.e. if this firm bids truthfully it is ranked ¢-th in the ranking
of bids. Its profit under truthtelling is

ulb =) =07 [T = o(co(e) { [1 =7 (1= o)) min {O,r} +8 (1= 0(c)) p = c}

i=1
A downward deviation to b’ € (¢!t~ c(tfl)would make this firm rank (¢ —1)-th and would change
its profit to

t—2

u@®) = 677 H(1 — p(cD))p(c) { [1 -0 (1 — ¢(c(t’1)))] D g (1 B ¢(c(t*1))) "

=1

X {[1 -0 (1 - ¢(c<”))] min{c“),r} L9 (1 _ ¢(C(t))) p(t)} _ C}.

It is then immediate to verify that

ulb=¢) —u(®) =8> 1:[(1 — oo {[1-7 (1= ()] [e= ]} =0,

1=1

i.e. a downward deviation to b’ € (c*=2,¢(*=V) is not profitable. One could then recursively apply this
argument to show that any other downward deviation (e.g. a deviation to b’ € (¢=% ¢t=2)) is not
profitable either.

An upward deviation to b’ € (¢®, min{c*TV, r} would make this firm rank (¢ + 1)-th and would
change its profit to

u(d’) = i ﬁ(l — qS(c(i)))qﬁ(c) { [1 -0 (1 — qﬁ(c(tH)))} min {c(tﬂ)m} +0 (1 — qb(c(t“))) X p(tH) — c} .

It is then immediate to verify that

t—1

u(b =) —u(®") = T](1 = ¢(c))é(c) { [1 —0 (1 - qs(c“)))] [c(t) - c] } >0,

i=1

i.e. an upward deviation to b € (¢, min{c“*”,r}) is not profitable. One could then recursively apply
this argument to show that any other upward deviation (e.g. a deviation to b” € (c** min{c**? r}))
is not profitable either.

13Clearly, this case is possible only if there is a reserve price, i.e. only if there exists & € [¢,¢] such that v%(¢) =0
(in which case the reserve price is r = ¢é).

M(learly, such a deviation is feasible only for ¢ > ¢(1).

15Clearly, such a deviation is feasible only for ¢(t) < r.
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We have thus shown that the Vickrey Auction is an incentive compatible direct mechanism. After
noticing that the Vickrey Auction has the same allocation rule as the optimal mechanism in Proposition 2,
and that, in both mechanism, Z;(¢) = 0 for all ¢, revenue equivalence guarantees that the Vickrey Auction
is optimal.

2. PAY-YOUR-BID AUCTION. We claim that the following is the (symmetric) equilibrium bidding
function of this auction: firms with ¢ > r bid 3(c) = ¢; firms with ¢ < r bid according to
"R {(1 — Oy minf{e®, 7} T2 v |® > c] Pr(c® > ¢) +E [ I v (1 - u(t))]
Ble) = ;
Z:L:—l1 E {(1 —v®). H; Ly |e® > c} “Pr(c® >c)+E [H;“Lz—ll v (1 — V(t))]

(14)
where, for t = 1,...,n — 1, ¢¥) is the ¢-th lowest out of n — 1 draws from the distribution G, v =
(1 — ¢(c)), and v© = 1. Notice that B(r) = r and that, for ¢ < r, 3(c) > c. Notice also that, when
there is no audit, i.e. § = 0, reduces to E[min{c",7}|c") > ¢], which is indeed the equilibrium of a
standard first-price auction (with reserve price r).

It is trivial to see that, for firms with ¢ > r, it is optimal to bid 3(c) = ¢: doing so, their probability
of being assigned the project (and hence their expected profit) is zero, whereas a bid below r would yield
a strictly negative expected profit. Similarly, for a firm with ¢ = r it is optimal to bid 3(r) = r: doing so,
its expected profit is zero, whereas a bid below r would yield a strictly negative expected profit.

To see that, for firms with ¢ < r, is an equilibrium, observe preliminarily that is strictly
increasing in ¢ (this can be shown formally, although we know that, given the rules of the auction, the
equilibrium must necessarily be strictly increasing). Hence, if all firms follow the strategy 3(-), the auction
allocates the project in the various rounds according to the ranking in terms of costs, starting from the
lowest cost firm. Given this, one can easily see that the denominator in is the probability that a firm
that bids B(c) (c < r) is assigned the project throughout the auction, when all other firms follow S(-).

Now, consider a certain firm with cost ¢ < r, and suppose that all other firms bid according to 3(-).
Clearly, for this firms making a bid above r cannot be optimal (its expected profit would be zero). On
the other hand, suppose this firm bids §(z) < r (i.e. it mimics type z < r): its expected profit is

UG = PW(E) x(36) o
= ZE
_C{ZE ore 1:[ L0)

(1- u(t)) (min{c(t),r} — c) t_l_[l v e

T_Cl:[ @1 (t)]

(1- p® mln{c(t) r} H el

(t)>z:|-P((t>>z +E

71_[1 V(J) V(t)):|
1:[ S0 (1 - y“))] }

=1

M > z:| Pr(c” > 2) +E

O >z Pr(c® > 2)

It follows that

n—1 t—1
U(c;e) —U(z;¢) = E [(1 - l/(t)) (min{c(t)7 r}— c) H v c® > c:| - Pr(c(t) > c)
t=1 3=0
n—1 t—1 ]
- ZIE [(1 — ) (min{c(t),r} — c) H D > z:| Pr(c!) > 2),
t=1 j=0
which, for ¢ < z < r, equals
n—1 t—1 )
ZIE (1—v) (min{c(t),r} — c) H VD] <P < z] Pr(c < < z) >0,
t=1 3=0

while, for z < ¢, equals

n—1 t—1
— Z]E (1—v®) (min{c<t),r} — c) H vz < <¢| - Pr(z<c®™ <) >0.
t=1 j=0
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We have thus shown that 3(-) is an equilibrium of the Pay-your-bid Auction. The fact that is
strictly increasing implies that the Pay-your-bid Auction is equivalent to a direct mechanism with the
same allocation rule as the optimal mechanism in Proposition 2. Moreover, in both mechanism, Z;(¢) = 0
for all i. Then revenue equivalence guarantees that the Pay-your-bid Auction is optimal. O

C Proof of Proposition 3.1

We proceed like in the proof of Proposition 2: we disregard the IC constraint and, under the assumptions
stated in this Proposition, we characterize the mechanism with audit that pointwise maximizes the pro-
curer’s objective function under the feasibility constraints @, showing that such a mechanism is indeed
a standard mechanism with audit. We then check ex-post that the optimal mechanism just characterized
does also satisfy IC.

Notice, preliminarily, that, thanks to the linear structure of the objective function, the above maxi-
mization problem has one solution in which, in any round of assignment ¢ that can be reached with strictly
positive probability:

[t—1]
Z(t\bt ) —0forallie N \ b[tfl])7 or it is assigned

[t—1]
with certainty to one of the eligible firms (i.e. 7P 2 1 for some i € N \ bl~1) and

i

(i) the project is either not assigned at all (i.e. 7

(tlb[t—l
%

]
(#) the firm that is provisionally assigned the project (i.e. the only firm ¢ such that 7 ) = 1) is

[t—1] [t—1]
L 1) or it is not audited (Qgt‘b 2 0).

either audited for sure (6,
We will concentrate on a solution with such structure.

To see that there is one solution that satisfies conditions (i) and (i) above, observe, first, that, in any
round ¢, for all audit probabilities egt‘b[“” ), it is optimal to provisionally assign the project with probability
one to the eligible firm for which the expression within curly brackets in @ is maximal, provided this
quantity is positive, and not to assign the contract if this expression is negative; and, if there is more than
one firm for which the expression within curly brackets in @ is maximal and positive, it is optimal to
assign the contract with certainty to any of such firms. This means that, for given c, the sequence of firms
that can be assigned the project throughout the allocation process is uniquely determined, so that any
round t can be reached uniquely after a specific history b!*~1: moreover, in that round ¢, a specific firm
i is assigned the project with probability one, and, conversely, firm ¢ can be assigned the project only in
that specific round ¢ (if reached). This implies that the probability that firm i is audited is relevant only in
that unique round, whereas it is immaterial in all other rounds. Hence, among all the audit probabilities

(t/pl* =) - AT L
0; , we can concentrate only on the one associated with m; = 1. We can thus neglect the

[t—1] ~ ..
dependence of th‘b ) from ¢ and b1, and simply write §; to denote the probability that firm i is
audited in the unique round in which firm i is assigned the project. From 7 it is immediate to see that,

@™ 1) then

k3

if the allocation prescribes that firm i is assigned the project (only) in period ¢ (i.e. 7
it is optimal to set 6; = 1 if

(1= den)) (a4 VORI () —a >, (15)

in which case reduces to

[t=1]y

VR ey = %) + (1 - dei)) d — a+ (1 — (i) VRPN ()

= M)+ (1= ¢(e;)) VR THULN ¢y

If, on the contrary, is not satisfied, it is optimal to set 0; = 0, in which case simply reduces to
VT (e) = 5.

Notice that, in the solution, it must necessarily be that Vmb[t_l] > 0 for all ¢ (the procurer can always
set this quantity to zero by simply not assigning the project in that period). Hence, if v'(c;) — v°(ci) =
(1 —¢(ci))d—a > 0, condition is certainly satisfied, i.e. it is certainly optimal to audit firm 4.

Now, it is immediate to observe that a firm with cost below ¢ must be audited when provisionally
assigned the contract (for such firm 4' > 4°). Tt is also quite intuitive to see that, if there are firms with
cost above ¢, these firms should never be assigned the project during the assignment process. Suppose, to
the contrary, that there is one firm ¢ with cost ¢; > ¢ that is assigned the project at some round ¢ (that
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can be reached with strictly positive probability). If ¢ is the last round in which the project is assigned to
a firm, then the continuation payoff is V<t‘b[t_1])(c) = max {’yl(c), fyo(c)}, which is strictly negative, so it
would be better stop assigning the project in round (¢ — 1). If round ¢ is not the last round in which the
project is assigned to a firm, this means that 6; = 1 and that, in the next round, the project is assigned
(with audit) to a firm j with cost ¢; < é < ¢;. But this cannot be optimal, because it would certainly
be profitable for the procurer to switch the order, assigning the project first to firm j and the to firm
i: this would postpone (i.e. reduce the probability of getting) a negative contribution to the procurer’s
payoff (y'(c;) < 0) and anticipate (i.e. increase the probability of getting) a positive contribution to the
procurer’s payoff (y'(c;) > 0). Hence, only firms with cost below & are assigned the project during the
allocation process, and since it is optimal to always audit these firms, we can directly invoke Proposition
2 (with @ = 1) to conclude that a standard mechanism with audit (with all firms that are provisionally
assigned the project being audited) does indeed pointwise maximize the procurer’s objective function and
it is incentive compatible (i.e. the resulting function II;(c;) is decreasing). This completes the proof. [

D Proof of Proposition 3.2

It is immediate to see that, if there are firms with cost above ¢z, these firms should never be assigned the
project during the assignment process (the argument is the same as above). Hence, in what follows, we
just need to focus on the firms with cost below ¢2. We have to consider two cases.

Case 1: there is no firm with cost ¢ € (é1,¢é2). In this case, we are exactly in the same situation as in
statement (a) above, so the same argument applies.

Case 2: there is at least one firm with cost ¢ € (é1,é2). For illustration, consider the vector of firms’ costs
¢ = [c1,¢2,...,cn] and suppose without loss of generality that the elements of ¢ are in increasing order.
This case corresponds to a situation in which the first k£ firms have costs ¢ < é;, firms from k+ 1 to k+ j
(1 <j <n—k) have cost ¢ € (é1,¢2), the last n — k — j firms have cost ¢ > é&. First, it is immediate to
see that the first & firms must be audited when provisionally assigned the project. Second, a mechanism
in which all firms that are provisionally assigned the project are audited cannot be optimal. To see this,
let s be the last round of assignment (i.e. round s can be reached with strictly positive probability, in
round s one eligible firm is assigned the project, and, if round (s + 1) is reached, no firm is assigned
the project anymore), and suppose, to the contrary, that, also in round s, the firm that is provisionally
assigned the project is audited. If s < k, then there is still at least one eligible firm with ¢ € (é1,é2) (i.e.
with 4°(c) > 0), and it would be better to move to round (s 4 1), assigning the project in that round to
such firm with no audit; if, instead, k + 1 < s < k + j, then Proposition 2 implies that, in these s rounds
with audit, the order of assignment should reflect the order of firms’ costs: hence, the firm that is assigned
the project in round s is certainly one with ¢ € (&1, &), for which it holds that v°(c) > v*(c), so it would
be better not to audit such firm. We conclude that the optimal mechanism: (i) has (s — 1) rounds of
assignment with audit (with s — 1 > k) and a last round (round s) in which a firm with ¢ € (é1,¢2) is
assigned the project and not audited; (%) in the first (s — 1) rounds (with audit), the order of assignment
reflects the order of firms’ costs; (#ii) in round s, given that 4° is strictly decreasing, the project is assigned
to the firm with the lowest cost among the eligible ones. It remains to show that the firm that is assigned
the project in round s has a higher cost than any of the firms that are assigned the project in the first
(s — 1) rounds. If s = k + 1, this is obvious: the project is assigned to the k firms with ¢ < & in the first
k rounds, and to firm s = k + 1, whose cost is ¢ € (¢1, é2), in the last round. If s > k + 1, we just need to
show that it is unprofitable to switch firm s and firm (s — 1) (notice that these two firms necessarily have
both costs in (é1,¢é2)). In fact, if the project is assigned to firm (s — 1) in round (s — 1) and to firm s in
round s, we have

s—1ibls—2]
VETPT ) = 4%(com1) + (1= dles—1)) d — a+ (1 = d(es—1))7°(cs),
whereas, if the project is assigned to firm s in round (s — 1) and to firm (s — 1) in round s, we have

VORI () = 10(c,) + (1= d(es)) d — a+ (1 — dlcs)) 70(cs)-

The difference is

d(es) [Y°(com1) + d] — dles—1) [7(cs) + d] = dles)ples—1) | L - :
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which is strictly positive (this follows easily from the fact that, on (é1,é2), 7° is strictly decreasing and
strictly positive and ¢ is increasing). We thus conclude that, also in this case, a standard mechanism with
audit does indeed pointwise maximize the procurer’s payoff.

As a last step, we characterize the threshold, i.e. the value ¢ such that firms with cost lower than ¢ are
audited (when provisionally assigned the project), while firms with cost higher than é (and lower than é2)
are not (i.e. they are definitively assigned the project without audit). This is equivalent to determine the
last round of assignment. In case 1 considered above, the threshold is exactly ¢i. Now consider case 2:
as before, let’s say that the first k firms have costs ¢ < ¢é1, the next j > 1 firms have ¢ € (é1, é2), the last
n—k — 7 firms have ¢ > é;. The previous analysis has made it clear that, if j = 1, there will necessarily be
k + 1 rounds (and firm k + 1 is not audited if assigned the project): in this case, again, ¢ = ¢;. Consider,
instead, the case of j > 2. Exploting the fact that, on (é1, é2), ¢ is increasing and +° is strictly decreasing,
it is quite easy to verify that the last round of assignment is:

o k4 1ifa>(1— ¢(crt1))(7°(chte) 4+ d): in this case, & = é1;

o k41,1 <<y, if (1—¢(crir))(Y(chrir1) +d) <a < (1 —d(ckri—1))(Y(crt1) + d): in this case,

C = Chtl—1;

o k+jifa<(1—¢(crtj—1))(Y°(ckt;) +d): in this case, & = cpij1.

Hence, the threshold depends on the number of firms with ¢ € (é1,é2) and, given the number of such
firms, on the actual realization of their costs.

Finally, it remains to check whether the mechanism is incentive compatible (i.e. the resulting function
II(c) is decreasing). It is straightforward to see that, for given vector of costs of the other firms c_; and
for fized threshold ¢, an increase in ¢; (the cost of firm ¢) lowers the probability that firm 7 is assigned the
project throughout the assignment process. But we have to take into account that the threshold is not
fixed, i.e. an increase in ¢; may change the threshold, thus affecting the probability that firm ¢ is assigned
the project. Notice, however, that the fact that 4° is strictly decreasing and ¢ increasing on (&1, ¢2),
implies that an increase in ¢; can change the threshold only in a direction that is unfavorable to firm
(in the sense that, if anything, it reduces the probability that firm 4 is assigned the project). To see this,
suppose that, given the realization of ¢, the optimal threshold is ¢ = c¢x4;—1 (i.e. the last rouns is k + [).
This means that

(1= plers) (Y (crpirr) +d) € a < (1= dlenri—1)) (7 (crpr) + d).

Consider firm k41, whose cost is ci;: this firm is assigned the project in the last round. An increase in cg;
reduces the right-hand-side above, and, when sufficiently high, this reduction may upset the inequality,
leading to a reduction in threshold to ¢ = cg4i—2, so that firm k 4 is no longer assigned the project with
strictly positive probability. On the other hand, consider firm k + [ + 1, whose cost is cgy;4+1: this firm
is certainly not assigned the project, and to have the project assigned with strictly positive probability,
it should be that a < 1 — ¢(ck+1))(7°(cht1+1) + d). But this firm has nothing to gain from increasing her
reported cost, as this would reduce, not increase, the left-hand-side above. This completes the proof. [

E Proof of Proposition 4.1

Let’s first characterize Mg, the mechanism that maximizes the procurer’s payoff among the incentive
compatible mechanisms that allocate the project according to the (increasing) order of firms’ costs. It is
quite immediate to see that such a mechanism, whenever 7(c) > 1, in each round ¢t < #(c), allocates the
project with probability one to the firm with the ¢-th lowest cost and audits this firm with probability
one. To see this, let ¢(*) denote the t-th lowest element of the vector of firms’ costs ¢, and suppose we are
in round ¢ < A(c). The procurer’s continuation payoff is

VR e) = w2 ) {0(e0) 4 6T ) [ (1= 00e)) (4 VO e)) —a] .

To maximize V(tlb[til])(c), it must necessarily be that G LE Y > 0 (the procurer can always set
this latter quantity to zero by simply not assigning the project in round ¢ + 1). Therefore, given that, by

assumption, 7! (c¥) > 4°(c®), i.e. (1 — z;ﬁ(c(t))) d > a, then it is certainly optimal to audit firm ¢ with

[t—1]
probability one. With Gt(t‘b )(c) = 1, the continuation payoff becomes

V) = e [1 () + (1= () VIO e
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[t—1]
and it is clearly optimal to set TI',Et‘b ' )(c) = 1 (because, by assumption, v!(c) > 0). Notice that the

way in which this mechanisms allocates in the first 7i(c) rounds (when 7(c) > 1) cannot be improved upon
because it pointwise maximizes the procurer’s payoff in the first 7(c) rounds, and, moreover, is indeed
incentive compatible.

Now, consider the random mechanism with audit Mg: this mechanism differs from M4 only when
fi(c) > 2, so let’s focus on this case. The fact that T''(c) is strictly increasing for all ¢ < ¢ implies that this
mechanism yields a strictly higher payoff to the procurer than the best standard mechanism with audit.
The argument is exactly the same as the one used in the proof of Proposition 2, but reversed. Specifically,
with T'!(c) strictly increasing on (c, &), allocating the project, in the first 7i(c) rounds, according to the
increasing order of firms’ costs yields a strictly lower payoff to the procurer than following any other
ordering. Hence, since the random mechamism with audit, in the first 7(c) rounds, attaches the same
probability to any ordering, it is certainly better than the best standard mechanism with audit. In all
other circumstances, the two mechanisms are identical and yield the same payoff. Finally, notice that
the random mechanism with audit preserves incentive compatibility: all firms with cost ¢ < é have the
same probability of being assigned the project throughout the allocation process. For the other firms, this
probability is unaffected. Hence, if the best standard mechanism with audit was incentive compatible for
all firms’ types, also this random mechanism with audit is.

F Proof of Proposition 4.2

Let ¢® denote the t-th lowest element of the vector of firms’ costs ¢. Consider Mg, i.c. the (not necessarily
incentive compatible) standard mechanism with audit that pointwise maximizes the expected payoff of
the procurer. It works as follows:

(i) if 7(c) = n, then, in the first n rounds, the project is assigned to the eligible firm with the lowest
cost and this firm is audited (this follows from the fact that, for ¢ < ¢, max {v"(c),7°(c),0} = 7' (c),
so that it is always optimal to assign the project and audit the firm);

(i3) if n(c) = n —1, then, in the first (n — 1) rounds, the project is assigned to the eligible firm with the
lowest cost and this firm is audited; in round n, the project is assigned to firm n and this firm is
not audited (this follows from the fact that it is always optimal to assign the project to a firm with
cost lower than ¢ and audit it, and it is also optimal to assign the project to the unique firm with
cost higher than &, but not to audit it because, for such firm, 4! < 'yo);

(i4i) if A(c) < nm — 2, then, in the first 7(c) + s* rounds, the project is assigned to the eligible firm
with the lowest cost and this firm is audited; in round 7(c) + s* + 1, the project is assigned
to the firm with the (A(c) + s + 1)-th lowest cost, and this firm is not audited, where s* =
arg MaXse {0, ..n—a(c)_1} We (c(ﬁ(c)Jrl)7 C(ﬁ(c)+2)’ s C(ﬁ(c)+1+s)).

To understand case (#4), notice that, from round 7(c) + 1 onwards (i.e. when all the eligible firms have
cost higher than ¢é), the procurer faces a trade-off: auditing, per se, generates more costs than benefits
(because, for these firms, 4! < ~°), but allows the procurer to possibly go to the next round, where it can
get the corresponding continuation payoff. In practice, if round 7i(c) + 1 is reached, the procurer has to
decide for how many additional rounds it is worthwhile to go on assigning the project (according to the
ordering of firms’ costs). In particular, if the procurer goes on for other s rounds, the additional payoff
the procurer can get is W*, so the procurer will choose s to maximize this quantity. Notice, that the
mechanism described above is not necessarily incentive compatible for types above é. To see this, consider
case (iii) above, and suppose 7(c) = n — 2. In this case, we have

WO ) =),
and
Wl(c(n71)7c(n)) _ ’_yO(c(nfl)) —a+ (1 _ ¢(C(n71>)) (d+ ,YO(C(’IL))) ,
and the last round of assignment will be n — 1 or n depending on whether a is greater or lower than
(1 — qﬁ(c("*l))) (d+ 70(0("))): hence, for given ¢~ an increase in ¢™ (i.e. an increase in 7°(c™)

because 7° is strictly increasing for ¢ > ¢), may lead to passing from a situation in which the last round
of assignment is n — 1 (firm n has a null probability of being assigned the project) to a situation in which
the last round of assignment is n (firm n has a strictly positive probability of being assigned the project).
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Consider now Mg, which differs from M4 only in case (4i), i.e. when fi(c) < n — 2. In this case, Mg
prescribes that, in the first 7(c) rounds, the allocation is as in M4, but in any round 7i(c) +1 <t < n,
the project is assigned randomly, with equal probability, to any of the eligible firms, and, letting i(¢) be
the firm that is drawn in round ¢ and c¢;() its cost,

e if arg maxs—o,. . n—t {Ws(ci(t))} # 0, firm (%) is audited (and, if the outcome of the audit is negative,
we move to the round ¢t + 1);

e if argmaxs—o,.... n—t {WS (ciwy)} =0, firm 4(t) is not audited (no other round takes place).

Finally, if round n is reached, the project is assigned to the only remaining firm which is not audited.

Notice, first, that this mechanism is incentive compatible also for types above ¢. In fact, consider firm
i with cost ¢; > ¢. Whenever all other firms’ costs are below ¢, clearly an increase in ¢; does not affect the
probability that firm 7 is assigned the project. Suppose, instead, that 7(¢) < n — 2: then, in any round
t > n(c) in which firm 7 is still eligible, all eligible firms (including firm ¢) are assigned the project with
the same probability, and, moreover, if firm 4 is not drawn in round ¢, the probability of moving to the
next round (where firm ¢ may be possibly assigned the project) does not depend on firm #’s cost (but only
on the cost of the firm that was drawn in round t). Hence, we conclude that the expected probability of
being assigned the project is constant for all ¢ > ¢.

Finally, we have to show that Mg yields a higher expected payoff to the procurer than Ma4. Now,
let ¢ be the vector of firms’ costs, where, again, ¢® denotes the t-th lowest element of this vector. Since
the two mechanisms are equal in cases (i) and (ii) above, we concentrate on case (i), i.e. c is such that
f(c) < n —2; and, since M and M4 allocate in the same way in the first 7i(c) rounds, we focus on the
procurer’s continuation payoff evaluated at round 7i(c) + 1. Now, under Mg, such continuation payoff is

YA, e oy max W (AOHD (A@+2) | (A(e)+1+s)y
s€{0,...,n—n(c)—1}

Consider now M. In Mg, from round 7i(c)+1 onwards, the allocation is made randomly. We can think as

if the procurer makes a series of n—#(c) draws without replacement from the set {c<ﬁ(°)+1), M+ ) 1
i.e. the set containing the n—7(c) highest element of c¢. Let [c1,c2, ..., ch—n(c)] the sequence of such draws,
i.e. ¢t is the t-th draw from the {¢(™(©F1) ((M()+2) (M1 1n practice, the procurer assigns the project
to the firm with cost ¢1 in round 7i(c) + 1, to firm with cost ¢z in round 7(c) 4 2 (if this round is reached),
and so on. Hence, if [c1,¢2,.. ., ch_n(c)] is the realized sequence of (potential) random assignments from

round 7(¢) + 1 onwards, the continuation payoff of the procurer is

Wo(cl) if  argmaxs—o,...n—n—1 {WS(Cl)} =0
W(c1,c2) if  argmax,—o,.n-a-1{W (c1)} #0
and argmaxs—o,.. n—n—2 {WS(@)} =0
A1) (™) W?(c1,c2,c3) it argmaxs—o,..n-a-1{W (c1)} #0
SR G <"Die) = and argmaxs—o,..,n—n—2 {W (c2)} #0
and argmaxs—o,... ,n—n—3 {WS(CS)} =0

Wn_ﬁ_l(ch .. ,Cnfﬁ) if arg MaxXs=o,...,n—n—r {Ws (CT)} # 0 r<n-—n

The condition stated in the proposition ensures that, for any given 7, the expected value of the latter
continuation payoff is higher than the expected value of the former. O
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