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Abstract

In this paper, we consider a model of platform competition to examine the mechanisms
through which asymmetric platforms attract different agents. Specifically, we analyze how
platforms strategically choose different attributes to appeal to the buyers. We consider a
two-stage game where heterogeneous platforms simultaneously choose features on the buyers’
side in the first stage and membership fees in the second stage. Our results show that
the equilibrium values of attributes depend significantly on the relative strengths of cross-
network effects along with the degree of heterogeneity between platforms. Buyers’ decisions
to join a platform therefore are influenced not only by the membership fees and cross-
network effects but also by the range of functionalities offered by the platform. Furthermore,
even though such attributes are offered solely on the buyers’ side in our model, sellers’
participation is also significantly affected by them via their interactions with the membership

fees and cross-network effects.

1 Introduction

In recent times, there has been a significant surge in the volume of electronic commerce
attributable to the widespread availability of the Internet. According to Euromonitor Interna-
tional’s 2018 report, the proportion of retail sales conducted online accounted for 13.7% and
17% in the United States and the United Kingdom, respectively, while globally, it represented
11.5% of all retail sales. These figures translate into substantial revenue, with online retail
sales reaching over $400 billion, $86 billion, and $1.7 trillion for the USA, UK, and worldwide,

respectively.!

E-commerce typically involves buying and selling goods or services through online platforms,

which is a business model connecting buyers and sellers, enabling them to engage in value-
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creating exchanges. It is common that a dominant platform is present in this type of market,
such as Amazon in the online retailing sector?, Airbnb in lodging services®, and Uber in the
ride-hailing industry?, among others. The underlying factors that contribute to these platforms’
successful attraction and retention of agents have generated significant scholarly and practical
interest. One potential explanation for their success is the platform’s ability to serve as an
intermediary between agents and actively shape the business model. It is this active involvement
that may give rise to heterogeneity among platforms, and may, in turn, affect agents’ incentives

and valuations regarding which platform to join.

In this study, we present a framework for analysing how platforms appeal to agents, specif-
ically on the buyers’ side. Our argument is that buyers’ decisions to join a platform are not
only based on membership fees and cross-network effects but also on other attributes platforms
offer.” The combination of these three elements determines which platform buyers find most
appealing. Buyers are more inclined to join a platform that has built a favourable reputation
and brand image over time by offering a diverse range of features. As the quality of the plat-
form’s features increases, buyers’ perception of the platform’s benefits improves, resulting in a
stronger reputation and brand image, thereby increasing the likelihood of buyers joining the

platform.

A specific example is Amazon, which not only works as an intermediary between buyers
and sellers but also has an active function adopting a customer-centric approach to generate
attributes that create value. For buyers, the platform’s benefits proposition transcends beyond
product pricing. It extends to the ability to appeal to and initiate a loyal customer base, enhanc-
ing their browsing experience through the provision of flexible delivery options, an extensive
product assortment, swift checkout processes, and a lenient refund and return policy. On the
seller side, having their products affiliated with Amazon’s brand name enhances their credibility
with customers and leverages the platform’s Prime audience. Wells et al. (2019) observed that
the majority of attributes developed by Amazon are primarily buyer-oriented. Amazon strives

to attract buyers to its site by developing various attributes to meet their needs.

This research makes a twofold novel contribution to the existing literature on two-sided mar-
kets. Firstly, we introduce the platform’s features as a form of vertical product differentiation
on the buyers’ side, shedding light on the importance of quality attributes in shaping market
structure. Secondly, we analyse the intricate interactions between these quality attributes and
cross-group network effects to gain insights into the resulting market configurations. By ex-
ploring these dimensions, our study expands the understanding of two-sided markets and offers

valuable insights for market participants and policymakers alike.

Vertical differentiation refers to the differentiation of products or services offered by plat-
forms based on their perceived quality, features, or attributes that cater to the distinct needs

of both sides of the market. Platforms offer different levels of quality to enhance their fea-

2 Amazon.com, 2019 Case 716-402.
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tures, functionality, user experience, or service level to attract and retain users on both sides
of the market. Rather than attempting to capture all possible features a platform may have,
we integrate them into a single variable representing buyers’ perception of the quality of the

platform.

Our model builds on the framework of Armstrong (2006), where equilibrium membership
fees depend on cross-group network effects, and the literature on vertical differentiation, includ-
ing Mussa and Rosen (1978); Gabszewicz and Thisse (1979); Shaked and Sutton (1982, 1983),
which identify consumer income as a source of differentiation. We extend Armstrong (2006)
model by introducing the level of features offered on the buyers’ side as a strategic variable on
the vertical dimension. This allows for the existence of asymmetric platforms in equilibrium, as
shown by Gabszewicz and Wauthy (2014).

The provision of attributes by platforms creates a competitive advantage in attracting
agents in a two-sided market. This competitive advantage can be understood as heterogeneity
within a vertically differentiated product space, where agents prefer platforms offering more
attributes compared to those offering fewer attributes. The concept of vertical product dif-
ferentiation space was first explored by scholars such as Mussa and Rosen (1978); Gabszewicz
and Thisse (1979); Shaked and Sutton (1982, 1983). Mussa and Rosen (1978) investigated a
monopoly pricing model for quality differentiated goods, and found that a monopolist cannot
price discriminate in the usual way, but rather assigns a price-quality pair to customers to par-
tially discriminate against them, thereby reducing the quality sold to customers compared to
a competitive market. Gabszewicz and Thisse (1979) analysed a non-cooperative price equilib-
rium between firms, where consumers have different willingness to pay for quality improvements,
and found that with less income disparity, the firm selling the lowest quality product will exit
the market. Moreover, when consumers’ tastes are less differentiated, Cournot’s equilibrium
price is near zero. Shaked and Sutton (1982, 1983) studied vertical differentiation in a competi-
tive market and found that firms differentiate themselves by choosing distinct qualities to lower

price competition and earn positive profits.

Subsequently, the seminal works of Economides (1989); Neven and Thisse (1990) were the
first to jointly examine both horizontal and vertical product differentiation spaces. Horizontal
differentiation pertains to the range of products offered, while vertical differentiation refers to
the quality of the products sold in the market. Both studies yield comparable results, showing
that firms maximise one dimension (variety) while minimising the other characteristic (quality)
to gain a larger market share and increase profits. Building on these findings, Irmen and
Thisse (1998) extended the previous models to include multiple characteristics and report similar
results, indicating that firms choose to maximise differentiation in the dominant characteristic

and minimise the remaining attributes to reduce price competition.

These models have undergone extensions to encompass a diverse range of sectors. Degryse
(1996) explored banking services, Baake and Boom (2001) examined markets with network
externalities. Inderst and Irmen (2005) focused on space and time as strategic variables in
horizontal product differentiation, specifically in the retail markets, and Hansen and Nielsen

(2011) investigated price as a proxy for quality in the trade between two countries. Garella and



Lambertini (2014) identifies situations in which firms select maximum differentiation in both
characteristics by studying economies of scope. Finally, Barigozzi and Ma (2018) developed a
general specification model that allows for general consumer preference distributions, general
production cost functions (increasing and convex), and firms selecting any arbitrary number of

quality characteristics.

Recent studies have explored the intersection of two-sided markets and vertical differentia-
tion. For instance, Gabszewicz and Wauthy (2014) introduced heterogeneity among participants
and found that platform competition with cross-group externalities and vertical differentiation
can result in the equilibrium coexistence of asymmetric platforms. Zennyo (2016) investigated
vertically differentiated two-sided markets and found that in a sequential game, both platforms
charged the same per-transaction fee in equilibrium, even with quality asymmetries. Under
certain conditions, a low-quality platform was found to have higher profits than a high-quality
platform. Roger (2017) studied two-sided markets where platforms compete for agents on both
sides of the market, and concluded that when cross-group externalities are too strong, pure-
strategy equilibrium may not exist. Lastly, Etro (2021) considered the differences between
device-funded and ad-funded platforms. His results showed that device-funded platforms are
more aligned with consumers because they provide high-quality products and services, while

ad-funded platforms offer products at competitive prices and free services.

The seminal models of Caillaud and Jullien (2003); Armstrong (2006); Rochet and Tirole
(2003, 2006) analysing two-sided markets have been extended in various directions by subsequent
research. Belleflamme and Toulemonde (2009); Hagiu (2009); Belleflamme and Toulemonde
(2016); Belleflamme and Peitz (2019a) introduced competition among sellers and investigate
how pricing equilibrium, product variety, and the optimal number of platforms are affected
in the presence of a monopolistic or duopolistic platform. Their findings indicate that while
consumers and producers prefer product variety, platforms prefer to minimise differentiation
among them. Weyl (2010) proposed a nonlinear tariff that is conditional on the participation of
agents on both sides in order to address the problem of equilibrium multiplicity. Choi (2010);
Choi et al. (2017) investigated the impact of tying in a two-sided market where agents can
use multiple platforms. They find that allowing multi-homing can improve welfare through
tying. Gao (2018) analysed the effects of overlapping agents on both sides of a platform.
Finally, Karle et al. (2020); Jeitschko and Tremblay (2020) examined how agents endogenously

determine whether to singlehome or multihome.

Our model consists of two stages, where agents can join one platform (single home) only
and platforms simultaneously determine the level of attributes they offer on the buyers’ side in
the first stage, and then determine membership fees in the second stage. We find equilibrium
membership fees follow Armstrong (2006) result, but are adjusted by the differences in attributes
offered by platforms on the buyers’ side, and weighted by the cross-group network effect one

side exercises on the other side.

Our first key finding is that the difference in attributes on the buyers’ side between two
competing platforms not only affects their behaviour but also has an impact on the sellers’ side

due to the presence of cross-group network effects on both sides of the market. We analyse two



different scenarios based on the strength of these cross-group network effects. The first scenario
establishes identical indirect network effects on both sides of the market. The second scenario
analyses when the network effects are distinct. We find that when both cross-network effects are
equal, the sellers’ equilibrium membership fee remains as Armstrong (2006) stated, indicating

that the difference in attributes on the buyers’ side only impacts buyers’ decisions.

We establish conditions for a max-min strategy to enhance profits, as demonstrated in the
early works of Economides (1989) and Neven and Thisse (1990) and the generalised model of
Irmen and Thisse (1998). Specifically, we identified two scenarios where such a strategy is ef-
fective: when the cross-group network effects on both sides of the market are equal, and when
the cross-group network effect buyers have on sellers is greater than the impact sellers exert
on buyers. In the former situation, platforms differentiate themselves as much as possible on
attributes on the buyers’ side (vertical dimension) and as little as possible on the product differ-
entiation cost (horizontal dimension). In the latter setting, platforms differentiate themselves
as little as possible on attributes on the buyers’ side and as much as possible on the horizontal
dimension to maximise profits. Furthermore, we find conditions for a max-max strategy to
maximise profits, as seen in recent studies by Garella and Lambertini (2014); Barigozzi and Ma
(2018). In particular, we find platforms differentiate as much as possible on both dimensions
when the cross-group network effect exerted by sellers on buyers outweighs those exercised by

buyers on sellers.

The rest of the paper is structured as follows. Section 2 outlines the model primitives, while
section 3 presents the solution to stage 2 of the model to obtain equilibrium membership fee
configurations. Section 4 provides the solution to stage 1 of the model, deriving equilibrium
attribute configurations on the buyers’ side. In addition, section 5 analyses and compares market
structure where the cross-group network effects on both sides of the market are identical and
opposite. In both cases, we express the strategic variables as a function of the model parameters

and provide intuitive explanations for the results. The paper concludes in section 6.

2 Model

We consider a model of platform competition with cross-group external effects and at-
tributes on the buyers’ side. There are three different players: platforms, buyers and sellers.
The model follows Armstrong (2006) considering two platforms that are horizontally differenti-
ated and charge access fees to both sides of the market. Agents choose to join a single platform,
i.e. agents singlehome. In this model we introduce the level of attributes g, as a strategic vari-
able capturing various platform features on buyers’ side: the higher the value of ¢, the more

attractive the platform is for buyers, given membership fees.

Two platforms engage in competition through membership fees and attributes offered on
the buyers’ side. This setup is designed to facilitate interactions between a unit mass of sellers
and buyers, generating positive cross-group network effects. Positioned at the extremes of a unit
interval, the platforms exhibit horizontal differentiation a la Hotelling and bear a constant cost of

fy and fs per additional buyer and seller, respectively. Buyers and sellers, uniformly distributed



across this interval, face a cost of visiting a platform that increases linearly in distance, with
rates 7, and 7, respectively. This cost can be interpreted as a potential mismatch with buyers’
and sellers’ preferences. Considering our focal point is the relationship between the cross-group
network effects and the attributes a platform offers on the buyers’ side, we assume, that the
cost associated with visiting a platform is homogeneous across both platforms and both sides.
This means that both buyers and sellers face the same disutility cost when their preferences are

mismatched, and we defined it as 7, = 75 = 7.

Buyers, upon joining the platform, purchase one unit of a differentiated product from each
active seller on the same platform. For each trade, buyers and sellers obtain a net gain of v
and 7, respectively. Additionally, there exists a stand-alone benefit of R; for buyers and R, for
sellers when they visit the platform, a benefit uniform across all platforms. We define 17}; and 7’
as the mass of active buyers and sellers on platform i. The membership fees charged to buyers

and sellers on platform 7 are denoted as pé and p’, respectively.

In addition, buyers receive qi for the attributes platform 4 offers. Platform i’s for i = 1,2
production cost of providing these attributes on buyers’ side is set as C? (qi) = %ai (qg)Q. The
parameter o captures the efficiency of platform i developing characteristics on the buyers’
side. We assume 0 < of < of for i,7 = 1,2; i # j, meaning platform one is more efficient in
developing these attributes compared to platform two. This is possible, either because platform
one can produce more features with the same inputs or deliver the same level of features at a
lower cost. As a result, platforms are heterogeneous in terms of both product differentiation

and the characteristics they offer on the buyers’ side.

A buyer and seller, respectively, obtain a surplus of visiting platform i of:

Vi = Ry + g +on’ — p} (1a)

v = Ry +mn; — (1b)

The model consists of two stages. In the first stage platforms simultaneously choose char-
acteristics on buyer’s side and in the second stage choose simultaneously membership fees and
then agents choose simultaneously which platform to join. We analyse different cases using the

previous framework in the next sections.

Assumptions

Several conditions must be met by the parameters. Firstly, the second-order conditions
of the platform maximisation problem at both stages of the game are crucial as they ensure
a unique equilibrium where both platforms remain active. Secondly, we need to secure full
participation on both sides. Specifically, indifferent buyers and sellers must attain a positive
net surplus at equilibrium. We need for buyers l/g > %T and for sellers vi > %7’, where i = 1, 2.
Thirdly, we enforce a limitation on the number of buyers and sellers participating in the market,
constraining 0 < 77,2‘f < 1 for k = b,s and i = 1,2. Finally, we require positive equilibrium
attributes denoted by q}; > 0.



Therefore, we gather the following set of assumptions:
A.l. T>%and7<2“%if7r>vand7<$32“ifv>7r
A.2. 1/2 > %7’ and ¢ > %7‘, 1=1,2
A3. o > i=1,2 where ¥ = 97% — (21 + v) (7 + 20)

The initial assumption, denoted as A.1, stipulates that the product differentiation param-
eter must fall within the range defined by the cross-group network effects. Meeting the lower
bound of this range ensures the existence of a unique equilibrium in stage 2 of the game, during
which both platforms are operational. Additionally, this condition constraints agents’ market

shares to a unit interval, n}, € (0,1), where k = b, s.

Assumption A.2 guarantees the full participation of agents on both sides of the market

because the indifferent agent achieves a positive net surplus at equilibrium.

Assumption A.3, combined with the lower bound of Assumption A.1l, ensures positive
equilibrium attributes on the buyers’ side. Furthermore, Assumption A.3 alone serves as a
sufficient condition to establish a unique equilibrium at stage 1 of the game, as the second-order

conditions are satisfied.%

3 Equilibrium membership fees

We develop a two-stage model of two-sided markets with vertical differentiation where
agents singlehome. We solve our model using backward induction. In this section, we solve
the second stage of the game where platforms choose simultaneously membership fees and then
agents choose simultaneously which platform to join, assuming the level of attributes on the
buyers’ side as given. We obtain market shares and platform profits at equilibrium. We develop
some intuition for the results.

A marginal agent k, k = b, s, b # s indifferent between joining the two platforms ¢, j, i # j

_J
”k Vk

is located at xj solves: l/]i — TR = Z/Iz —7(1 — ), then x;, = 5 Ly

Agents located between 0 and zj, visit platform ¢ and those located between xj and 1 visit
platform j. It follows that 7}, = x;, and ni = (1 — z1); and the total number of agents on each
side is 7],1.f —Hﬂ =1; k =b,s and b # s. Then we obtain the number of buyers and sellers for each
platform using expressions for z; and zs together with the gross surpluses given by equations
(la) and (1b):

T (qé—qﬁ) +T(p§ —p2> + (pé —pi>

= 5 + 2 (72 — 7o) (2a)
iy Al Al o) o

We are interested in a solution where both platforms remain active. Under Assumption

5See Appendix A.2 and A.6 for details on the second-order conditions at stages 2 and 1 of the game, respec-
tively. See Appendix A.8 for details on conditions on market shares.



A.1, we can observe that conditions 72 > mv and 0 < n,i < 1 for k = b,s hold. This implies
that not only do buyers’ and sellers’ market shares decrease when their own side’s membership
fee increases, but also when the membership fee of the other side increases.” In other words,

the market shares of both sides are influenced by changes in fees on either side of the market.®

Definition 1. An equilibrium at stage two of the game is a pair pz,pi where © = 1,2, such

that pé and p’ solves the platform mazimisation problem max i iy I = (pf7 — fb)nll; (p};,q,i) +

(pé - fs) s (p}wqi) - (gb) Vi=1,2andk=0,s, b# s, wheren (p}C, q}C) and (p}v, q}c) are
given in(2a) and (2b).

From the first-order conditions for platform ¢’s ¢, = 1,2, ¢ # j maximisation problem, the
following best responses functions are obtained:”

%

_prran (6-9) 0@B-r) c@en-)

Po 2 2 27 2 (32)
. i (q}; — qZ) T (pi - pi) i
pé:fs+7~l-p n B _u(m+py— fo) (3b)

2 2T 2T 2T

The best strategy for platform ¢ when the difference in characteristics qg - qg on buyers’
side is positive'? is to increase the membership fee on both sides of the market. At the same
time, platform ¢’s best response is to increase the membership fee on both sides when the other
platform increases the fee on both sides, as well. However, platform i decreases the membership
fee on one side when the membership fee on the other side increases. In this context, member-
ship fees’ best responses are strategic substitutes amongst platforms but strategic complements

between sides.

Although platform 4’s best response is to increase both sides’ membership fee when the
difference in attributes is positive, on the sellers’ side the best response is boosted when the
cross-group network effect buyers exert on sellers 7 increases. This behaviour is common in
two-sided markets where sellers benefit as more buyers join the platform. Platform 7 developed
attributes on buyers’ side appealing to more buyers because they can enjoy more features, but

also appealing to more sellers given the cross-group network effect.

The next step is to solve the best response functions (3a) and (3b) to obtain the equilibrium

membership fees as a function of the model parameters and the difference in attributes on buyers’

7 Alternatively, if the cross-group network effects outweigh the opportunity cost associated with mismatched
preferences on both sides of the market, i.e., 7> < 7o, both sides’ market shares would become an increasing
function of their membership fee. Consequently, both buyers and sellers would opt for the same platform, leading
to a tipping point in the market.

8The partial derivative of equations (2a) and (2b) with respect to both membership fees are negative, as long
as 72 > mv. Considering that 7 — "TJ“’ > 0, then 72 — 7v > 0 as well. We can see this because (7 + v)* > 4mwv
= (r—v)?>0if 1 #v.

9See Appendix A.1 for details.

0When we refer to the difference of a strategic variable: membership fees, market-shares, attributes and
plat forms’ profits, it is always between platform i and platform j.



side:11

i 372 — 7 (7 + 2v) ; ;
Ph=Jotm—mt [972 — (27 +v) (7r+2v)] (qb_qu’> (4a)

pi shtToud |:9T2 — (2T7r(7—r|—_v)v()7r + 21})] (qg a qg) (4b)

First, notice the difference in attributes qé—qg is part of the equilibrium membership fees on
both sides of the market, even though they were developed only on buyers’ side. Sellers’ side is
affected by the difference in characteristics on the other side because of the cross-group network
effects one side exerts on the other side. Therefore platforms adjust sellers’ membership fees

taking into account the difference in features on buyers’ side.

Both agents’ equilibrium membership fees on platform i are a function of two terms. The
first term is Armstrong (2006) result, the marginal cost of an extra agent f, k = b, s and b # s,
the disutility for mismatch preference 7, and the cross-group network effect this side exerts
on the other side, 7w for buyers and v for sellers. The second term captures the difference in
attributes developed on buyers’ side qg — qg. This extra markup could be positive or negative

depending on which side exerts a stronger cross-network effect on the other side.

In a one-sided market, a firm typically increases its prices as it offers more attributes to
customers. However, in a two-sided market, pricing dynamics are influenced by the interplay of
cross-group network effects on both sides of the market. As a result, membership fees on one
side may actually decrease despite platforms offering additional features, as they can offset this
decrease by charging a higher fee on the other side, using the indirect network effects present

in the market.
We summarise our discussion in the next proposition:
Proposition 1. For (qg — qg) > 0, whenever this difference in attributes increases, platform i,

1) Increases buyers’ and decreases sellers’ equilibrium membership fees, whenever the cross-
) I b “and d llers’ ilibri bershi h th
group network effect experienced by buyers is higher than the one experienced by sellers
(i.e.,v > m); Whereas

(ii) Increases sellers’ and decreases buyers’ equilibrium membership fees, whenever the influ-

ence exerted on sellers by buyers outweighs the impact on buyers by sellers (i.e., m > v).
Proof: See Appendix A.3

Platform ¢ appeals to more agents by increasing the features on buyers’ side, attracting more
buyers directly and more sellers indirectly since the cross-group network effect. This creates
a positive loop considering more agents are attracted on both sides, i.e buyers join platform
i given there are more features developed for them, sellers join as well because more buyers

joined, then more buyers,..., and this behaviour continues.

11\We are interested in obtaining an equilibrium where both platforms are active. Therefore, assuming condition
A.1 holds, platform i, ¢ = 1,2 profit function is concave and the second-order conditions of the maximisation
problem are satisfied. See Appendix A.2 for more details.



Platform ¢, decides to charge a lower fee on the side that exerts a stronger cross-group
network effect on the other side. On the one hand, platform i decreases buyers’ fee if the
influence buyers exert on sellers is higher than sellers on buyers, (7 > v). On the contrary,
platform ¢ decreases sellers’ fee if the cross-group network effect sellers exert on buyers is higher

than the impact buyers exert on sellers (v > ).

Equilibrium market shares and profits

At equilibrium, agents’ market shares for platform i, i = 1,2 are:!?

i1 3T i <
=9 T 202 — (2nt o) (m 4 20)] (6 - ) (52)

i1 _ (m+ 20) - i j
775_§+ 2[972—(27T+U) (7T+2’U)] (Qb_ql];) (5b)

As with equilibrium membership fees, we find that even when platform features are ex-
clusively developed on the buyers’ side, the difference in attributes impacts both sides’ market
shares. Sellers are attracted to join platform ¢ even in the absence of tailored attributes for
them, through the influence of cross-group network effects. Furthermore, buyers’ and sellers’
market shares experience an increase when there is a positive difference in attributes developed
on the buyers’ side (qg — qg ), regardless of which side places a higher value on interaction with
the other side.'3

Platform 4 can increase its position in the market by developing more attributes on buyers’
side. Buyers and sellers will be drawn to join platform ¢, buyers will join to enjoy more features
developed for them and sellers will join because they can interact with more buyers (cross-group

network effects).

As we already have the equilibrium membership fees and market shares on both sides of

the market, we can compute equilibrium profits for platform i, i = 1,2 as:

. N 2 . .
ey, T(0-d) +X (d-d) o (g

mw=r- 2 2[972—(27r+v) (7?—%21))} 2 )

where X = 672 — (7 +v) (7 + 2v) + 7 (v — 7).

Equilibrium profits of platform i are equal to the degree of product differentiation on both
sides of the market adjusted downwards by the cross-group network effects, 7 and v. This result
is as Armstrong (2006). Furthermore, profits are adjusted by two additional terms. The first is
an extra markup associated with the difference in attributes on buyers’ side and the second is

the cost of developing these attributes.

12YWe limit our results to buyers’ and sellers’ market shares constrained on the unit interval, 7., k = b, s and
b # s between zero and one. Form more details see Appendix A.8.

3Partially derive equilibrium market-shares on equations (5a) and (5b) respect the difference in attributes on
buyers’ side. The denominator 972 — (2 + v) (7 4 2v) is positive if Assumption A.1 holds.

10



We can see from equation (6) that platform i’s equilibrium profits increase when additional
attributes on buyers’ side are developed.'* When platforms offer new and innovative features,
they can appeal to more agents (buyers and sellers) and increase customer satisfaction and

loyalty leading to increase profits.

4 Equilibrium values of attributes

In this section, we find the equilibrium values of attributes on buyers’ side at stage 1 of
the game. Platform ¢ differentiates by the number of features offered on buyers’ side, measured
by qé. There is a cost of providing qi of C (q};) = %ai (q};)z, where o/ > o' > 0, i # j. The
parameter o' measures the efficiency platform i has in developing attributes on buyers’ side. The
fact that platform ¢ is more efficient in developing attributes can be related to specialisation in
certain technology, experience in having a better understanding of buyers’ needs, or innovation

by investing more in research and development.

In stage 1 platforms simultaneously choose the characteristics’ levels on buyers’ side qg,

i =1,2. We can state the next definition:'®

Definition 2. An equilibrium q};, i = 1,2, is such that q}; solves the platform maximisation
if 482 ) .
problem max iy I’ = (pé — fb) 772—% (pi, - fs) nt— %, where p; and p} are given by equations

(4a) and (4b) and n} and n} are given by equations (5a) and (5b).

From the first-order conditions for platform ¢’s maximisation problem, we obtained the

following best response functions:

J 2
R B ) L R Ut NP
_ - ‘ =1,2
dp (ai% —7) t 2’ —1) V] 20 (7o)
i 2
i —7q} 67° — (m4+v)(mr+2v)+7(v—") Viii=1.2i%7
_ - ' =1.2 b
K (a92—7)+ 2(/X —7) Wbz i

where ¥ = 972 — (7 + 2v) (27 + v)

We note attributes are strategic substitutes: considering the best response functions in
equations (7a) and (7b). An attribute increase is a profit-maximising strategy platform ¢ follows

to platform j’s attributes reduction.'®

Solving the system of best response functions we obtain the equilibrium attributes on buyers’

. . . . . ; . i 2¢i (r—a's)—2r¢) +X .
This can be seen by partially derive equation (6) with respect to gi.That is g% — 2ai( 2; DX S 0if
b
. T 77 . oy . . . . . .
qp > 22(;2’&1.;(). The previous condition is satisfied if assumption A.3 holds. For more details see Appendix A.4.

158ee Appendix A.5 for details. ‘
SPartially derived equations (7a) and (7b) respect to qi and g, respectively.

11



side as a function of the model parameters for platform 4, j, V i, = 1,2, and i # j, that is:'”

i (ad%—27) (672 — (T +v) (7T +20) + 7 (v—)]
B = 2 [afad Y — (o + ad) 7] (8a)

i (Oéi2727') [67’2 —(m4v)(r+2v)+7 (v *7’[‘)]
b= 2% [0l Y — (o + ad) 7] (8b)

where ¥ = 972 — (27 + v) (7 + 20).

From equations (8a) and (8b) we notice that the efficiency parameter is what differentiates
equilibrium attributes on buyers’ side. Platform ¢ increases attributes when platform j is less
efficient in developing characteristics on buyers’ side (bigger a/), as long as Assumptions A.1
and A.3 hold'®. Platform i enhances attributes offered on the buyers’ side to build its reputation

as a high-quality intermediary to become a trusted and respected leader in the industry.

Finally, we note that the difference in attributes on buyers’ side, using equations (8a) and
(8b) is: . ‘
(af —a') [67% — (7 +v) (7 + 2v) + 7 (v — )]

(Aqg) = (QIZ)) - (qg) = 2 [aiajz — (ai T Ozj) 7_] (9)

where ¥ = 972 — (27 + v) (7 + 2v).

We observe from equation (9) that the equilibrium difference in attributes on buyers’ side
is positive when platform 7 demonstrates greater efficiency in features development compared
to platform j (o/ > '), and when Assumptions A.1 and A.3 hold. Platform i strives to
differentiate itself as much as possible from platform j based on the interplay of the cross-group

network effects exerted on each other.!?

Therefore, recognising the significance of the impacts that the difference in cross-group
network effects has on platform attributes and overall market equilibrium (fees, market shares
and profits), our focus now shifts towards a comprehensive analysis of these effects in the

subsequent section.

5 Analysis of cross-group network effects on market configura-

tions

In this section, we study how cross-group network effects shape the structure and dynamics
of the market. We explore two distinct scenarios to gain insights into the interactions between
platform’s attributes and cross-group network effects. Firstly, we consider a benchmark case
where cross-group network effects are identical on both sides of the market. Secondly, we explore

a scenario where the cross-side network impacts are allowed to differ.

17 Assuming condition A.3 holds, platform 4, i = 1,2 profit function is concave and the second order conditions

of the maximisation problem at stage 1 of the model, o' > + and a’ > afng, are met. We can also see the

latter condition is more stringent than the former. See Appendix A.6 for more details.

18Partially derive gi on equation (8a) respect to o’. gTqé- = 2= ('S —27) > 0, where X = 67° —
(m4+v)(r+20)+7(v—7), 8 =97 - 21+ v) (r+2v) and A= ('’ — (o’ +7) 7)

19For further details, refer to Appendix A.7.
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5.1 Benchmark scenario: Identical cross-group network effects, m = v

In this section, we develop a special scenario where the cross-group network effects are
identical on both sides of the market, (7 = v). We use the game’s solution at stage 1 to obtain
the strategic variables as a function of the model’s parameters and derive some intuition for the

results that is going to help us to examine asymmetric network effects in the next section.

Using equations (8a) and (8b) and the fact that m = v, equilibrium attributes on buyers’
side are:20 ,
9o’ (72 — 7r2) — 27

()" = S arar (2~ - (@ + a7

\ sc 9a' (12 — 7%) — 27
(qi) " 3[9aiad (12 — 72) — (ol + ad) 7] (10b)

(10a)

Equilibrium attributes on buyers’ side on equations (10a) and (10b) are positive as long
as Assumption A.1 and A.3 holds?', and considering identical cross-group network effects on

both sides of the market we can state the next proposition:

Proposition 2. Equilibrium attributes on buyers’ side decrease in the product differentiation
parameter T and increase in the cross-group network effect (m = v). Moreover, an increase in

the cross-group network effect is stronger in platform i than in platform j.
Proof: See Appendix B.1

Based on Proposition 2, when platforms prioritise maximising their product differentiation
parameter in the horizontal dimension, they tend to minimise the heterogeneity of attributes
on buyers’ side in the vertical dimension. As platform ¢ increases its product differentiation
parameter across both sides of the market, it no longer has incentives to further enhance at-
tributes on buyers’ side. This is due to the cost associated with simultaneously differentiating

on both the horizontal and vertical dimensions.

Instead, to gain a competitive advantage, platform ¢ opts for a broader degree of product
differentiation, catering to a wide range of preferences from both buyers and sellers. Rather
than focusing on increasing the level of features on buyers’ side for a specific set of preferences,
platform ¢ engages in less intense competition for the same pool of agents as the degree of
product differentiation expands. Consequently, agents become more captive and there is reduced

pressure to develop additional attributes on the buyers’ side.

We notice also from Proposition 2 that platform ¢ increases the attributes on buyers’ side
whenever the cross-group network effects increase because this attracts directly more buyers
and more sellers, given the cross-side network effects. This creates a positive loop where the
more agents use platform 4, the more valuable it becomes to buyers and sellers, which in turn

attracts even more agents.

Corollary 1. The difference in attributes on buyers’ side decreases when there is a higher

ol T 2

20The second order conditions at stage 1 of the game turn to a® > 55 and a’ > 9ai.— where o = 7% — 7% and

both are satisfied if condition A.3 holds. _
2'When v = 7 Assumption A.1 turns to 7 > 7 and Assumption A.3 turns to o > 527;, where o = 72 — 72.
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product differentiation on both sides of the market and increases when the cross-group network

effects become stronger.

Proof: See Appendix B.1

Corollary 1 extends the proven arguments on Proposition 2 to the difference in attributes
on buyers’ side. For this reason, the intuition is the same as in Proposition 2.
Equilibrium membership fees

We now obtain equilibrium membership fees, market shares and platforms profits as a

function of the model parameters.

For the equilibrium membership fees we have:

ivse (Oéj—Oéi)O' i 1 i\ SC
(pb) _fb+T_7T+9oziaja—(Ozi+aj)7' N fb+T_ﬂ-+§(Aqb) (11a)
P =fotr—v; v=nm (11b)

When the cross-group network effects are identical on both sides of the market 7 = v,
platforms charge symmetric fees on the sellers’ side. This is a consequence that the difference
in attributes on buyers’ side does not influence sellers’ fees when the cross-network effects are

the same. Platform ¢ charges sellers the same fee as in Armstrong (2006) seminal model.

However, buyers’ equilibrium membership fee is higher than it would have been without
the development of specific features for them. This is due to the positive extra markup denoted
by % (Aq};)sc. Consequently, platform i lacks the option to discern which side values interaction
more, and thus, cannot adjust the fee accordingly when the cross-group network effects are

identical on both sides of the market.

We examine the effects of the model parameters on the difference in equilibrium fees between
the two platforms, under the assumption that platform 4 is more efficient in developing attributes

compared to platform j. Hence, we set the following:

Proposition 3. The difference in equilibrium fees buyers pay decreases when there is a greater
heterogeneity between platforms (higher ) and increases when platforms become more valuable
for both groups (stronger m = v). In addition, buyers’ fee is more expensive in platform i than

7 whenever the cross-group network effect is stronger.
Proof: See Appendix B.2

Proposition 3 reveals that as the product differentiation parameter increases, platform i
reduces buyers’ fees because the difference in attributes between platforms decreases. This fee
reduction serves as an incentive to attract more buyers to platform i. Platform ¢ raises sellers’
fees, as indicated in equation (11b), to compensate for the decrease in buyers’ fees. Conversely,
when the cross-group network effect (7 = v) increases, platform i raises buyers’ fees as it has

developed more attributes to enhance their experience. Simultaneously, platform ¢ lowers sellers’
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fees to encourage greater participation from sellers, as observed in equation (11b).?2

An increase in the cross-group network effect has a greater impact on buyers’ equilibrium
membership fee in platform ¢. This is because platform ¢ is more proficient in developing
features, which attracts a larger number of buyers. Consequently, platform i exploits this by

charging buyers a higher fee, allowing it to extract a greater portion of buyers’ surplus.

Equilibrium market shares and profits

Using equations (5a), (5b) and (10a), (10b) we obtain the following equilibrium market

shares:?3 ( ) )
pse 1 o —a)T
(i) = 2 + 29c0tado — (ot + ad) 7] (122)
. J— af
()" =5+ (o7 ~ o) (12b)

~ 2 " 2[9aiado — (ol + ad) 7]

where 0 = 72 — v

Platform ¢ gains a larger market share among both buyers and sellers considering is more
efficient in developing attributes on buyers’ side. Equilibrium market shares on both sides
increase when the cross-group network effect is stronger (r = v). Platform i becomes more
valuable to both buyers and sellers as the cross-group network effects strengthen, resulting in
the development of more attributes for buyers. This positive feedback loop contributes to a rapid

expansion of platform i’s market share, potentially leading to its dominance in the market.?*

Using equilibrium membership fees (11a) and (11b) and equilibrium market shares (12a)
and (12a) we obtain platform i, ¢ = 1,2 equilibrium profits as a function of the equilibrium

features configurations:

(Hi)sC =7—T7+
90 (o — o) [9a'als — (o' +af) 7] — o (9o —27) (a'g ~27)
18 [9ctaio — (af + ad) 7]

where o = 72 — 72,

Platform ¢ equilibrium profits are a function of two terms. The first term is similar to
Armstrong (2006) having product differentiation on both sides of the market (7, = 754 = 7)
and cross-group network effects (7 = v). The second term is an extra markup related to the
difference in attributes on buyers’ side between both platforms, which is positive assuming
condition A.3 holds.?®

22The proof for Proposition 3 is straightforward, partially derive equation (11a) with respect to the model
parameters. For details see Appendix B.2. _
23Conditions for agents market shares distributed in the unit interval given all agents participate are: n; € [0, 1]

if o' > 22 for i = 1,2 and nt € [0,1] if o' > %{ff)ﬁ)
assuming condition A.3 holds. For details see Appendix B.3.
2Partially derive (12a) and (12b) respect the model parameters. For details see Appendix B.4.

253ee Appendix B.5 for details.

for 7,7 = 1,2 and ¢ # j, both conditions are satisfied
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We obtain some insights into platforms’ strategy to maximise profits in the following propo-

sition:

Proposition 4. The difference in equilibrium profits between platform i and j decreases as plat-
form i intensifies its differentiation from platform j (higher ) and increases the more valuable

it becomes for both agents inasmuch as the cross-group network effect (m = v) turns stronger.
Proof: See Appendix B.6

Proposition 4 contrasts with Armstrong (2006) where equilibrium platforms’ profits are
increasing on product differentiation and decreasing on cross-group network effects. In our

benchmark scenario, the effects in equilibrium profits are the opposite.

As both platforms become more differentiated, there is a decrease in the development of
attributes on buyers’ side. Consequently, the number of buyers joining the platform decreases,
along with the number of sellers, considering the cross-group network effect. As a result, plat-
form ¢ has a smaller pool of agents to charge additional fees to, leading to a decline in the

difference in equilibrium profits.

Conversely, an increase in cross-group network effects leads to offering more attributes on
the buyers’ side. This attracts a larger number of buyers and sellers, taking into account the
cross-effect of the networks. In response, platform i charges a higher fee on the buyers’ side and
a lower fee on the sellers’ side, as indicated in Proposition 3. Accordingly, platform i charges

an additional fee per additional agent, resulting in increased profits.

These findings align with the early work conducted by Economides (1989) and Neven and
Thisse (1990) and the generalised model by Irmen and Thisse (1998). These studies suggest
that platforms’ profit-maximising strategy involves maximising differentiation on one dimension
while minimising differentiation on the other dimension. In the current scenario, platform 4
increases the vertical dimension by developing attributes on the buyers’ side when the horizontal
dimension, representing the product differentiation parameter on both sides of the market,

decreases.

5.2 Non-Identical cross-group network effects, © # v

In this section, our objective is to analyse the presence of asymmetric cross-group network
effects. To ensure that the analysis remains tractable without sacrificing its essence, we simplify

the model by setting the side that exerts a weaker network effect on the other side to zero.26

The first case we consider is when buyers value interactions more than sellers (v > 7). To
keep our analysis tractable, without any loss of generality, we normalise the value of 7™ to be
approximately zero. The second case we examine is when sellers value interaction more than
buyers (r > v). Again, for simplicity, we normalise the value of v to be approximately zero.
By using the game’s solution at stage 1, we obtain the strategic variables as functions of the

model’s parameters and derive insights into the results.

26Tdeally, what we mean is that the network effect exerted by this side is negligible compared to the magnitude
of the network effect originating from the other side.
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Equilibrium attribute values

Using equations (8a) and (8b) we obtain platform i’s equilibrium attributes on buyers’
side:%7

X ado, —27) [2 (372 — 03) + v
When v > (1 =0), = (¢) v ( 20y [aiaziu (— (ot + oz)j) 7] ] (142)
X ador —271) [672 — 7% — 17
When 7> v (v=0), = (4)) v (20 [aiaj<7) [— (ot + aJ')T]] (140)

where o, = 972 — 20? and o, = 972 — 272 .

We can observe on equation (14a) and (14b) that equilibrium attributes on buyers’ side
(q};) ‘ and (qé) ‘ are positive if Assumptions A.1 and A.3 holds. Then we can state the
v>T T>v

next proposition:

Proposition 5. FEquilibrium attributes on the buyers’ side decrease as the degree of product

differentiation grows and increase with a stronger cross-group network effect.
Proof: See Appendix C.1

Proposition 2 and Proposition 5 provide similar insights regarding equilibrium attributes
on buyers’ side. Regardless of whether the cross-group network effects are identical or if one
side exerts a stronger network effect on the other, these propositions establish that equilib-
rium attributes on the buyers’ side unambiguously decrease with a higher degree of product

differentiation and increase with stronger cross-group network effects.

Proposition 5 is based on the observation that as the degree of product differentiation (7)
increases, platform i engages in less aggressive competition for both agents. This is because
the unique and distinct nature of its services reduces the need to develop additional attributes
on buyers’ side to attract them. Conversely, when there is a stronger relationship between
the two groups, characterised by increased features on the buyers’ side, platform i becomes
more valuable to both agents. The growth of one group enhances the value of the other group,

resulting in mutual growth.?®

al T

2"The second order conditions at stage 1 of the game when v > m, 7 = 0 are o’ > — and at > —~—— and
when 7 > v, v = 0 are o > — and o > aj‘;JT_T, where o, = 972 — 202 and o, = 972 — 272 and both are

satisfied if condition A.3 holds.
28Conditions 7 > 5 and 7 > 7 are satisfied considering Assumption A.1 holds.
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Equilibrium market shares

We proceed to obtain the equilibrium market shares on both sides of the market using
equations (5a), (5b) and (14a), (14b)?

1 (&f—a")37[67% — (m+v) (m+2v) + 7 (v —7)]

— — i, 15
=gt AN [0l — (af + ad) 7] (152)

1 (af —a) (7 +2v) [67% — (7 +v) (7 + 20) + 7 (v — )]
4% [afad¥ — (of 4+ ad) 7]

(15b)

where ¥ = 972 — (27 + v) (7 + 2v).

Based on the equilibrium market shares (15a) and (15b), we can conclude that platform ¢
gains a competitive advantage over its rival by being more efficient in developing attributes on
buyers’ side. This advantage holds regardless of whether the cross-group network effects are
identical (7 = v), as mentioned in Section 5.1, or if the indirect network effect exerted by sellers
on buyers is larger (v > 7, ™ = 0), or if the cross-group network effect exerted by buyers on
sellers is stronger (m > v, v = 0) in Section 5.2. Platform i outperforms platform j because
it is capable of producing superior features on the buyers’ side with fewer resources and in less

time.30

The following claim captures the impact of model parameters 7 and 7, v, on buyers’ and

sellers’ equilibrium market shares.3!

Claim 1. Buyers’ and sellers’ equilibrium market shares decrease when platform i is more
heterogeneous (higher T) and increase when the cross-group network effects become stronger

(higher v, ).
Proof: See Appendix C.3

The claim states that as platform 7 becomes more heterogeneous, the number of attributes
on buyers’ side decreases, resulting in diminished incentives for agents to join platform ¢. Con-
versely, as the cross-group network effects increase, platform ¢ becomes more valuable, leading

to more agents joining the platform on both sides of the market.3?

The next step is to obtain platform 4, ¢ = 1,2 equilibrium profits as a function of the
equilibrium features on equation (8a) and (8b):
T+v (ozj — ozi) by [o/ajZ — (ai + ozj) T] —at (ajZ — 27) (aiE — 27)

' =7 — + — — X2 (16
2 8Y2 [iad ¥ — (af 4 ad) 7 (16)

29Considering all agents participate, buyers’ and sellers’ market shares are distributed in the unit interval as
long as Assumptions A.1 and A.3 hold. When v > 7 and without loss of generality # = 0, 5 < 7 < 2?“ and
at > i—z, ov = 972 — 20%. When 7 > v and without loss of generality v = 0, 5 <7< 27" and af > 3—:,
0, = 972 — 272, For details see Appendix A.8.

30 As discussed in Section 4, it is observed that the expressions 672 — (7 + v) (7 + 2v) + 7 (v — m) and 97% —
(27r + ’U) (7T + 2v) are positive, provided that Assumptions A.1 and A.3 hold.

31 As we observe equilibrium market shares on buyers’ side is 7} = % + S—;Aqbi and on sellers’ side is n¢ =
3+ EE Agi

32The detailed derivation of these results can be found in Appendix C.3, where equations (15a) and (15b) are
partially derived with respect to the model parameters.
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where ¥ = 972 — (2 +v) (7 + 2v) and X = 672 — (7 +v) (7 + 20) + 7 (v — 7).

Platform 4’s equilibrium profits are a function of two terms. The first term is similar to
Armstrong (2006), product differentiation cost and cross-side network effects on both sides of
the market. The second term is a markup related to the difference in attributes on buyers’ side,

which is positive assuming condition A.3 holds.3
Equilibrium membership fees

Case 1: When sellers exert a stronger influence on buyers: v > 7 (7 = 0).

In this case, we have:

i 3(ad —af) 72 [2(37% — v?) + TV
B |, = Dot T+ e — @ T ]S (17a)
i B (0 —a') v [2 (372 — v?) + 7]
I iadoy, — (@ T o) 7] (17b)

where o, = 972 — 202

Note that the extra markup on equations (17a) and (17b) is positive considering As-
sumptions A.1 and A.3 hold. Therefore, when the cross-group network effect sellers exert
on buyers outweighs the effect buyers exert on sellers, platform ¢ implements a pricing strategy
that deviates from the seminal results by Armstrong (2006). Specifically, platform i charges

on the buyers’ side an additional markup while reducing sellers’ subscription fees. That is
(Bi)] > )" and (p) | < (1)

S
v>T
Next, we characterise the impacts on equilibrium fees considering platform ¢ pricing strategy

on both market sides.
Proposition 6.a. For v > 7 (7w =0), the difference in equilibrium membership fees
(i) On buyers’ side decreases and on sellers’ side increases when T increases.

(i) On buyers’ side increases and on sellers’ side decreases as the cross-group network effect

becomes stronger (i.e., when v increases).
Proof: See Appendix C.2.

According to Proposition 6.a, as the degree of product differentiation increases, there is no
need for platform ¢ to develop additional attributes on the buyers’ side. This is because platform
1 is perceived as offering unique and distinct services compared to other platforms. As a result,

the features on buyers’ side decrease, which can discourage buyers from joining platform 1.

To counteract this potential decrease in buyer participation, platform ¢ adjusts its pricing
strategy by charging a lower fee on the buyers’ side. This lower fee is aimed at attracting and

retaining buyers. To compensate for the revenue loss from lower buyer fees, platform ¢ charges

338ee Appendix C.4 for details.
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a higher fee on the sellers’ side. The higher fee is justified by the increased participation of

sellers due to the positive cross-group network effect.

This finding contrasts with the results of Armstrong (2006), where membership fees on both
sides of the market increase as the degree of product differentiation increases. The difference
arises from the fact that in our model, platforms adjust their pricing strategies indirectly by
manipulating the features developed on the buyers’ side, rather than directly adjusting the

membership fees.

Furthermore, when the cross-group network effect exerted by sellers on buyers is stronger,
platform ¢ increases the attributes on buyers’ side. This strategy aims to appeal to more buyers
and incentivize their participation in the platform. Consequently, platform ¢ charges a higher
fee to buyers, reflecting the additional value provided through the developed attributes. Addi-
tionally, the stronger cross-group network effect encourages more sellers to join the platform,
as they benefit from the increased buyer participation. To attract and retain sellers, platform

i charges them a lower fee.

This result aligns with existing findings in the literature on two-sided markets, where plat-
forms often adjust their pricing strategies by charging a lower subscription fee on the side that
exerts a more substantial influence on the other side. In this particular scenario, sellers have a
more prominent effect on buyers. By charging a lower fee to sellers, platform ¢ promotes their

participation, which, in turn, attracts more agents on both sides of the market.

Case 2: When buyers exert a stronger influence on sellers, 7 > v (v = 0).

In this case, we have:

0l (o — o) (37% — %) [67* — n* — 7n]
(pb) L= fo+T7—71+ %, [aiozjoﬂ — (Oéi n aj) 7_] (18&)
i _ (of —a') 77 [67° — 7 — 77]
()| =Jfs+7+ S0 [l adon — (o + ad) 7] (18b)

where o, = 972 — 272,

When the cross-group network effect exerted by buyers on sellers is stronger than the effect
sellers have on buyers, platform i also adopts a pricing strategy that deviates from the seminal
results presented in Armstrong (2006) as in case 1. Specifically, platform i charges a lower

i ) Armstrong

subscription fee for buyers, (pf)) ’ < (pb . Additionally, platform 4 applies an extra
>V

> (pi )Armstrong 34

markup on sellers’ side, (pls) ‘ B
>V

Proposition 6.b. For m > v (v =0), the difference in equilibrium membership fees
(i) On buyers’ side increases and on sellers’ side decreases when T increases.

(i) On buyers’ side decreases and on sellers’ side increases as the cross-group network effect

becomes stronger (i.e., when m increases).

34Conditions are satisfied considering Assumptions A.1 and A.3 hold.
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Proof: See Appendix C.2.

It is noteworthy that platform ¢’s pricing strategy in Proposition 6.a is the opposite of

Proposition 6.b.

According to Proposition 6.b, platform ¢ adjusts its pricing strategy by lowering the equi-
librium fee for sellers, recognising their higher valuation of interaction with the other side of the
market. In response to a reduction of features on buyers’ side, given an increase in the degree

of product differentiation.

On the one hand, this strategy discourages buyers from joining the platform, and as a
result, it also affects the sellers’ participation due to the cross-group network effect. On the
other hand, sellers’ fee reduction attracts more of them and, in turn, encourages buyers to join
the platform due to the positive cross-group network effect. However, to compensate for the fee

decrease on the sellers’ side, platform 7 charges a higher fee to buyers.

Furthermore, when the cross-group network effect exerted by buyers on sellers is stronger,
platform ¢ develops more attributes on buyers’ side to appeal to a larger number of participants.
This increased attractiveness of the platform to sellers, who value interaction more, leads to a
higher equilibrium fee charged to them. At the same time, platform i adopts a pricing policy of
lowering buyers’ subscription fees. This strategy creates a positive feedback loop, as the lower

fees attract more buyers, which in turn further enhances the benefits of platform 1.
Equilibrium Platform Profits

Case 1: When sellers exert a stronger influence on buyers: v > 7 (7 = 0).

Proposition 7.a. Forv > 7 (i.e., sellers exert a stronger cross-group network effect on buyers’
side) the difference in equilibrium profits increases as the degree of product differentiation and

the indirect network effect grow.
Proof: See Appendix C.5

Proposition 7.a shows that when the cross-group network effect exerted by sellers on buyers
is stronger, v > 7, (m = 0), the difference in equilibrium profits increases. This is because as
platforms become more valuable to buyers (indicated by higher v), the profit-increasing strategy
involves developing additional attributes on their side. This prompts agents from both sides of
the market to join, resulting in an additional fee per agent and ultimately leading to an increase

in the platform’s profits.

The result on Proposition 7.a aligns with more recent research by Garella and Lambertini
(2014) and Barigozzi and Ma (2018), which suggests that platforms strive to differentiate them-
selves on both dimensions to maximise profits. Specifically, platforms aim to increase the degree
of product differentiation in the horizontal dimension by becoming more heterogeneous, and in
the vertical dimension by enhancing features on the buyers’ side, as buyers are highly valued by
platforms. By pursuing these strategies, platforms can effectively increase their profits in the

market.
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Case 2: When buyers exert a stronger influence on sellers, 7 > v (v = 0).

Proposition 7.b. Form > v (i.e., buyers exert a stronger cross-group network effect on sellers’
side) the difference in equilibrium profits increases as the degree of product differentiation grows

and decreases as the cross-group network effect rises.
Proof: See Appendix C.5

It is important to notice that contrary to the previous scenario where the cross-group
network effects on both sides are identical when the indirect network effects on both sides of the
market are different, the difference in equilibrium profits increase in the product differentiation

cost 7 as in the seminal model of Armstrong (2006).

Proposition 7.a and 7.b specify that when platforms are more heterogeneous the difference
in equilibrium profits increases whether one side influences the other more or vice versa. The

mechanism is as follows:

e Platform 4 offers unique and differentiated services compared to other platforms, there is
no necessity to develop additional attributes on buyers’ side. Consequently, the features
available to buyers decrease, which can lead to a decrease in their motivation to continue

using or join platform ¢ on both sides of the market.

e If buyers value interaction more than sellers, platform ¢ charges them a lower fee. To
balance this, charges a higher fee on the sellers’ side, as more sellers are expected to join
due to the cross-group network effect. This combination of pricing strategies leads to an

increase in the difference in equilibrium profits.

e Conversely, when the cross-group network effect exerted by buyers on sellers is stronger,
platform ¢ adjusts its pricing strategy by lowering sellers’ equilibrium fee. This strategy
encourages more buyers to join, driven by the cross-group network effect. To offset the

fee decrease on the sellers’ side, platform ¢ charges buyers a higher fee.

On the contrary, as seen in Proposition 7.b the result driven from the cross-group net-
work effect may seem counterintuitive because features developed on buyers’ side increase as
platform i becomes more valuable for both agents (higher ), attracting more agents to join
and generating additional fees per agent. However, the increase in sellers’ cross-group network
effect enhances their value, leading platforms to engage in more intense competition to attract
sellers. This intensified competition prompts platforms to develop more attributes on buyers’
side, further escalating competition and as mentioned in Proposition 6.a and 6.b a decrease in

the difference in equilibrium profits.

As in the scenario where the cross-group network effects on both sides of the market are
identical, Proposition 7.b aligns with the earlier work of Economides (1989) and Neven and
Thisse (1990), as well as the generalised model of Irmen and Thisse (1998). This result suggests
that platforms strive to maximise their differentiation on one dimension while minimising it
on the other to increase profits. Specifically, platforms focus on increasing differentiation in

the horizontal dimension by becoming more heterogeneous, while reducing differentiation in the
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vertical dimension by developing fewer features on buyers’ side when the cross-group network

effect exerted by sellers decreases.

6 Conclusion

In this paper, we have considered a two-stage model for a two-sided market that incorpo-
rates the concept of vertical differentiation. By analysing the intricate interplay between quality
attributes and cross-group network effects, our research provides valuable insights into various
market configurations. Our analysis enables us to explore the relations between price compe-
tition, cross-group network effects, and the platform’s choice of quality in two-sided markets
that are differentiated both horizontally and vertically, thus extending the seminal findings of
Armstrong (2006).

We introduced platform attributes on the buyers’ side to account for the vertical dimension.
In the first stage of the model, platforms selected the level of attributes they offer to buyers
simultaneously. In the second stage, platforms simultaneously chose membership fees. The
equilibrium membership fees, market shares, and profits were determined by the difference in
attributes on the buyers’ side. Although the features were developed only on the buyers’ side,
they also influenced decisions on the sellers’ side. As a result, we demonstrate that vertical
differentiation allows for the existence of asymmetric platforms in equilibrium. Overall, our
contribution is to provide a comprehensive model that captures the dynamics of competition in

two-sided markets with vertical differentiation.

Our study examines two scenarios depending on the strength of the cross-group network
effects. Specifically, we consider the following scenarios: Firstly, we explore a case where the
indirect network effects on both sides of the market are identical. Secondly, we centre our
attention where sellers’ cross-group network effect on buyers is stronger than buyers’ impact
on sellers, normalising sellers’ network effect to zero. Then, we analyse where buyers’ cross-
group network effect on sellers is stronger than sellers’ impact on buyers, normalising buyers’
network effect to zero. By examining these scenarios, we contribute to the existing literature
on two-sided markets by offering insights into the influence of cross-group network effects and
attributes as a vertical differentiation variable on platform competition. This knowledge can be
leveraged to devise effective strategies that enhance platform performance and support overall

market welfare.

Our analysis shows platforms use attributes on buyers’ side as the main trigger to adjust
their strategies to appeal to agents and boost profits. We find that the more heterogeneous
platforms are, the fewer attributes they develop on the buyers’ side. Whereas the more valuable
platforms become given a stronger cross-group network effect, the more attributes are offered
on the buyers’ side. This mechanism drives platforms to adjust equilibrium membership fees
and profits. Our analysis also uncovers interesting insights into the impact of model parameters
on equilibrium membership fees, which are contingent on the relative strength of cross-group
network effects between the two sides of the market. By providing such granular insights,

platforms design optimal pricing strategies in two-sided markets with attributes on the buyers’
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side.

We also identify the optimal conditions for platforms to maximise their profits by strategi-
cally balancing the degree of product differentiation on the horizontal dimension and attributes
on the buyers’ side on the vertical dimension. This finding aligns with previous research con-
ducted by Garella and Lambertini (2014) and Barigozzi and Ma (2018). Specifically, we observe
that this optimal strategy occurs when the cross-group network effect exerted by sellers on buy-
ers is stronger than the impact buyers have on sellers. Moreover, we establish the conditions
under which it is optimal to maximise one dimension while minimising the other dimension
to enhance profitability. This pattern is consistent with earlier studies, including Economides
(1989) and Neven and Thisse (1990), as well as the generalised model proposed by Irmen and
Thisse (1998).

Our findings shed light on the strategic trade-offs platforms face in two-sided markets with
vertical differentiation seen as attributes on the buyers’ side and provide important insights
for platform managers and policymakers seeking to optimise their pricing strategies. By under-
standing the optimal conditions for maximising profits, platforms can enhance their performance

and contribute to the overall welfare of the market.

One potential extension of the study involves incorporating features on the sellers’ side,
which would contribute to a more comprehensive model that better reflects real-world dynamics.
Additionally, enabling both buyers and sellers to engage in multihoming would provide valuable
insights into how platforms define their pricing strategies. By including these two additional
features, a more thorough understanding of the platform’s decision-making processes can be

attained.
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A Appendix 1

A.1 Maximisation Problem

Platforms maximise the next expression with respect to both sides membership fees to have:

. L . . L o' (q; )
{max} ' = (p, — fo) mi, (Ph a) + (P% — f5) mt (Pho a) — (25) ,i=1,2and k € {b, s}
pb7ps
First-order conditions:

oIt ; i

78pi = 27py + (7 + V) Pl —pr—vp] =7fp+7fs+ (T —7rv)+7<qb—qb) (al)
b

orr’ i i j j 2 i

op = (7 +v) p, + 27p; —wpz —Ttpl=1fs+vfy+ (7' —m)) + 7 (qb —qb> (a2)
S

oI ; -
a—i pr—vp5+27pb—|—(7r+v)p7—be—i—wfs (T —7TU)—|—T qi—qlﬁ) (a3)
P

o : - g
o = B (O 2l = rftofy+ (7 wo) bm (d] - ah) ()

Solve pl from equation (a3) and substitute it into equations (al), (a2) and (a4) to obtain:

T(2m +0)ph 47 (m +20) P+ 7 (v — 7)) =7 (7 + 20) fi + 7 (7 + 20) fik

(7'2 — ) (T +20) + 77 (qli, — qi) (ab)

— [72—(7r+v)2}p2+7(27r+v)p2+ [2T2—7T(7T+U)]piz [T2+U(7T+’U)] 1o

727 +0) fs + (74 (1 +0)) (12 = 70) = (12 =7 (7 +v)) (qli?_qlg (a6)
[272—77(7T+U)}pi+7(v—7r)pi—[472—(7r+v)2]pi:—[27’2—1)(%+v)]fb
+T(U—7r)fs—(27—(7r+v))(72—7rv)+[272—7T(7T+U)] (qé—qi) (a7)

Solve pj from equation (a7) and substitute it into equation (a5) and (a6) to obtain:
b

T [672 — (7 +v)? —2771)} P+ [7’2 (5 +v) — 7 (7 +v) (7 + 20)] oA :7'[67'2 — (74 v)?
—2mv) fy + [7’2 (5 +v) — 7 (7 +v) (7 +20)] fs + [67‘2 — (74 v) (7 + 2v)] (7‘2 — )
+7(v—m)(r* — ) + 27 (° — V) (qf, - qi) (a8)
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[72(7r+5v)—U(7r+v)(27r+v)]pf,+7[672—(7r+v)2—27rv}pg: [72 (7 + 5v)
—U(7T+U)(27T+U)]fb+7’|:6T2—(7T+U)2—27TU} fs+ [67% = (7 +v) (27 + v)] (7* — )

+7(m— ) (7‘2—771))+(7T+U) (72—7TU) (qé—qi) (a9)

The next step is to solve the system of equations (a8) and (a9) to obtain:

3712 — 7 (7 + 2v) } (

p = —~ —q]) Vi,j=1,2andi #j
Ph=Jo T 7T+[97'2—(27r+v)(77+2v) % qb) i,j =1 2andi £ j

, T(v—m) ;. . C
i — f, o — [ Vi,5 =1,2and
pe=fotr v [97’2—(27r+v)(7r+2v)] (qb q) b andi 7 j

A.2 Second-order conditions at stage 2

We obtain the following second-order conditions of the profit maximisation at stage 2 of the
O21I¢ 27

game using the first-order conditions al and a2 of the previous section: o(pi 2 = —2(TLM)0,
Py
ot (mtv) ot _ 27 and ot (m+w)
Opt Op?, 2(r2—mv)? A(pi)? 2(12—mv) opt. Op}, 2(r2—mv)*
We can define the Hessian matrix as:
(R— 921I1* - _ T . = B_QHZ'_:_ (m+v)
H— PPy A(pi)’ (T2—mv) pypi — Op, Op 2(r?—mv)
T\ = e _ (ntv) i — oM _ 7
pipy — 9piop;, 2(r?—mv) PsPs — a(pi)? (r2—mv)

H must be negative definite, that is det [H| > 0 and II!, < 0. For IT}, .
2

denominator 72 —7v has to be positive because the numerator is always positive, then: 72 > v
2
and det [H| > 0 = det [H| = Iyp, X Ip,p, = p.p, X Tpyp, > 0 = 72 (7o)

(7—2—7rv)2 o 4(T2—7v)
4712 > (7 4 v)>

to be negative, the

>0

The second order conditions of the profit maximisation are 72 > v and 472 > (7 + ’U)2,
where condition 72 > 7o is less stringent than 472 > (7 + v)%. Therefore if 472 > (7 +v)? is
satisfied, condition 72 > 7v is satisfied as well. We can expressed condition 472 > (7 + U)2 as

T > w which is assumption A.1.

A.3 Proof of Proposition 1

Proof. For platform 4, partially derived equilibrium membership fees with respect to the differ-

ence in attributes on buyers’ side. We define Aql; = ql’; — qg. For buyers’ equilibrium membership

opl 372 —7(m+42v)

OAq, — 9227 +v)(7+2v) "

if the denominator is positive and then if the numerator is positive as well. The denomina-
2

tor is positive if the lower bound of condition A.1 holds. That is (WZU) > (27r+v)9(”+2v) &

(m— U)2 > 0 if 7 # v. To see if the numerator is positive we use the same steps as before,

that is (ﬂf)z > W(W;:QU) & (Bu+m)(v—m) > 0if v > 7. Therefore dp} /0Aq, > 0if v > 7

fee we have To see if the previous expression is positive we see first
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8132 — s (T—v)
0Aq, — 9T2—(2m+v)(7+2v

positive if 7 > v and 7 # v. Therefore api/aAqi >0if 7> v and ™ # v. O

and m # v. For sellers’ equilibrium membership fee we have ) which is

A.4 Impact on equilibrium profits

Partially derived equilibrium profits of platform ¢ on equation 6, %1;; =
b
2 (1—a'S)—27¢) + X e J_ . .. e
qi(t—a 2% BT S0 if q; > %. The previous expression is positive if both numerator

and denominator are positive or negative. For the denominator to be positive 2 (T — O/E) >0
if of < 5. However, if assumption A.3 holds, the previous condition is not satisfied. Therefore,

the denominator is negative. That is 2 (T — oﬂ'Z) < 0if of > 3, and the previous condition

is satisfied if assumption A.3 hqlds. The numerator is negative if qi < % Substituting qi
. iyN_9r)X . . . .
from equation 8b we have QE[aSzJE—ZZ{mJ')T} < £ = 2 [aadS (ol +ad) 7] > 7 (oS - 27)

= o (ajE — 27') > T (ajE — 27') =o' > & if o > %T The previous condition is satisfied if

assumption A.3 holds.

A.5 Attributes Maximisation Problem

We obtain buyers’ equilibrium attributes for platform 4, j, where 4,5 = 1,2 and 7 # j,
maximising equation 6:

First-order conditions:

gHZ =2[a" [97* — 2n +v) (m+2v)] — 7] ¢, = —27’q£ +67% — (1 4+ v) (7 + 2v)
ay
+7(v—m) (al0)
o1 i o2 j i 2
Fw =2[a/ [97° — 27 +v) (7 + 2v)] — 7] q) = —27¢; + 67° — (7 + v) (7 + 20)
ay
+7(v—m) (all)

We solve the previous system of equations to obtain:

. (-2 [6r — (mrv)(m+20) +T(0—T)] o
= 2% [0l Y — (af + ad) 7] , Vi, j=1,2and i #j

where ¥ = 972 — (27 + v) (7 + 2v)

A.6 Second-order conditions at stage 1

We obtain the following second-order conditions of the profit maximisation at stage 1 of the

. . 2717 At 2717 27170 —~J
game using the first-order conditions al0 and all: 295 = 7 = z (81,1(1 7= =3, O — %
a(qp) 0q, 0q; a(q))
27177 . .
and aajg - =—%. Where ¥ =972 — (27 4 v) (7 + 2v). We define the Hessian matrix as:
9y 09y
{R— 921t — T—a'% i = o211* _ _ T
Ho | %% ag)’ = aha, — 94i0q; >
- i - ot _ T . . = o' _ 1—aI%
a9 dnds  F o aq o)’
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H has to be negative definite, that is det |H| > 0 and Hfziqi < 0. For Héiqi to be negative, the nu-
merator has to be negative because the denominator is positive. The denominator is positive if
condition A.1 holds. That is (WZU)Q > (27r+v)9(7r+2“) & (m—v)? > 0if 7 # v. Now, the numera-
tor (7 — o'Y) is negative if a® > &. Fordet |H| >0 = det |[H| = Hl ><H1 I LS I L

' | a9: abay”ayal
(ra®)(r0™™) _ 22 5 0. Then ¥ (a'ad% — (o + ) 7) Soital> 2

al¥—T1"°

0. We have

The second-order conditions of profit maximisation are o' > & and o' > —"—. Where

CX’T

the former condition is less stringent than the latter. Consequently, if of > 5 Is satisfied,

at > Z 5 is satisfied as well.

A.7 Positive Equilibrium Attributes

Oé. — 2T ’7'2— TV )T v T(U—TT
(o722 ggs[aiaj(2+()(i+t§)7)_?_ (v-m) > 0. Let us define X = 672 —

(m+v) (7 +2v) + 7 (v — ). First, the denominator is positive if condition o > — a’ 75 holds,
which satisfied the SOC at stage 1 of the game and if condition A.1 holds. Next, the numerator
(ajE — 27') X is positive if both parts /¥ —27 and X are positive or negative. When both parts
are positive a/X — 27 > 0if o/ > £ and X = 672 — (7 +v) (7 +2v) + 7 (v —7) > 0. We can

rearrange X to have a polynomial of degree two in 7, that is 672 — (1 — v) 7 — (7 + v) (7 + 2v)
(ﬂ‘*’U)i\/(ﬂ‘*’U)2+24(7T+’U)(7T+2’U) (m—v)£(5m+Tv)
2 12 .

For q}; > 0Vi=1,2 we have

Using the quadratic formula we have: 7 > =T7>

—(m+2v)
3

=71 > % and 19 > , the second root doesn’t satisfy a positive product differentiation

cost. Therefore X > 0 if 7 > % which is the same assumption as A.1.

Now, when both parts of the numerator of qg are negative we have X < 0 and o/ ¥ —27, < 0

if of < %T for attributes configurations to be positive. Then we have a range over o', 3" <
T

ol < %, where the lower bound is from the S.O.C of the maximisation problem at stage 1.

However to establish the previous condition we need to have 2 5> O‘ s — which holds only if

ol > whlch is a contradiction of the initial condition.

Now we establish which condition over ai for all z' =1, 2 is more stringent. We know from

the previous section A.6 if conditions o’

odT

aIS—T
al > %T holds, we have positive equilibrium attributes. Then we can see that %T >

Furthermore we know condition o > is more strmgent than o' > 5. Now if condition
CELSTY

) ] alX—T

al > %T which is the initial condition. Therefore if condition o’ > %T Vi =1,2 holds, the S.0.C

at stage 1 of the game are satisfied.

Therefore the condition for a positive characteristics configuration ¢} > 0is o’ > %T Vi=1,2

which is assumption A.3 as long as condition A.1 holds.

A.8 Market-shares conditions

37X(aj—ai) ; ; i 4
. % If condition A.3 holds the previous
condit-ion is satisfied. That is %T > % = 4% (/S —7) — 67X > o/¥ (28 — 3X)
= (oﬂE - 27') (2X +3X) > 0. The previous expression is satisfied if condition A.3 holds and

For0<7]é<1. Forni>0=>%+

(ozi + ozj) 7'] > 0 and is positive if o >
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(28 +3X) > 0. For 2% 43X > 0 = 2[9¢* — (27 +v) (7 + 2v)] + 3[6t* — (7 + v) (7 + 20) +
7(v—m)] = [36t2 — (7 + 2v) (Tm 4+ 5v) + 37 (v — m)] > 0 The previous expression is positive if

2
condition A.1 holds. That is (WJZ‘)) > (”+2v)(7”+356v)+37(7rfv) ifr < 27r+“ andT™>vorT > 27r+v

and v > .

3TX(Oéjfai) ; P ; ; ;
s —(a o] < 1 = 2098 [@'a!S — (o + od) 7] — 37X (af—
oI T(3X+2%)
25 (/X —T7)+37X "
dition is satisfied. That is 3 > 57758 = 48 (I8 —7) + 67X > o/S(3X +25)
= (22— 3X) (&/¥ —27) > 0. The previous expression is satisfied if condition A.3 holds
and (25 —3X) > 0 = 2[9? — 27 +v) (7 +2v)]| = 3[6t* — (m+v) (T +2v) + T (v—7)] =

(m+20)(v—m)=3r(v—m)>0if 7 < £ and v > 7 or 7 > TE2¥ and 7 > v.

Forng<1:>%+

ai) > 0 and is positive if o/ > If condition A.3 holds the previous con-

(m+2v)(a?—at) X . i
4E[aiaj2(—(ai+2ﬂ')ﬂ > 0= (m+2v) (o —a') X +

ad (287 —(74+2v) X)
2% (I —7)— (7 +2v) X *

condition is satisfied, we can use the S.0.C of stage 1 of the game of > -ajo. That is

aly
afZJZT > 7 (]O(jgi;)(:fig))x = (7 +2v) X (a/% — 27) > 0 The previous expression is positive

if condition A.1 and A.3 holds.

45;:3;)2(?2;125)(7] <1= 2% [aiajZ — (ai + aj) T] — (7 + 2v) (aj — oﬁ)
o 2874 (14-2v) X]
25 (@IS —7)F (n+20)X *
sumption A.3 holds. That is % > z@ZXHEEINL o (475 — 97) (257 — (7 + 20) X) > 0.
Expression 257 — (7 + 2v) X can be simplify to = 27 [9t? — (27 + v) (7 + 2v)]| — (7 + 2v) [6¢2—
(m+v) (m+20)+7(v—7)] = 67237 — (7 + 2v)] =37 (7 + 2v) (T + v) + (7 + V) (m+20)* =
[6t2 — (7 +v) (7 + 2v)] [37 — (7 + 2v)]. Then n} < 1if (/S — 27) [6t? — (7 + v) (7 + 2v) | [37
— (7 4+ 2v) ] The previous expression is satisfied if condition A.3 holds and [6t2 —(m+v) (7r +
21})] > 0 and 37 — (7 + 2v) > 0. The first part is satisfied if assumption A.1 holds. That is

m+v)? m+v)(r+2v m+2v
( 4) S )é ) ( . )

For 0 <7 < 1. Fornf > 0= 3+

23 [oﬂdj - (ozi +ad ) T] > 0 and is positive if o/ > To see if the previous

Forn§<1:>%+

X > 0 and is positive if o > The previous condition is satisfied if as-

if m# > v. The second part is positive if 7 >

In summary condition 0 < 77}; < 1,1 = 1,2 is satisfied if assumption A.1 and A.3 holds

27r+v 27r-|—v 7r+2v 7r+2v

and 7 < ifr>vorTt> ifv>m and 7 < and v >mor T > and ™ > v.

Addltlonally, condition 0 < 7% < 1, i = 1,2 is satisfied 1f assumption A.1 and A.3 holds and

T > ”+“ Hfrm>vand 7> (WHU)

Therefore, condition 0 < n,i <1,i=1,2and k = b,s, b # s is satisfied if assumption A.3
holds and % <T< 2”% ifm>wvor % <T< L?)QU if v > 7, which is assumption A.3.

B Benchmark Scenario: @ = v

B.1 Proof of Proposition 2

Proof. To prove Proposition 2 partially derive equations 10a with respect to 7 and w. Consider-

ing we assumed platform j is less efficient in developing features on buyers’ side than platform

. B(qb)sc N 73aj(ajfai)(r+7r2) a(qg)“ . 6aj(ajfai)77r
i, we have 97 = Patajo—(ai +ai)] < 0and —z7r— = Saialo (@i fad )] > 0. Furthermore,
a(qi)sc B(qi)sc ( i—l—aj)(aj—ai)ﬂr . ; ;

o T Ton  ~ 0= [9ataio—(ai4ad)T]? >0if o/ > o,
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-\ SC

A80)" _ sl se)(w ) (r4r2) g 980

or B [90iado—(ai+ai)r]?

. 6(ai+aj) (ajfai)ﬂr
- [9aio¢ja—(ai+o¢j)7]2

>0 O

B.2 Proof of Proposition 3

Proof. To prove Proposition 3 we partially derive the difference in equilibrium membership fees
on buyers’ side, from equations 11a 11b with respect to 7 and 7. Considering we assumed

platform j is less efficient in developing features on buyers’ side than platform i, (aj > ai) we
o(ar}) _ 2o’ o) (o —a’)(rn?) o(a51)"" _ 4(a'+a)(@—a')rn
have or B [9aiaio—(ai+ad)r)? <0and om T [9aiado—(ai+ad)r)? > 0.

8(1)2)56 8(pi)sc 6(o¢i+aj)(aj—ai)r7r 6(ozi+aj>(ai—aj)7'7r
On the other hand, 57— > =5:— = —1+ 5T amon T ~ 71 T baiaio—(airan P

:>2(04j—0z")>0 O

B.3 Market-shares conditions

. 4 od—ai)r . .
For 0 < (77}))5C < 1. For (ng)sc >0 = %—F 2[9aio(ljai(a2+a]-)_r] >0 = (oﬂ —oﬁ)r >
o . , , . . Ji_qi
—9atalo + (a’ + aJ) T= 90 > 21 & ol > g—;. For (ng)sc <l= % + Z[QMC(Y?G_(O;ZMm <0

= (of —af) T < 9a'ado — (o' + of) 7 = 21 < 9alc & of > 2.

(a9 —ai)r
20t aio—(at+ad

For 0 < (n1)* < 1. For (n1)* > 0 = 1+ 7 > 0= (o/—a)m >
o (1—)

m. If condition

—9a'ado+ (o' +a?) 7= 9a'ado—a' (T+m)—al (T—7) >0 o' >

al > 3—; holds, the previous term is satisfied. That is: 3—; > #@?ﬂ

= 18ador—27 (T + ) >
(a7 —ai)r
2[9atalo—(at+al)T

9ado (1 —m) = 9o (T+7) > 27 (T+7) & af > 2. For (nf)" < 1= 3+

] <

1= 9a'alo —al (T+7) —a'(t—m) >0 ® ol > #@Z)w) If condition o/ > 2T holds, the
previous term is satisfied. That is: 2 > #& = 18aloT — 275 (T + ) > 9o (1 — ) =

9aio (T+m) >2r(T+7) & o' > Z.

.. Condition 0 < (n,i)sc < 1lfori,j =1,2,4 % jand k = b,s and b # s is satisfied if

condition o’ > g—; holds.
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B.4 TImpacts on Equilibrium Market-shares

Impacts on equilibrium market Impacts on equilibrium market
shares on buyers’ side shares on sellers’ side
8(77};)30 _ —9aiozj(aj—ai)(7'2+7r2) <0 8(n§)sc _ —27r(o¢~7—ai)[18aiaj7—(ai+aj)] <0
or 2[9atad o—(ai+ad)T]? or 2[90iad o—(ai+ad)T]?
B(ng)sc _ 9atal (ajfai)ﬂr 8(772)36 (ozjfai)[9aia]’ (T+7r2)f(ai+aj)7']

>0 éﬂ - }2 >0

om T [9aiado—(ai+ad)r]? Yaiaio—(ai+al)T

For the impacts on sellers’ equilibrium market shares, we have that 18a‘alT — (ozi +ad ) is
ol
7 18adr—1°
s 21 ol . j 27 . ey . .
I8 52 > g7 ifa? > 9?0y and the previous condition is met as long as Assumption A.3

holds. That is §7 > g3y if 2(r? + %) > 0.

positive if o/ > The previous condition is met as long as Assumption A.3 holds. That

We have 9a‘a’ (T + 712) - (o/ + ozj) T is positive if af > 90(3(7'36]#)—7 The previous con-
dition is met as long as Assumption A.3 holds. That is 3—; > 9&7(73{]#)—7 if o > W

and the previous condition is met as long as Assumption A.3 holds. That is 2= > 9(277 if

90 T243m2)
472 >0

B.5 Positive Equilibrium Profits

To see if the second term of equilibrium profits for platform ¢, equation 13, is positive we
do the following:
(Hi)sc 2T n 90 (ozj — o/) [Qaiaja — (0/ + aj) T] —at (90/0 — 27) (90&7 — 27)
=T — —
2 18[9aiaio — (o 4 ad) 7)°
0

If condition o > g—; holds, the denominator of # is positive, then we need to verify the sign
of the numerator 9o (aj — ai) [90?0#0 — (o/ + oaj) T] —a’ (90zja — 27) (90/0 — 27). We can
rearrange it to have a polynomial of degree two in of, that is —27¢ [6ozja — T] (o/)2+ [92 (ozj)2 o?

+27 (904ch — 27‘) ]ai -9 (ozj)2 o7. Using the quadratic formula we have:

— [92 (ozj)2 o 427 (9aja — 27')}

P> - :
“ 540 (6% — T)
2
\/[92 (a9)? 02 + 27 (9ado — 27)| —12% 92 (/)? 027 (6ado — 7)
+ .
540 (607 — T)
, — [92 (aj)202+27' (904]'0—27')}
a' > —

540 (6a9% — 7)

31



N \/94 (ad) ot — 4% 92 (a9)? 027 (990 — 7) + 474 (900 — 27)
540 (6ad% — 7)

~ |92 (a)? 4% + 27 (9070 — 27) | & \/(9aja ~27) [92(0) 02 + 472
540 (609 — T)

ol > —

— [92 (aj)2 0%+ 27 (9aio — 27‘)} + (9ado — 27) \/92 (a)? 02 + 472
540 (6ad% — 7)

%

ap, y=1,2

al > —

We verify if the first root of the polynomial o, is satisfied. If condition o > 3—; holds, the
previous expression is satisfied. That is (ai)sc > aly & g—; >
[92(Ocj)20'2+2‘r(9aj0'727)]7(9aj0'727') 92(ad) 202472
540 (607 —7)
27)— (9040 — 27) \/(92aj)2 02+ 472 = (90 —27) \/(92aj)2 024472 > (9aio — 27) (9ado — 47)
= 37 (60/ o— 7') >0if od > 55+ Then the previous expression is satisfied if condition al > g—;
holds. That is 32 > L < 4> 3.

= 127 (6ado — 1) > 92 (ad)? 02 + 21 (9ad0 —

We follow the same logic to verify if the second root of the polynomial o’ is satisfied. That is

9(aj)202+27(9aja—27)] +(9aja—2'r)\/ 9(aj)202+472

540 (6ado—T)

(0/)3c > aly. That is %T > [ = 127 (6do — 7) >

92 (aj)2 o2 +27 (9090 —27) + (900 — 27) \/(92ozj)2 024472 = (990 — 27) (9090 — 47) +

(9aio — 27) \/92 (i) 02 4+ 472 < 0 = 2[9%02 (aj)2 — 3607s0 + 107] < 0. To verify if the
previous expression is negative we can use the quadratic formula to compute both roots. That is
o < 36TV 16*%1‘;;2_40*920272 =l < %. Then, the second root a’, does not satisfy the

condition because it does not have real roots. Therefore, 90 (ozj — ozi) [90/047' o— (o/ +al ) 7'] —
al (90/0 — 27') (9ai0 — 27') > 0 is satisfied if Assumption A.3 o' > 3—; holds.

B.6 Proof of Proposition 4

Proof. Partially derive the difference in equilibrium profits between platform ¢ and j with respect
to product differentiation cost 7 and the cross-group network effect # = v and considering we
assumed platform ¢ is more efficient developing attributes on buyers’ side than platform j, we

have:

) (AHi)SC s (ozj — ozi) (7'2 + 7T2) [(o/)Q (90zja — 27') + (aj)2 (9aia — 27)}

or [9aiaic — (af 4+ ad) 7] <0
o (A 2(e7 = a¥) 7 |(a)’ (9ad0 — 27) + (a9)* (90 — 27)]
or Daiaio — (ai + ad) 7] >0
2 2

where 0 = 7% — 7°.

As it can be observed expression 9a‘c — 27, i = 1,2 and 9a’ado — (o/ +aod ) T are positive

as long as Assumption A.3 holds. O
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C Scenario: v# 1

C.1 Proof of Proposition 5

Proof. Partially derive equilibrium attributes on buyers’ side with respect to the product dif-

ferentiation cost 7 and cross-group network effects v and .

o) _ -l -awy
T 202[aicdo, — (af + ad) 7]
where 0, = 972 — 202, X, = 2372 —?) + 7v, HY = —0,X, (do, — 7) (18ad7 — 2) +

187X, — o, (127 4+ v)] (ajaU - 7') (ajay - 27') + 18l 0,7 X, (ajav — 27') — 0, X, (ajav — 27')
and WY = o,7X, (180/7' — 2) + 7 [187X, — 0y, (127 + v)] (ozjav — 27) + o0, X, (ozjav — 27’).

. ; ; . e . ; JIWY . . . -
We can see expression o' HY — o/ WY is positive if o/ > “7= and is satisfied if condition
v

A3 whenv >m, 7=0a" > 3—: for ¢ = 1,2 holds. That is 3—: > O‘JTVZ: = (OéjUU—QT) [—

X0, (180/7' — 2) —70y (127 4+ ) (ozjav — 27’)+187’2XU (ozjav — 27’) 43609720, Xy —0u Xo (ozjav

—1—27)] >0= ddo, [3672XU — 10y (127 +v) — O'UXU] — 272 [187’XU — oy (127 + ’U)] > 0.
272[187 X, —0y (1274v)]

o0 3672 Xy —To0 (127+0)—00u Xo

dition a® > 2T fori = 1,2 holds. That is 2r 272 (187 Xy~ (1274 )] = (18T2 — Jv) X, >
v Ov ov [367’2XU—7'0'U(12’7'+’U)—0'UXU]

0 (97’2 + 2U2) Xy, > 0if 7 > 3, which is satisfied if Assumption A.1 holds.

The previous expression is positive if o/ > ] and is satisfied if con-

0 (qi)v B [aiHJj — ajTW{j’]
v 402 [dlado, — (ot + ad) 7]
Where o, = 972 — 20%, X, = 2 (37’2 — U2) + v, HY = (ajav — 27') (Ozjav - 7') [O’U (1 —4v) +
4UXU] —4adv X0, and WY = —4adv X0, + (ajo'v — 27’) [0y (T — 4v) + 4v X, .

>0

2

. ; : . .. . ; oI TWY . . . ..
We can see expression o' Hy — o/ 7W) is positive if o' > =7 and is satisfied if condition
v

al > 3—" for ¢ = 1,2 holds. That is i—z > O”EZVU“ = (ajo—v — 27’) [ (ajo—v — 27-) [O’U(T - 4v) +
4'UXU] + 4ad UU’UXU] > 0. The previous expression is positive if a? > i:%‘;igijﬁ%iggiﬁ
satisfied if condition @ > 27 for i = 1,2 holds. That is 27 > 27lPe( ARl oy gy x5 0 if

oulow(T—4v)+8vX |
T > 3, which is satisfied if Assumption A.1 holds.

and is

0(¢)” - [oiHy - 0wy

= — ; ; <0
or 202 [dlado, — (o + ad) 74

2

where o = 972 — 272, X, = 672 — 7% — 771, HT = -0, X, (043'07T — T) (18aj7 - 2) + [18TX7r -
or (127 — 71')] (aja,r — 7') (azja7T — 27’)—1—18aj0,,7'X7T (ozja,r — 27') —o Xy (oszTr — 27’) and WI =
0xTXn (1804j7 — 2) + 7187 X — o (127 — 7)] (04]'07r — 27’) + 0. Xx (oaja7T — 27).

. ; ; . e e JWr . . . s
We can see expression o' HY — o/ WT is positive if o/ > %7 and is satisfied if condition
T

WL = (ador—27) [ -

A.3 when 7 > v, v =0, a® > 3—: for ¢ = 1,2 holds. That is g—: >
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TXr0n (18aj7 — 2) —1or (127 — 1) (ozja7r —27’)—|—187’27'X7r (ozjmr — 27’) 43609720, X r—0x Xy (aj
O —1—27')] >0=ddo, [367‘2X7r —710, (121 — 7) — O‘WXW] —272 187X, — 0 (127 — m)] > 0. The
previous expression is ﬁ)ositive if ad >

)

27(3672 X —or (127 — . . . .- ; . .
7[367 or{l2r—n and is satisfied if condition a* > 2% for i = 1,2 holds. That is
ox [36T2X7|——T0'7r(12T—7T)—0'7rX71—:| On

2r o 27[367’2)(}—07,(127—#)]

on o [367’2X7r77'0'7r(127'77r)70'7rX7r]
Assumption A.1 holds.

= 0, Xz >0 & 27°X, > 0if 7 > T, which is satisfied if

0 (qg)7r B [(J/HZFT - oijWﬂ

= — ; - >0
on 402 [tador — (o 4+ ad) 7]

2

where o = 972272, X = 672 —n?—7n, HT = (ozja7T — 27’) (ozja7T - T) [471'X,r707r (14 2m) ] —

4ol T XporT and WT = —4adn X0 + (ozja7r — 27) [Ar Xy — ox (T + 47)].

We can see expression o' HY — o/TWT is positive if o' > & I?,/,V’* and is satisfied if condi-
. . . . J ™ . T .
tions a® > 3—: for i = 1,2 holds. That is g—: > % = (oﬂa7r — 27) [(oﬂa7r — 27) [47TX7r —
274 X —o 7 (T427)]
orx 87 Xx—or (T42m)]

and is satisfied if conditions a® > z—: for i« = 1,2 holds. That is 3—: > Z[[gig:g:((:igg] &

4rXr > 0if 7 > 3, which is satisfied if Assumption A.1 holds. O

o (T+ 277)] + 40 a7r7rX7r] > 0. The previous expression is positive if o/ >

C.2 Proof of Proposition 6.a and 6.b

Proof. Partially derive buyers and sellers equilibrium membership fees with respect to the prod-

uct differentiation cost 7 and cross-group network effects v and .

I. When the cross-group network effect sellers exert on buyers is stronger than buyers on

sellers, v > 7, and without loss of generality we assumed 7 = 0.

The impact of product differentiation cost 7 on buyers’ equilibrium membership fee is done
. . S\ U
in the difference between platform ¢ and j, that is (Ap}))v = (pz)v — (p{))

0 (Apé)v _ =37 (a? — a') [a"(Gp)Y — &I T(P)Y]

— T T <0
or o2 [aiadoy, — (ot + ad) 7]

where o, = 972 — 202, X, =2 (37'2 — U2) +7u, (Gp)? = (ajay — T) [—O’U [2XU+T (127 + U)] +
187’2XU] + 1807 X o, 7% — XyooT and (Py)Y = —0y, [2X, + 7 (127 + v)] + 1872X, + X, 0.

We can see expression of(Gp)Y — of7(P,)Y is positive if af > O‘]‘(TG(S’;)g and is satisfied
if Assumption A.3 when v > 7 and 7 = 0 o > 3—: for + = 1,2 holds. That is g—z >
aj(TG(S‘,’TJ)g = 2(Gp)? — adoy(B)Y > 0 = 2(ddo, —7) [ — 0y [2X, + 7 (127 + v)] + 1872X,]| +
3607 X 0,72 — 2X,0,T > d oy, [O’U 22X, +7 (127 +v)] + 1872XU] + alo? X, and is positive if
Gv[_Q;E;&i{?;;ﬁfg{jglj;(i‘f;é}tf; f;l <7 and is satisfied if condition o > i—: fori=1,2
holds. That s 22 > &0 G G T . s

al >

= 2X, (1872 —0,) > 0if 7 > §.

a(pi)” cep : . . ;
For (SZ) we transform buyers’ equilibrium membership fee on equation 17a into (p;))” =

34



fb+7'+3LAqb Then (Z) — 1272 (Agh)” —|—£8(%7qb) We know (Ag})” > 0 and o, > 0

5]

if Assumptions A.3 and A.1 hold respe(:tlvely7 when v > 7w, # = 0. Then we need to establish
_ (aJ e )[a ol [oy (T— 4U)+4UXU] (a +a])7—(~r 41})] <~ 0. As
2ot oy —(ai4-ad ) 7)?

and is met if o > 3—: holds. That is

a(Agh)” A
the sign for %. That is o aib)

oI 7(T—4v)
ad oy (T—4v)+4v Xy ] —7(T—4v)

we can observe that o' >

g—z > Seat= fvj ;11;)%3%—7’(7‘— o) if o/ > %, using the same procedure as before,
3—2 % = 8vX, > 0if 7 > 5, which is the lower bound of Assumption A.1. Then
a(p b) > 0.

For (g%_)v we transform sellers’ equilibrium membership fee on equation 17b into (pé)v =
fs+T—v—T (Aqg)v. Then @ =1- _U(#;QUZ) (Aq};)v + J—U% . As was mentioned
previously (Aqg)v > 0 and o, > 0 if Assumptions A.3 and A.1 hold respectively, when v > 7,
7 = 0. Then we need to establish the sign for %.

That is 8(A?j’) = _<a]_az)[azajuf;ﬂ;f;;;i?{:j_};(ﬁ;;_Oﬂ)[XU_7(12T+U)]] < 0. As we can ob-

; o [ Xy —7(127+0)] . . ; 2 . 9

serve that o > STTI87 Xy oy (127 +0) —[Xo—r (127 50)] and is met if o" > = holds. That is >= >
ol [ Xy —1(1274v)] if of 27Xy —7(127+0)]

ad [187 X, —0y (127+40)]— [ X0 —7(127+0)] ol > 3672 Xy —0yT(12740)?

, 3—2 > 362772[;(::;&2(;;:1]1}) = 2X, (97’2 + 2v2) > 0 if 7 > §, which is the lower bound of

using the same procedure as be-

fore

Assumption A.1 when v > 7, 7 = 0. Then 8(59 > 0.

For (gi) we use the same expression as before (pé)v =fo+T7—0V— é (Aq};)v. Then
i\Y _ 2 2 . i\Y .
a(gz) =—-1- % (qu)v + i% . As was noted before (Aq}))v >0and o, >0

if Assumptions A.3 and A.1 hold respectively and u > 0 if Assumptions A.3 and the
lower bound of A.1, 7 > § hold. Then ((%) < 0.

II. When the cross-group network effect buyers exert on sellers is stronger than sellers on

buyers, ® > v, and without loss of generality, we assumed v = 0.

a(pi)" ey : . . ;
For (ng) we transform buyers’ equilibrium membership fee on equation 18a into (pé)7r =

o+ —71+ %Aqi. Then 8(53) =1+ [GT“ (Ag))" + (372_”2> a(%(f’) } We know

On

(Aq};)7r > 0 and o, > 0 if Assumptions A.3 and A.1 hold respectively, when 7 > v, v = 0.

2

Furthermore, we know 372 — 72 is negative because is outside the lower bound of Assumption

A.1. Then we need to establish the sign for %.
That is 8(%(12)7’ _(aj—a’i)[aiaj[ISTXW—‘O'#(12T—7‘T)]]—.<Oz;+04j)[Xﬂ-—T(12T—7T)}
T 2[atod on—(at4ad ) 7]

i I [Xr—7(127—7)] . . ; 2 . 9
serve that o > T8 X —op (127— )| —[Xo —r (127 =] and is met if o > 2T holds. That is 2= >
od [Xn—7(127—7)] . i 27 [ Xr—7(127—7)] .
T8 X o (127 =) [ =7 (127 =] if o > 672X, —op 7 (107—m)° USING the same procedure as be-

fore, 3—7 > 362;2[))(("_;(13&2_:)]”) = 2X, (972 + 27r2) > 0 if 7 > 5, which is the lower bound of

< 0. As we can ob-

Assumption A.1 when 7 > v, v = 0. Then ( ) > 0.

For a(E,L;) we use the same expression as before (p}‘;) =fp+7—7+ 37 =7 (Aqb) . Then

8(59 = 1 bom (Aqg)7r + (3727W2> 8<%Zf) . As was noted before (Aqb) >0, o > 0 and

o2 Or
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372 —7? < 0if Assumptions A.3 and A.1 hold respectively, when m > v, v = 0. Then we need to
(Aqb) That is (A‘Ii) _ (oﬂ—al)[aloﬂ [47I’)(?7r'—0'7\—(7'+.27'r)l4-(02tl+aj)T(T—‘,—Qﬂ')] -0
or 2[tador—(at+ad)T]

establish the sign for

—OéjT(T+27r)
oI [An X g —or (T4H27)|+7(T+27)
.27 —odT(r+42m) e g —27(7+2m) i
That is on T AR X o (rr2m) T if o > 87X, —on (r127) and using the same procedure as

g—: > m = 87X, > 0if 7 > F, which is the lower bound of Assumption

if of > The previous expression is met if Assumptions A.3 holds.

before,
A.1 when m > v, v =0. Thena(aiﬁ)<0

The impact of product differentiation cost 7 on sellers’ equilibrium membership fee is done
. . S\ T
in the difference between platform ¢ and j, that is (Apg)7r = (p;)7r — ( i)

o (Apl)” -7 (o —a') [ (Gs)F — I T2(P)T]

or o2 [aiaioy — (of 4+ ad) 7]

<0

where o, = 972 — 272, X, =672 — 2 — 771, (G5)F = ddoy [3672)(7T — 07 Xg — o (127 — 7r)] —
T2 [187 X — 0 (127 — 7)] and (Ps)T = 1872 X, — 0,7 (127 — 7).

is positive if o > O‘jé# and is satisfied if
condition a > 2T for § = 1,2 holds. That is 2 > % = 2(Gy)" — adoT(P)T > 0
= ddo, [547‘2X7r — 20, Xy — o7 (127 — 77)] — 272 [187 X, — 0 (127 — )] > 0 and is positive if
o 42722)([1W81§;;}f:£f:;(IFQ)]T_W)] and is satisfied if condition a® > 20—7;5 for i = 1,2 holds. That
.27, 272187 X n — 07 (127 —71)]

18 Ox > on[5412 X —20, X —0xT(127—7
of Assumption A.1 when m > v, v = 0.

™

We can see expression o'(Gs)T — o/ 72(P)T

al >

y = 2Xn (97% 4+ 202%) > 0if 7 > Z, which is the lower bound

a(pi)” ey . . . ;
For (16?7;) we transform sellers’ equilibrium membership fee on equation 18b into (}OZS)Tr =

; 7(9724-272 i\ T C "
fo+ 71+ ;i (qu)”, Then (8;) = [ (© 1_2 )] (Aq}]) + EM. As was noted before

o2 O or

(Aqb) >0, o > 0 and ﬁ > 0 if Assumptions A.3 and A.1 hold when 7 > v, v = 0.
Then 25" 5 . 0

C.3 Proof of Claim 1

Proof. Partially derive equilibrium market shares with respect to the product differentiation

cost 7 and cross-group network effects v and .

o _ =3 (o9 — ) [aiad S [367°X — S [X + 7 (127 + (v —7))]]]

or 42 [0l Y — (of 4+ od) 7]

3(a’ — o) [(a +af) 7 [1872X — ¥7 (127 + (v — 7))]]
452 [0iad Y — (ai + ad) 7]

+ <0

where X =672 — (7 +v) (7 +2v) + 7 (v —7) and ¥ = 972 — (27 +v) (7 + 20)

We observe a—b <0ifaf > —2TB _ Where © = 3672X — % [X 4+ 7 (127 4+ (v —7))] and

al¥0—-1B
B =1872X — %7 (127 + (v — 7)). The previous expression is met if Assumption A.3 holds, that
is %T > % if af > 2(226? B) and using the same procedure as before, we have T > 2(2263 B)

ifO—B>0= X (972 + (2m + v) (7 + 2v)) > 0. The previous expression is met as long as the
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lower bound of Assumption A.1 holds.

ony  3(ad —a')Ta'a? T [2X (47 + 5v) — X (7 4 (27 + 3v))]
or 452 [P adY — (o 4+ o) 7]2
3 (0 —a') 7 [(af + ) 7 [X (47 + Bv) — Z (7 + (27 + 3v))]]
A2 [0l S — (af 4 ad) 7

>0

where X = 672 — (7 +v) (1 +2v) + 7 (v —7) and ¥ = 972 — (27 + v) (7 + 20v)
We observe % > 0 if o' > o&%' Where © = 2X (47 + 5v) — X (7 + (27 + 3v)) and
B =X (47 + 5v) — X (7 + (27 4 3v)). The previous expression is met if Assumption A.3 holds,

that is 2—7 > % if o/ > % and using the same procedure as before, we have

x> 2(22633) if® —B>0= (47 +5v) X > 0. The previous expression is met as long as the

lower bound of Assumption A.1 holds.

% 3 (aj — ai) 7ol ad Y [8 (7 — (37 + 4v)) + 2X (5r + 4v)]
v 452 [afadY — (o 4 o) 7]2
3 (0f —a') 7 (&' + ) T[S (7 — (37 + 4v)) + X (57 + 4v)]
432 [otad X — (af + ad) 7-]2

>0

where X = 672 — (1 +v) (7 +2v) + 7 (v —7) and ¥ = 972 — (27 + v) (7 + 20)

We observe %—Z’i > 0 if of > ajgjéiTiB. Where © = X (17 — (37 + 4v)) + 2X (57 + 4v) and

B =% (r— (37 +4v))+ X (57 + 4v). The previous expression is met if Assumption A.3 holds,

that is %T > aj%j@% if of > % and using the same procedure as before, we have
= > E(Q%BB) if®—B>0= (57 +4v) X > 0. The previous expression is met as long as the

lower bound of Assumption A.1 holds.

8172 _ - (ozj - ozi) (m + 2v) [oz ady 367X — X (127 + (v — 71'))]]

or AY2? [l ¥ — (o 4 ad) 72

N (of —at) (m+2v) [(a' + o) [X (1872 4+ %) — Z7 (127 + (v — m))]]
42 [iad S — (of + od) 7]

<0

where X = 672 — (7 +v) (7 +20) + 7 (v —7) and ¥ = 972 — (27 +v) (7 + 20)

We observe %Z_é <0ifaf > 2B Where © = 36rX — X (127 + (v—7)) and B =

al¥0-B
X (187’2 + %) — ¥7 (127 + (v — m)). The previous expression is met if Assumption A.3 holds,
that is 2 5 > amaéiBB if af > 2(22777@%3) and using the same logic as before, E > 2(2277753) if

2(r® — B) >0 = X (972 4 (2 + v) (7 + 2v)) > 0. The previous expression is met as long as
the lower bound of Assumption A.1 holds.

817; (aj _ oﬂ') atady] [X [E + 2 (7T + 2’1}) (471' + 51})] -% (71— + 2@) (7— + (27T + 31}))]

on 42 [aiad Y — (of + o) 7]

(o =a) (@ + o) T[X[E 4+ (7 +20) (47 + 50)] = B (7 + 20) (7 + (47 + 50))] =0
492 [aiad Y — (o + ad) 7]
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where X = 672 — (7 +v) (7 +2v) + 7 (v —7) and ¥ = 972 — (27 + v) (7 + 20)
We observe %—TZE > 0 if of > aj%JéiTiB. Where © = X[¥ + 2 (7 + 2v) (47 + 5v) | —
S(m+2v) (T+ (27 +3v)) and B = X [S+ (7 + 2v) (47 + 5v)] — (7 + 2v) (7 + (27 + 3v)).
27 oITB if aj >

The previous expression is met if Assumption A.3 holds, that is 5 > S22+
27B

SR6-5) and using the same procedure as before, we have %T > 2(2257% ifee—-—B>0=
X (7 +2v) (47 + 5v) > 0. The previous expression is met as long as the lower bound of As-

sumption A.1 holds.

8172 _ (aj — ai) atadY [2X [E + (7 +2v) (b + 4’(})] + 3 (7 +2v) (71— (37 + 41)))]
o 152 [aiad % — (ad + ad) 7]
(0 —a') (& + od) 7 [X 28 + (7 + 2v) (57 + 40)] + X (7 + 2v) (T — (37 + 4v))]

- — —— >0
452 [afad Y — (o 4 ad) 7]

where X = 672 — (7 +v) (1 +2v) + 7 (v —7) and & = 972 — (27 + v) (7 + 20v)

We observe %—E > 0if of > —2T8 _ Where © = 2X[E + (m+2v) (5r +4v)] +

al¥O—-TB"
S (m+42v) (1 — (37 +4v) ) and B = X 2% + (7 4 2v) (57 + 4v)] + (7 + 2v) (7 — (37 + 4v)).
The previous expression is met if Assumption A.3 holds, that is %T > % if o/ >

2(22(57133) and using the same procedure as before, we have 2% > 2(22@)7133) if@—-—B >0=

X (74 2v) (b7 4+ 4v) > 0. The previous expression is met as long as the lower bound of As-
sumption A.1 holds. ]

C.4 Positive Equilibrium Profits

To see if the second term of equilibrium profits for platform 4 in equation (16), is positive

we do the following:
T+v n (aj — 0/) PN [aioajZ - (ai + aj) T] —at (ajE — 27) (0/2 — 27) 52
2 832 [aial Y — (af + o) 7]

0

I =r

We noticed the denominator of # is positive, then we need to verify the sign of the nu-
merator (aj - ai) > [aiajE - (ai + aj) 7'] —af (ajE - 27') (aiZ — 27). We can rearrange the

expression to have a polynomial of degree two in o, that is —% [Qaj - 37‘} (oz")2 + [ (aj )2 »2

38



+27 (ajE — 27') ] i (ozj)2 7. Using the quadratic formula we have:

- [(aj)222 + 27 (95 — 27)}

a'> - > 295 — 37]
\/[(aj)2 52 + 27 (oS — 27)] L 4(D)? (i) 7 2095 — 37]
+ S 2ais — 37
' — [(aj)2 Y2 427 (ajZ — 27')} + \/(oﬂZ — 27')2 [(aj)2 2 4 472}
a'> - S [207% — 37]
o @) rer(@in - 2n)| £ (00E - 2r) (@) 22 42
@« == S [2a9% — 37] =any=12

As long as Assumption A.3 holds, the previous condition over o' is satisfied. For the

or [(aj)222+27(aj2—27)] —(ajZ—QT)\/ (0d)2 524472 N

T SRals_37]

first root of the polynomial a’; we have
47 (2098 — 37) > (aj)2 52427 (aIY - 27) — (/5 = 27) 4/ (0d)* 22 4472 = (9% —27)

(@)? %2 + 472 > (aI% — 27) (/% — 47) = (aj)2 24412 > (9T - 47)2 = 7 (20/% — 37)
>0if od > g’—g The previous condition is met as long as Assumption A.3 holds.

For the second root of the polynomial a’, we have

i) 52497 (adv—27) | +(ain—2 3252 4472 , . .
[(a ) iG 27[—2)lj2§f3ﬂ T)Vie) ’ = 47 (20432 — 37) > (oﬂ)zEz + 27 (aJE _

20)+ (78 = 27) /(09)’ 22 + 472 = — ((09)* 22 4 472) > (075 — 47)* = 22 (o)) * ~4Zral +
1072 < 0. To verify if the previous expression is negative we can use the quadratic formula to

. V165272 4052:2 c o 2r(12v/76
That is of < 227E 16§Z§ 02777 I < % The second root

27
5 >

compute both roots.

does not have a real solution. Then, only the solution of the first root met the initial condition.

Therefore, (aj — o/) by [aiajE — (ai + aj) T] —a' (ajE — 27) (aiZ — 27') is positive as long
as Assumption A.3 holds.

C.5 Proof of Proposition 7.a and 7.b

Proof. Partially derive the difference in equilibrium profits between platform ¢ and j with respect
to product differentiation cost 7 and cross-group network effects v and . The partial derivatives
consist of two expressions multiplying the efficiency parameter of developing attributes for both
platforms. The process to prove the sign of each expression multiplying the efficiency parameter
on both platforms is the same. Therefore, we are only proving the expression multiplying o

For the second expression, the one multiplying o/ the process is the same.

0 (AT (o =) Xy [ [@'o,(0Y) + 21(w?)'] 4+ o [0d oy, (02)) 4 27(w¥ )] ] =0
or 403 [ofad oy — (o 4+ ad) 7]°
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where 0, = 972 — 202, X, = 672 — 202 + 10, (9;’)1 = alo, [907’2XU + X, (18T2 +av) —
Tout (127 +v) — 3ado, (187X, — 0y, (127 + v)) | + 27 20,7 (127 +v) — X, (187% + 0,,)] and
(W) = ada, [BO'UT (127' + U) — Xy (1ST2 + UU) + X, (O‘U — 3672)] + 27 [XU (1ST2 + O'U) —
o7 (127 +v) — O'UXU] fori,j =1,2 and 7 # j.

—27(wy)’
'01,(9$)i ’
i # j and is satisfied if Assumption A.3 when v > 7, 7 = 0 a® > (27—" for ¢ = 1,2 holds.

i

We can see expression a‘o,(02)¢ + 27(w)? is positive if o’ > for 4,7 = 1,2 and

That is 3—2 > ;21)7((9‘;%21 = (6Y)" + (w¥)? > 0. We can see the previous expression is positive.

That is o?o, [907%X, + X, (1872 + 0y,) — TouT (127 +v) — 3ado, (187X, — 0y, (127 +0)) | +
2T [2UUT (127 4+ v) — X, (IST2 + av)] +adoy, [30’UT (127—1—1}) —X, (1872 + UU)—i—XU (00—367'2)}
+27 [XU (187’2 + O'U) — o7 (127 +v) — O'UXU] >0

= ddo, [5472XU —4o,7 (127 +v) + UUXU] + 27 [0 (127 + ) — O'UXU]—% (aj)2 o2 [18TXU

fo'v(127'+v)] >0= (ozjav — 27’) [%ajav (UU(IQT + U) 718TXU)7(007(127+U)701,Xv)] > 0.
2[00 T(127+v)—00u X))

The previous expression is positive if o/ > 3 and is satisfied if Assumption

ovlow(127+0)—187 X, |
A3 when 7 > v, v =0, &' > 2 for i = 1,2 holds. That is 2 > Zprriul-e Xl

37 [O’v (127 + U)*lSTXU] > 0,7 (127 + v)—0p, Xy = 2 (7277'4 + 2v4)+37'v (797'2 + 107v — 21}2)

> 0. The previous expression is positive if 7 < (L) vand T > (‘L"_T‘ﬁ) v, and both conditions

Yo7

are satisfied as long as Assumption A.1 holds.

o (A B (0f —a') X, [of [loy (08) + 272 (wi)'] 4+ o [adoy,(6])7 + 272 (wy)7]] =0
ov 403 [aiadoy, — (of 4+ ad) 7]°

where o, = 972 — 202, X, = 672 — 20% + TV, (09) = %ajcrv (ozjaU - 27’) [UU (T — 4U) + 4’UXU] +

41vX, (ajav — 27') — [ow (T — 4v) + 4vX,] (4ajoUT — 472) and (W)’ = (Osz'U — 27'5) [O’U (7' —

4v) + 4vX,] + 270, [0, (T — 40) + 40X, for i,j = 1,2 and i # ;.

—272(wy)"
ou(09)"

and i # j and is satisfied if Assumption A.3 for v > 7, 7 = 0 o > Z—T for 1+ = 1,2

v

We can see expression a'o,(0Y)" + 27%(w?)? is positive if o’ > for i,j = 1,2

holds. That is g—z > % < (09) + 7(wY)" > 0. We can see the previous expres-
sion is positive. That is %ajav (ajay — 27') [av (7' — 411) + 4UXU] + 41v.X, (ajav — 27') —
[0y (T — 4v) + 4vX,] (4ozjavr — 4’7’2)—|—7' (ajav — 27‘) [av (7‘—4v) —|-4UXU] —|—2ajavT[av (7‘—41})—1—
4UXU] >0 = (ajav — 27') [ (%ajav — 7') [av (1 —4v) + 4UXU] + 47'va] > 0. We can see the

20, 7(T—4v) . . . L. i 27
o (r—20) A0 X,] and is satisfied if condition a® > -

for i = 1,2 holds. That is 22 > 522Ut = 3 [0, (7 — 4v) + 40X,] > 0y, (7 — dv) =

973 +4710? — 403 > 0if 7 > %v, which is satisfied as long as Assumption A.1 holds.

previous expression is positive if o/ > [
v

0 (AI)" _ (a7 —af) Xy [of [l (67)" + 2r(w])'] + o [alon (07 + 20D)T]] _
or 103 [iaioy — (& + ad) 7]°

where o, = 972 — 272, X, = 672 — 72 — 771, (07) = odo, [9072X7r + X, (187’2 —i—a,r) —
Torr (121 — ) — 3ad o, (187X — 0r (127 — m)) | +27 [20,7 (127 — 7) — X, (1872 + 04)] (wF)!

T
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=ddo, [30'71—7' (127’—7r)—X7r (IST2 + O'7r) +Xx (a7r — 367’2) ]—1—27’ [X7r (187’2 + Uﬂ)—aﬂT (127 — 7)
—0xXx] fori,j =1,2 and i # j.

We can see expression a'o,(07)" + 27(w™)! is positive if o’ > T((e,r)z , for i,j = 1,2 and

i # j and is satisfied if if Assumption A.3 for 7 > v, v = 0, a? > for 1 = 1,2 holds.

That is E > ;272(9‘;)2 (07)" + (w™)* > 0. We can see the previous expression is positive.
That is /o, [9072)(7T + X, (187’2 + Uﬂ—) — To.7 (127 — 7) — goﬂaw (187X, — o (127 — W))] +
2T [2a7r7' (127 — ) — Xpi (187’2 + UW)] +ado, [30'7r7' (127’—7?) — 7r(187' —i—<77r)—FX7r (U7r — 3672) ]

+27 [XTr (1872 + a,r) —o,7 (127 — 7) —UFXW] >0=alo, [547’2X —do,T (12T —7T) —i—aﬂXw] +
27 o (127 — ) — J,TXW}—% (ozj)2 o2 [187'X7r—a7r (127 — 71')} >0= (oﬂa7r — 27') [QaJU7T (Uﬂ(12
T — 7r) —187’X7r) — ((TWT (127 — ) — O'WXW)] > 0. The previous expression is positive if

32?[’;((1122;_?)_%?)}]] and is satisfied if condition a® > z—: for i = 1,2 holds. That is 3—: >

355’;((1122; 7;)) ol-gT)g‘}/r] = 37[ox (127 — ) = 187Xy > 077 (127 — ) — 0, X = 2 (=277 + 7%) +

aj>

7 and 7 >

1
)
(%) m, and both conditions are satisfied as long as Assumption A.1 holds.

37'7r(97' — 1077 + 27 ) > (0. The previous expression is positive if 7 < (

9 (M) — (o~ o) X [of [olon(6)" + 2r2(u)] + o [adon(B) 4 27%w0V]] _
om 403 [aiado, — (i + ad) 7]

where o = 972 — 272, X =672 — 72 — 77, (07)' = 30d0, (afor — 27) [0 (T + 27) — dn X,] —
47 Xn (dor — 27) — [oq (T + 27) — 47 X,] (4l 0x7 — 472) and (W])' = (for — 27) [ox(T +
21) — A Xy | 4 20 0y (07 (T 4 27) — 47 Xy for i,j = 1,2 and i # j.

)¢ is positive if o > %, for 4,5 = 1,2

s

We can see expression a‘o.(67)" + 272(wT

and i # j and is satisfied if Assumption A.3 for 7 > v , v = 0, a* > for i = 1,2
holds. That is 20 > =200 o (07) + 7(wF)* > 0. We can see the previous expres-

Ox o (07)* ™
sion is positive. That is %Ozjmr (oﬂ.a7r — 27') [aw (7' + 27r) — 47rX7r] + 4 X, (()cj<77r — 27) —
[or (T + 27) — 4 X ] (4aja,r7' — 47'2) + T (ozjo7T - 27) [Uﬂ (7' + 271') — 47rX7T] + 20,7 [Uﬂ (7’ +
27r) —47TX7T] >0= (cﬂa7r — 27') [ (%Ozjmr — T) [UW (14 2m) —47rX7r] —4T7rX7r] > (0. We can see

27 (7+2m) and is satisfied if condition a* > 2T
3 [aﬂ (r+2r) 747rXr] o

for ¢ = 1,2 holds. That is g—: > 3[% (QT:(;:)?W;XW] = 3[0’7r (T + 277) — 47TX,T] > or (7’ + 277) =

TOr + 27 [—972 + 72+ 377@ > 0 if =972 4+ 7% + 377 is positive. We can rearrange the previous

the previous expression is positive if o’/ >

expression to have a polynomial of degree two in 7, that is —972 4+ 377 + 72 > 0 and using the
quadratic formula to obtain both roots on 7 we have 71 > (1;6\/5) 7 and 15 > (H‘f) 7. The
first root 7 is not satisfied if Assumption A.1 holds since we have a square root of a negative
number. Therefore only the second root is satisfied as long as Assumption A.1 when 7 > v,
v = 0 holds. O
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