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Abstract

I develop a dynamic general equilibrium model of advertising where consumers are
characterised by the subset of goods they are aware of, which evolves over time, and
consumers are exposed to advertising while consuming media goods. Firms advertise
for three motives: to persuade customers to spend more, to acquire new customers,
and, given that consumers’ attention is limited, to prevent consumers from learning
about competitors. I study how these motives change over the firm life cycle and
their aggregate effects, with the informative motive being stronger in younger firms
and the persuasive and anticompetitive motives being stronger in mature firms. In the
calibrated model, the informative motive is responsible for half of total advertising ex-
penditure. Advertising has a quantitatively significant positive effect on consumption,
as consumers enjoy more variety. I also compare the decentralised equilibrium with
the planner’s allocation. A novel feature of the model is that the planner values media
goods even when their entertainment value is negligible, as they serve as a vehicle for
product awareness. Finally, I find that advertising should be subsidized, although the

gains are small.
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1 Introduction

Advertising has long been widely used by firms as a tool both to build their customer base
and to increase or retain market power. It can play an informative role, mitigating the
information frictions consumers face, enabling them to enjoy more variety and fostering
competition. Alternatively, advertising can function persuasively, enhancing consumer pref-
erences for specific goods. This can positively affect consumer utility but may also increase
market power by reinforcing product differentiation. An extensive literature has examined
whether advertising is informative or persuasive, with supporting evidence for both views!T]
However, research on the macroeconomic implications of advertising remains limited, and a
framework accommodating both views is missing. This paper aims to fill this gap.

In addition to these traditional views, consumers’ limited attention capacity implies that
firms need to compete for the attention of consumers to make their way into their con-
sumption sets. This introduces a novel effect of advertising: advertising by one firm diverts
consumers’ attention away from competitors. This effect seems particularly relevant in set-
tings like Google search or Amazon advertising, where firms compete to be placed in the top
positions within a keyword, as these receive most of the attention.

Since advertising has these three effects and firms may benefit differently from each, some
firms may be more motivated to advertise due to one effect than another. Throughout the
paper, I use the terms (i) informative motive, (ii) persuasive motive and (iil) anticompeti-
tive motive to refer to a firm’s incentive to advertise to (i) inform consumers, (ii) increase
the spending by current customers, and (iii) reduce consumers’ attention to competitors.
I use the term ‘anticompetitive’ because, under this motive, the firm advertises to avoid
competition by hindering competitors’ ability to expand their customer base.

What are the aggregate implications of the different motives and advertising as a whole?
How do these motives evolve over the firm life cycle? This paper addresses these questions.
The two main contributions of this paper are to solve a general equilibrium model of in-
formative advertising where asymmetric firms play strategically in a dynamic game and to
develop a novel model that accommodates these three motives within a single framework.

In the model, each industry is composed of a generic good produced under perfect com-
petition by a fringe and an endogenous discrete set of oligopolistic firms each producing a
differentiated good. A key feature of the model is that, within an industry, consumers are
characterized by the set of goods they are aware of, which I refer to as awareness sets. All
consumers know the generic good of each industry, but may not know all of the differenti-

ated goods. The awareness sets evolve stochastically, affected by firms’ advertising decisions.

1See Bagwell (2007) for a review.



Thus, firms face a dynamic problem, as building a customer base takes time, which is moti-
vated by the empirical evidence from Foster et al. (2016)E| There is one type of advertising
that has two effects. First, it increases the probability a consumer becomes aware of the
good, and second, it increases the demand shifter for those consumers already aware of the
good, inducing them to spend more on the advertised good. Given that the advertising
space of each industry is limited, firms internalize that by increasing their advertising ex-
penditure they increase the price of the advertising space in their industry, which reduces
the advertising space acquired by competitors, reducing their visibility (the anticompetitive
motive). This aligns with Google search advertising, where firms bid on specific keywords
in a cost-per-click (CPC) auction.ﬂ So, heterogeneity in the demand for advertising in a
specific keyword translate into heterogeneity in prices, as shown in Figure @ﬁ

Additionally, advertising plays a crucial role in the real world by providing revenue for
the media goods that consumers tend to enjoy at zero monetary price, spanning traditional
outlets like radio and TV as well as digital platforms such as YouTube, Instagram, Facebook,
and Google. Although these media goods are barely reflected in GDP (see Greenwood et al.,
2024)), the time consumers spend on them suggests they have a significant impact on Welfare.ﬂ
In the model, consumers choose the time they spend on media based on their entertainment
value, and during this time they are exposed to advertising.

I study how the three motives change along the firm life cycle. Intuitively, younger firms
have more potential customers to acquire, and so they tend to have a stronger informative
motive. In contrast, the anticompetitive motive, which is about retaining market power over
the existing customers by reducing the probability they learn about competitors, is stronger
for older firms, as they have more to lose due to their larger customer base. The persuasive
motive also tends to be stronger in older firms. Intuitively, if advertising persuades existing
customers to spend more, the revenue increase will be larger the bigger the customer base.

I estimate the model by simulated method of moments to fit key empirical patterns

regarding (i) the evolution of average firm growth by age, which is important to discipline

2In particular, Foster et al. (2016)) take advantage of data on physical quantities in industries that are
plausibly little subject to quality differentiation and find that the fact that older firms are bigger than younger
firms cannot be explained by differences in productivity, and then they find support for the hypothesis that
firms play an active role, not just a passive effect from aging. Einav et al. (2022)), focusing on the retail
sector, find that most of the variability in sales is accounted by the number of clients.

3Google doesn’t charge firms just to be placed at the top, instead, the CPC is the amount the firm will
be charged for each click their ad receives. Therefore, Google doesn’t necessarily place the highest bidding
firm at the top; it also considers the relevance of the ad.

4The same applies if we look at CPC in Google shopping ads across industries, although these are
considerably cheaper, rarely more than one dollar per click.

5 According to Statista, the average daily time spent on media in the United States in 2023 amounted to
751 minutes.



the customer base building process in the model; (ii) the relationship between advertising
expenditure and sales, which, given the previous results, is informative of the strength of the
motives; and (iii) macroeconomic aggregates. The model does well in matching the targets.
In addition, the model also features an inverted-U relationship between advertising and sales
as documented in previous literature.

I use the estimated model to assess the aggregate effects of the motives and advertising as
a whole. I do this by comparing the baseline economy with three counterfactual economies.
In the first, I shut down the anticompetitive motive from the firms’ first-order condition.
In the second, I also shut down the persuasive motive. And in the third, all three motives
are shut down, implying that there is no advertising. The third counterfactual reveals that
advertising has a significant positive effect on the aggregate, not only through its role in
financing media goods that provide entertainment but also through its role in spreading
product awareness. In this counterfactual, as the probability that consumers learn about
goods is lower, firms tend to be smaller. This lowers firms’ growth prospects and discour-
ages new firms from entering the market. As a result, consumption decreases, both due
to consumers enjoying less variety and because a larger share of consumption comes from
a fringe of small, unproductive firms. Overall, shutting down advertising would decrease
consumption by 16.68%. The results also show that while the persuasive motive increases
markups and reduces entry, it has a net positive effect by increasing consumers’ taste for the
advertised good. The anticompetitive motive is detrimental to output, resulting in higher
markups and lower entry. However, it can still have a positive aggregate effect, due to its
contribution to the provision of media goods. In fact, a result of the current version of the
model is that both the anticompetitive and persuasive motives matter mostly through the
entertainment value of media goods, as their effects on consumption are modest. This is de-
spite the fact that these motives significantly influence firms’ advertising decisions: shutting
down the anticompetitive motive reduces total advertising expenditure by 12%, and addi-
tionally shutting down the persuasive motive reduces it by a further 42%. A complementary
decomposition exercise based on the firms’ first-order condition shows that 8.45% of the
(marginal) incentives to advertise are attributable to the anticompetitive motive, 33.74% to
the persuasive motive, and 57.81% to the informative motive.

I also compare the decentralized equilibrium with the one resulting from solving the
social planner problem, while maintaining the consumers’ information frictions. A novel
feature of the model is that the social planner values media goods not only because they
entertain consumers, but also because, through the advertising in media, consumers get
information that allows them to improve consumption. In other words, media serves as a

vehicle for product awareness. Unsurprisingly, as the entertainment value of media goods



increases, the social planner reallocates more labor from the production sector to the media
sector. After a certain point, consumption under the planner’s allocation becomes lower than
under the decentralized one. More interestingly, when the entertainment value of media is
negligible, the optimal quantity of media is lower than in the decentralized equilibrium,
suggesting excessive advertising expenditure. However, this conclusion would be inaccurate
as we must also consider how the advertising space is allocated among firms. In other
words, the ‘overprovision’ of media, through its effect on learning, may help mitigating the
inefficiencies arising from the misallocation in the advertising space. In this direction, the
exercise examining the optimal uniform tax on advertising reveals that advertising should
be subsidized[f| Finally, given that the informative motive declines with firm age, while
the persuasive and anticompetitive motives increase, and since these motives have different
aggregate implications, a natural question to ask is what the welfare gains from allowing the
advertising tax to be age-dependent would be. However, in the current version, the gains
from such a policy are negligible.

The paper is organized as follows: Section [2] introduces the model and characterize the
equilibrium. Section [3| estimates the model, studies the evolution of the motives, their con-
tribution to total advertising expenditure, and their aggregate effect. Section 4| discusses the
inefficiencies of the comed, compares the informationally-constrained social optimal equi-
librium to the decentralized one, and examines the gains from taxing advertising. Finally,

section [B] concludes.

Related literature. This paper relates to the literature that studies the implications
of customer capital for firm, industry, and macroeconomic dynamics (e.g. Dinlersoz and
Yorukoglu (2012)), Gourio and Rudanko (2014), Molinari and Turino (2018), Argente et al.
(2023), Einav et al. (2022)), Ignaszak and Sedlacek (2023)), Greenwood et al. (2024))). In these
models, firms grow via increasing their idiosyncratic demand (customer capital). Together
with Cavenaile et al. (2024bf), we contribute to this literature by showing that it is not just
the quantity of customers that matters, but also the degree of information the customers
have about alternative goods. Relative to Cavenaile et al. (2024b)), I allow for strategic
advertising decisions as well as the interaction between firms of different sizes and ages.
In Cavenaile et al. (2024b), advertising also serves to expand product awareness, but the
advertising choices are coordinated at the industry level, made once and for all at industry
inception, and firms are assumed to be symmetric. Their focus is on how the improvements

in targeted advertising may lead to increased market power through market segmentation.

In this exercise, I compare the stationary equilibria resulting from the different tax levels, without
considering the transition.



This paper is also related to Greenwood et al. (2024), who present a static model to study
the inefficiencies from advertising. Here, my contribution is to add to the analysis the inef-
ficiencies arising from markups typical of oligopoly frameworks, as well as identifying three
novel sources of inefficiency from advertising. The first two are reminiscent of growth models,
namely: (i) lack of full appropriability, as the producers cannot extract the entire surplus; and
(ii) business-stealing, as firms don’t consider the losses from the reduction of consumption
from competitors. The third source of inefficiency arises from the anticompetitive motive
particular to this model, as firms try to avoid suffering from the business-stealing effect.
Note that the sources of inefficiency push in different directions, so it is not clear whether
there is too much or too little advertising, and requires a quantitative answer. Finally, there
is inefficient entry, again due to lack of full appropriability and business-stealing.

For the persuasive aspect of advertising, I build on the literature that adopts the persua-
sive view, e.g. Cavenaile et al. (2024al), Rachel (2024)), Molinari and Turino (2018). These
papers model advertising as a static demand shifter. A novel contribution of the current
paper is the combination of the persuasive and informative views of advertising within a
single framework. In particular, I relate to Cavenaile et al. (2024a)), as they also develop
an oligopolistic model with endogenous market structure. In their paper, they study the
interaction between R&D and advertising, finding that they are substitutes at the aggregate
level, consistent with the empirical findings in Cavenaile and Roldan-Blanco (2021). They
also examine the question of whether advertising should be taxed or subsidized, and, in con-
trast to the current paper, they find a very high optimal tax. As in my model, advertising in
Rachel (2024) and Greenwood et al. (2024]) also finances the provision of media goods that
improve utility.

Finally, I use the concept of consideration sets introduced by Manzini and Mariotti
(2014) that are widely used in other ﬁeldsﬂ In macroeconomics, this concept (using the
term awareness set) is introduced by Cavenaile et al. (2024b). My contribution relative to
them is to fully endogenize the evolution of awareness sets. The presence of awareness sets
complicates the firm problem, as firms need to keep track of the distribution of consumers
across these sets. In their model, they abstract from this by assuming the evolution of the

awareness sets is determined at industry inception, so the only state variable is industry age.

"Manzini and Mariotti (2014) model choice as a two-stage process. In the first stage, some of the available
alternatives are selected into a consideration set, with a probability that is linked to attention. In the second
stage, the agent maximizes utility restricted to the consideration set.



2 Model

2.1 Environment

Market structure and the production sector. There is a continuum of mass 1 of
industries indexed by ¢. In each industry, there is a generic good and a discrete set J;,
of firms, indexed by j, each one producing a single differentiated good with the production
function y;,+ = Nj;., where Nj;, is the labor employed by firm j. The generic good is
produced under perfect competition by many small firms with the production function yo;; =
AgNo,it, where Ny, is the total labor employed by these small firms in industry i at period

t.

Advertising and the media sector. There is a media sector populated by media firms
that employ labor to produce media goods, which are supplied to consumers at zero monetary
price, and generate revenue by selling advertising space to production firms. There is free
entry. Each media firm produces a differentiated variety of media good of equal quality, so
consumers will allocate the time they spend on media equally among the different media

goods. The aggregate quality of media is given by
1
Q = AN, (1)

where N,, is total labor employed in media. In order to rule out an equilibrium with no
advertising expenditure and no media produced, I assume the government employs N,,, units
of labor in media, which is financed by a lump-sump tax to consumers.

Within the media sector, each industry of the production sector has « units of advertising
spaceff| The process whereby firms acquire advertising space follows a kind of auction, where
media firms post a price per unit of ad space in industry i, p,;, which is the minimum bid
accepted, and supply at most a units of ad space. Letting e;;; be the advertising expenditure
of firm j in industry i, then the final price per unit of ad space in industry i will be equal to
max {pa7i7t, Zjeji,t ej,l-,t/oz}. Therefore, the advertising space acquired by firm j, a;;¢, will

be:

€ii (6]
— m Jyit
aj’i7t = 1mnin 76j7i’t (2)
Pait Z Ch,it
keJi ¢

8This is a reasonable assumption for search advertising: there is one top search position for a specific
keyword, so higher demand only leads to higher price, as suggested in Figure [0] More generally, you could
think of this a as some measure of attention.



Entry and Exit of firms. A firm is hit by a death shock with probability x, independent
of whether other firms are affected (so, the probability n firms exit is m”).ﬂ Regarding entry,
there is a measure one of entrepreneurs that employs N.;; units of labor to create a new
differentiated good in industry i with probability z.;+ = qﬁsNe%i’t. Upon successfully creating
a new good (and, for computational purposes, provided the number of firms in the industry
is below J), a new firm enters the market, and initially no consumer is aware of the new

firm. Entry and exit occur simultaneously right at the start of ¢t 4 1.

Consumers. There is a unit mass of individuals indexed by ¢ who maximize lifetime util-
ity, where the instantaneous utility is a function of her consumption (C}) and entertainment
(L) goods. Individuals die with an exogenous probability ¢, in which case they are replaced
with an offspring who inherits the assets a,;, and individuals discount the offspring’s utility

with the same discount rate; thus, we can write utility as if they were infinitely lived:m

= Z ﬁt [E ln Cgt + Lgt] (3)

t=0

Each individual supplies inelastically one unit of labor and chooses how much time to allocate
to media goods, Ty, in order to maximise her entertainment good L, which is defined as
follows{!]

T;
Ly =v (QtTZt - 7) (4)
where @); is an output of the media sector production function. Anticipating that all individ-
uals choose the same T}, in what follows I drop the subindex ¢ from 7} and L;. Individual
¢ gets her Cy following a Cobb-Douglas aggregator of her consumption over the continuum

of industries of mass 1

1
ln C&t = / ln Cgﬂ"tdi (5)
0

where the industry i consumption good of individual ¢ is a CES aggregator of her consumption

on the generic good and each of the differentiated goods she is aware of:

9T plan to do an extension where this probability is decreasing in firm size. This is a more realistic
assumption, and would likely imply a stronger anticompetitive motive to advertise, as preventing competitors
from expanding effectively increases their probability of exiting.

10Note that there is no uncertainty on Cy ;. There is uncertainty at the industry level due to the stochastic
evolution of the awareness sets (see next section), but the law of large numbers over the continuum of
industries removes the uncertainty at the aggregate level.

HUNote that T}.+ is not restricted to be below 1; this is consistent with the way media time is measured in
the data where multitasking is counted separately, see Appendix @
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Crir=|Cigist D WiiaClis , o>1 (6)
J€Lp it

where ¢y ;,+ is the quantity of good j consumed by ¢ at t; Zy;; will be referred to as the
awareness set of individual ¢ in industry i at period t, as it is the subset of the differentiated
goods J;; the individual is aware of at period t (in the next section, I describe the evolution
of this object); and w;;; is a demand shifter that depends on the exposure of individuals to

the ad of good j. In particular:

wjﬂ-,t =1 + Vs(Oéjﬂ"tht)Vc, V. € (0, 1) (7)

wiit = 1+ vs(ai )", ve € (0,1). Note that the more time consumers spend on media,
the larger the effect of advertising on the demand shifter.

Individual ¢’s budget constraint writes:

1
W Ney + riaps = / E  Crjiaiadi b Qi — ag + T (8)
0 jezy, {0}

where w; is the wage, ay; is the asset holding of individual ¢ at period t, r; is the return on
each unit of asset in period t, and 7; is the lump-sum tax the government uses to employ

N,,, units of labor in the media sector. All individuals start with the same level of assets ag.

Product learning and the evolution of the awareness sets. I assume that the
probability an individual gets aware of a product thanks to advertising is an increasing and
concave function of the exposure to the ad of that good. In particular, assume an individual

will get aware of product j in industry i with probability@

pj,i,t = pA + ws(aj,i,tirt)wca wc € (07 1) (9>

Although I focus on advertising as an active way through which firms can increase their
customer base, consumers can get to know a firm in other ways (word-of-mouth, seeing the
product in a shop...), and these are captured by p. The inclusion of 7T} is to capture the idea
that the more time consumers spend on media, the more they are exposed to ads, and so

the more effective advertising is, just like in the demand shifter w;; ;.

12In a version of the model, I have congestion, a; 47 ¢ € [0,1.], which allows to play with the intensity of
the anticompetitive motive.



The events of learning goods are assumed to be independent; that is, the probability of

learning all the goods in Z C J; is [] pj:. And, given that the complements of independent
jET

events are also independent, then the probability of not learning any of the goods in Z C 7;

is H (]_ — pj,i)'

jET
In addition, when a consumer dies, they are replaced by a newborn individual who starts
knowing only the generic good of each industry (i.e. Zy; = 0 for all ¢). This is completely
equivalent to say that individuals forget all the differentiated goods they know with an ex-
ogenous probability §. This assumption is not crucial for the results, and its only implication
is that, even if a firm lived forever, there would always be some consumers that are not aware
of it.
Then, we have all the information needed to find the probability of moving between any
pair of awareness sets. Let ©(z_7) be the probability of moving from Z to Z'. Given that,
conditional on not dying, the awareness set can only expand, then if Z’ doesn’t contain Z, the
transition is only possible (i.e. ©z_y > 0) if Z' = (), which happens with the probability of
dying §. Conversely, if Z' contains Z, then the probability this transition takes place is the
probability an individual doesn’t die, (1 — §), times the probability of learning all the goods
that are in Z' but not in Z, [] pj;,, times the probability of not learning any of the goods

JETNT
that are not in Z’, ] (1 — p;;). Formally:
JET
(0, T¢I £0
s, T¢I =0
Om =Y (1=0) 1 pi- [T =pi) HTCT#0 (10
JET\T JET

(1=0) TI (1 —pji) +3, fZ=7 =1

\ JE€ETi ¢

2.2 Equilibrium

In this section, I characterize the pure strategy Markov perfect stationary equilibrium, that

is such that the time spent in media 7} and the relative wage w; = & are constant.

2.2.1 Consumption.

On the one hand, logarithmic preferences on Cy;, together with a,o = ao, imply that all
consumers choose the same expenditure at all t: E,; = E;. On the other hand, CES

preferences over the varieties within an industry implies that consumer’s spending in an



industry is independent of her industry price index: FEy;; = E;. Therefore, the awareness
sets Zy;, only affect the allocation of the expenditure within each industry. That is, in
order to characterize consumer ¢’s consumption choices in industry i, we only need to know
her awareness set in i, Zy;;. In other words, within industry i, there are as many types of
consumers as subsets Z C J; ;. So, the set of consumer types in industry i is identified by the
power set of J;+, P(J;+), and, within an industry, I'll use subindex Z to denote the choice
of an individual with awareness set Z.

The optimal choices satisfy: []

-1 — .
CZ,jit = EtPIa,i,tpj,ZtWZi,ta JEL (11)

By
= A1+ 1) (12)

Ey
T, = Q: (13)

1—0o
where Pri: = (pg;7+ 3 w? ij;’l_g) 14 Note that consumers consume a positive amount
jezr

of all the goods they are aware of, and the particular quantity consumed follows equation
(11). Equation is the Euler equation, and states that the aggregate quality of
media determines the time spent on media. From E;, = Pz ;C7,, we see one of the channels
through which (the informative) advertising will increase welfare: advertising will increase
the amount of products the consumer is aware of, which reduces the price Pz ;; of her industry

composite good.This is a standard love for variety effect.

2.2.2 The industry state and its evolution

Given that firms have the same production technology, all the heterogeneity comes from the
consumer side. The relevant state of the industry is characterised by the triple (7, :, P(Ji+), Mw),
where ]\7[i,t = (M;4(Z))zep(7,,) is the mass of consumers in each awareness set (that is, how
consumers are distributed over the awareness sets). Note that since there is a mapping from
Jit to P(Jit), I may write the state simply as (., Mlt) There are two processes that
shape the evolution of the industry state.

On the one hand, the industry state changes as consumers’ awareness sets evolve due to

learning and death, which, by law of large numbers, is a deterministic process at the in-

13 Together with the No-Ponzi condition lim,_, % = 0.

14 Note that consumers may not only have different industry price index, P ; ;, but also a different aggre-

gate price index Py = exp ( fol In Pg}i’tdi). In particular, as explained in section [2.2.8] individuals with the

same age have the same aggregate price index, and the numeraire of the economy is the geometric mean of
Py

10



dustry levelE Calling ©; the transition matrix, where the element in row r and column s
indicates the probability of going from subset Z, to Z; at time t (i.e. ©,(z,-1,)), and calling
Mi,t the 2#7:t_dimensional row vector (where #.J;+ is the cardinal of J;;) containing the
masses of consumers in each awareness set at time t; then, by the law of large numbers, the
distribution of consumers in ¢ + 1 in the absence of entry and exit of goods, which I denote
by M; 41, would be:

Mi,tJrl = Mi,t@t (14)

On the other hand, the industry state changes stochastically due to entry and exit of firms.
If the realisation of exit and entry changes the set of firms in industry i from J to J’, then
the next period industry state is obtained using the application (J M, T ) — (T’ M )
defined as follows.
MZ) ,iffT'CJ
For 7' e P(J'), M'(T') = {ZeP(I):InJ'=T'} (15)
0 g T

where the first case says that two consumers become identical in industry i if all the firms in
which they differed exit, whereas the second case says that there are no consumers who are
aware of a newborn firm. The last piece of infornation needed to compute expected values is
the probabilities that the set of differentiated goods moves from J to J' C J U {e}, where

e denotes an entrant. These probabilities are given by:

(1—zw—,t)‘ 11 (1—.%)‘ I = ,ife¢J’
For J' € P(TUe)), Prob{d — J'} = jeIng! IEINT! (16)

Zeit 1] (1—r) I & Jifee J'
JjeIgng’ JeEIT\T'

where z.;; is the probability of an entrant, [][ (1— k) is the probability that all the firms
jeIng’
in JNJ’ survive, and [] & is the probability that all the firms in J \ J’ exit.
JET\T'

In the Appendix [6.5]I show that assuming that individuals don’t die (i.e. § = 0) allows a
simpler sufficient industry state given by the vector of customer bases. That is, instead of
requiring the mass of consumers in each awareness set, we would only need to know the mass

of consumers aware of each good.

15Tn case there were mixed strategies (although this is not the case in the equilibrium studied) this process
would be stochastic.

11



2.2.3 Production firms problem

Given the large number of small firms producing a homogeneous product, the price of the
generic good is equal to its marginal cost, py;; = Z—é. The differentiated firms compete in
prices a la Bertrand and in advertising expenditures for the attention of consumers. Both

decisions are made simultaneously.

Profits.  Using the production function y;;,; = N,,, we can express profits decomposed

as
- M; (T
Tt = \..Mj../’i’t (1= M) 2 : #SI,j,i,tEt (17)
Customer TP (Tit) gyt )
ase ~—

Average spending
by customers

VvV
Average rents from customers

where M;; = P2t is the markup of firm j, sz, = »~F is type Z individual’s share

of expenditure in good j, Pj(Jir) = {Z € P(Jir) | j € I} is the family of awareness sets

containing good j, and M, = >  M,(Z) is the customer base of firm j.
ZeP;i(Tit)
This expression offers a first intuition of the motives driving firms to advertise. First, they

want to advertise to increase their customer base. I refer to this as the informative motive.
Second, as shown in the Appendix [6.6] all else equal, firms prefer to have customers that
know as fewer competitors as possible. Intuitively, the fewer alternative goods they know,
the more they will spend in j (i.e. higher sz ;,;) and the lower their demand elasticity (so,
the firm is able to extract more rents by rising the markup). So, given that by increasing the
advertising space they occupy, firms reduce the attention of consumers to the competitors’
goods and so the probability they will add them to their awareness sets; then, firms may have
the incentive to do advertising for the mere purpose of reducing the mass of customers who
learn about competitors. I refer to this as the anticompetitive motive, as under this motive
the firm is doing advertising to avoid competition by precluding competitors to expand their
customer base. Finally, given that the demand shifter w;; ; increases with the the advertising
space, firms want to do advertising to persuade current consumers to buy more. This is the

persuasive motive.

Price setting. [ focus on pure strategy Markov perfect equilibrium where policy functions
only depend on the current industry state (J;., Mlt) Given that the price has no direct
effect on the evolution of the industry state and that advertising and price choices are made
simultaneously, then the price setting problem is static. The optimal markup M, is such
that profits are maximised, given its own demand-shifter w;; ;, the markups and demand-

12



shifters of the competitors { My ; +, Wk it} ke Jiok#j» and the distribution of consumers over the

awareness sets MM = (M;+(Z))zep(g,.,), and taking into account that individuals’ spending
shares are given by

o o—17"1
L Whit Mt
it = [ (AoM;i0) twi? iy gii, 18
SI,ji.t (AoMjie) w“’ﬁZ( ) <Mk,z‘,t) 1 "

ez \Wiit
The equilibrium markups are given by:

9 _ _ 3. it
o—1 75t
Mijip ===

L= 8ji

Z M;t(Z)pjiiect,jit s (19)

? With §]7Z7t = I’j’i7t
Dj,itYj,ist

ZePi(Tie)
where 55, is the sales-weighted average of firm j customers’ share of expenditure in industry
i allocated to good j.

Note that in a standard oligopoly model with Bertrand competition, the optimal markup is
given be the expression in but with the market share s;;, instead of 5;;,. So, while
the optimal markup in a standard oligopoly model with Bertrand is increasing with size,
this is not necessarily the case here. Here, the markup depends on the composition of the
customers, not in the size: a smaller firm can have a higher markup if a larger fraction of its
customers spend a larger share of expenditure on it. However, the model will still predict
that, within an industry, larger firms have higher markups. The intuition is as follows: a
firm that entered earlier had more time to accumulate customers (so older firms will be
larger); but also, since as time passes consumers get aware of more goods and advertising
is undirected, then a firm that enters later will get consumers that, on average, know more
goods (and we have seen that customers with more alternative goods spend a smaller share).
So, within an industry, larger firms will have customers that on average spend a larger share

of expenditure, and thus they set higher markups.

Advertising choice. Each firm chooses dynamically its advertising expenditure e;;¢,
taking into account (i) the advertising expenditure choices of its competitors {ex i+ }res , k25
(ii) markups { My, ;s }rez,; (iii) the time consumers spend on media, 73; (iv) the law of motion
of the industry state; and (v) that the actual advertising space purchased by each firm is given
by . In practice, given that in equilibrium p, ;. is such that total advertising expenditure
in industry i exactly purchases o units of ad space, then, in all industries with more than
one differentiated firms, «;;, will be given by the second argument in , and so there will
be an anticompetitive motive to advertise: by increasing e;;,, firm j will achieve to increase
the actual price for advertising space and thus reduce the advertising space of competitors,
which will reduce the probability consumers learn about competitors. In industry states
with only one differentiated firm, there is trivially no anticompetitive motive because there
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is no competitor and so the unique firm has no incentive to spend more than p,;:c, and so
in such industry states o, will be given by the first argument in ([2)).

Given that I focus on Markov perfect equilibrium, then the firm problem can be expressed
in recursive form, with the value of the firm being a function of the state. Given that profits
are linear on F;, by guess and verify, the value of the firm is also linear in F;. Therefore,
defining Vj(ji,t,Mi,t) = VJTit, Cjit = e%_;t’ Pajit = pzli’t and Wj(wj,i,t>u7i,t7Mi,t) = % and
using the Euler equation and that in the stationary equilibrium it will be T, = T, we can

write the dynamic firm problem recursively as
08) = e 7)o+ 21, 7,30

s.t. {ék}kEJ\{]]w {Mk}k€j7 T7 @7 7 7 7 7

We can decompose the FOC into the three motives to advertise: the informative motive
(increase p;), the anticompetitive motive (decrease p;/, j' # j), and the persuasive motive
(increase sz j,; for Z € P;):

8ej 8,0]' c’?aj c’)ej i apj/ 8aj/ 8ej
S~~~ —_— !
Persuasive Informative . T .
motive motive Anticompetitive motive

In section [3.2 T show how the intensity of the three motives evolve with firm age.

2.2.4 Entrepreneurs problem
The entrepreneurs in an industry (7, M ) choose N, to maximise their expected value:

. - 1

v(J, M) = max {~New+ BzeEeVe(j’ Ufe} M) |, st ze = 6,2, (21)
where E.V, <j "U{e}, M ) is the expected value of being a new firm conditional on successfully
creating a new differentiated good (so, the expectation comes from the uncertainty on which
of the J incumbents will survive). Then, the equilibrium labor employed in entry in an

industry (7, M) will be:

2
N, i) = ( % oR,V, (77 utel, M’)) (22)

2w

2.2.5 Stationary distribution.

In the Appendix I prove that, for any aggregates w and T given, with their associated
solutions of the firms and entrepreileurs problems {04].’( 750 Ne,( 7. 1\71)}7 the probability that
an industry is at a given state (J, M) converges to an ergodic distribution (existence), which

is independent of the initial state (uniqueness), and satisfies that the set of different states
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realised, call it €2, is at most countably inﬁnitem

By Law of large numbers, this implies that the economy converges to a stationary distribution
associated to the aggregates w,T. Let 1.7 57 be the mass of industries in state (7, M) e
in this stationary distribution. If w,T" are consistent with this stationary distribution, then
we are in the stationary equilibrium.

Computationally, the stationary distribution is a complicated object, and the method used
to obtain it, described in Appendix [6.11] is a computational contribution of this paper.

In Appendix ?7?, I provide plots that help visualize the stationary distribution for the cali-
brated model.

2.2.6 Media sector problem.

Given the symmetry of media firms, consumers allocate their media time 7" equally among
the media firms, and production firms allocate their advertising expenditure equally among
the media firms. Therefore, all media firms have the same profits, and so each media firm
has positive profits if and only if the overall profits in the media sector are positive. Then,
since there is free entry into the media sector, profits in the media sector must be zero in

equilibrium; so, the equilibrium (), satisfies:

! G Q)
/ Z éj7i7tEtdZ’ + thm — Wt (A) =0 (23)
0

J€Tit

where recall that NV, is the labor in media employed by the public sector. In the stationary

equilibrium, ); = @) is constant.

2.2.7 Labor market clearing.

The labor market must clear, that is, the amount of labor supplied has to be equal to the
labor demanded by the production firms, media firms and entrepreneurs. Without any loss
of generality (just a change in the units we measure labor), I can normalize labor supply N
to 1.

1
1=N = / > Njie+ Negy | di+ Niy (24)

0 \se(oudi,
where Nj ;¢ = %@?Fl, and N.;; and N,,; are given by and , respectively. This
pins down the equilibrium relative wage w;, and verifies that it is constant in the stationary

16Note that I have not formally proved whether the solution of the firms and entrepreneurs problems is
unique. One could prove unicity by imposing restrictions on how the players make their decisions.
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equilibrium.

2.2.8 Aggregate output and representative consumer conditional on age.

Define the aggregate consumption good as the geometric mean of the individuals’ aggregate
consumption goods; that is In Ct = fol In C,dl. Using the definitions of Cyp; and Cj,y,
together with cp;,; = %w and cpoi = SgoztAow , and interchanging the integrals
over ¢ and i, we obtain the level of the consumption good:

o—1
o -1 ST (7.0 \
mC=-lmd+ > wIM) M@= ((81,07(771\7)‘40) T D W < ’

(T, M)eq IeP(J) jez Mj,(J,JV?)
(25)

The aggregate price index of the economy is P; such that P,C; = E}, and it is the numeraire
(i.e. P, =1). GDP in the economy is given by Y = F + Z 1 N, (7 WE.
(T, M)EQ
Finally, note that applying a law of large numbers to the continuum of industries, two

(J,M)

consumers with the same age will have the same level of aggregate consumption good. That
is, although they will differ on their awareness sets for particular industries, at the aggregate
level they will have the same distribution of awareness sets. This points to a potentially

interesting extension where firms can target consumers based on the observable age.

3 Quantitative analysis

3.1 Calibration

In this section, I describe the calibration of the model, and the details of the data sources
and how the moments are computed are provided in the Appendix One of the main
components of the model is firms’ customer base accumulation, which has a strong relation-
ship with firm size, both in the model and in the data, as pointed by the empirical literature
cited in the introduction. Therefore, it is important that the model reproduces the evolution
of the average firm sales growth by age, in order to calibrate this customer base building
process. In particular, I target the constant and the linear coefficient from the fitted line
of the plot of average firm relative sales growth by age. Also, as shown in section [3.2] the
intensity of the different motives to advertise varies with firm size, so the coefficient from a
regression of advertising expenditure and sales is a good candidate to discipline the model.
To compute these three moments I use Compustat data. Given that firms typically enter
Compustat a few years after their foundation (and certainly not with zero customers as it is

assumed in the model for new firms), for the computation of the model-implied moments of
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these three targets, I assume that firms in the model are unobserved until they are at least

five years old.

I estimate the model for the US at an annual frequency and set the consumer discount rate
to f = 0.98. T also set (i) 6 = 0.01 corresponding to the mortality rate of 1% in the data,
(ii) the concavity parameter for the persuasive advertising v, = 0.2972 is taken from (the
inverse) Cavenaile et al. (2024a)), (iii) given that public sector spending on media repre-
sents roughly 0.008% of US GDP, dividing this by the (capital-adjusted) labor share, I set
N,, = %, and (iv) I set k = 0.1151 corresponding to the entry rate in the data. Ac-
knowledging the difficulty to find good proxies for the utility value of media goods, I leave
the weight of the entertainment good on the utility function, v, uncalibrated and all the
exercises involving welfare are made for a range of values of v. This leaves 8 moments to
estimate: the elasticity of substitution parameter, o; the relative productivity of the small
firms producing the generic goods, Ag; the scale parameter for the persuasive effect of ad-
vertising, v,; the scale and convexity parameters for the informative effect of advertising,
(15, 1.); the exogenous learning probability, p; the scale parameter regulating the creation
of new products, ¢; and the aggregate productivity of the media sector, A. Apart from
A, which can be derived directly from [23]| using the target values for aggregate advertising
expenditure and labor shares and the fraction of time in media, the rest of the 7 parameters
are estimated jointly through a Simulated Method of Moments estimation procedure. Apart
from the three moments described above concerning the average firm growth by age and the
relationship between advertising and sales, at the aggregate level, I target the sales-weighted
average markup and standard deviation, the aggregate advertising expenditure as a percent-
age of GDP, the fraction of time spent in media, and the labor share. Given that there
is no physical capital in the model, for comparability, I take the labor share as the share
of labor income among labor income and profits, following Cavenaile et al. (2024a)). Table
summarises the results of the calibration. Panel A reports the parameter values, while
Panel B reports both the model-implied moments and the empirical ones. The model does
well in matching the moments. In addition to the targeted moments, the calibrated model
also features an inverted-U relationship between advertising expenditure and relative sales
as documented in Cavenaile et al. (2024a).

Note that Compustat is not the ideal dataset to discipline the growth pattern of firms in the
model for the following reasons. First, firms do not automatically enter Compustat when
they are born, and they may enter at different stages of the life cycle. Second, contrary to
the model, firms may grow by expanding to new geographical markets or new product lines.
Figure 1| plots the average firm relative sales growth rate both in the model and in the data.

Note that in the model, if a firm had a constant p,; (this is the case of a firm that has always
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Table 1: Parameter values and targeted moments

A. Parameters

Parameter Description Calibration Value
6] Discount rate External 0.98
Preferences o CES consumption Internal 5.0625
v weight of leisure Uncalibrated -
Persiasive Vs Scale parameter Internal 0.1250
Ve Convexity parameter External 0.2972
Vs Scale parameter Internal 0.2194
Learning Ve Convexity parameter Internal 0.4500
p Exogenous learning Internal 0.1000
) Mortality rate External 0.01
Media sector A productivity media firms Internal 3.2087
N, public sector media External 9.5705-107°
Generic good Ao Productivity Internal 0.5047
. K Exit rate External 0.1151
Entry /Exit ) Entry scale Internal 0.6422
B. Moments
Moment Data Model
Sales-weighted average markup 1.3498  1.3281
St.Dev. Markup 0.3460  0.3479
Labor share (capital-adjusted) 0.8359  0.8392
Advertising/GDP 2.2%  2.1535%
Fraction of time in media 0.552 0.552
Intercept (firm growth, age) 0.0784  0.0831
Linear(firm growth, age) -0.0061 -0.0063

Linear(adv. exp, market share) 0.6710  0.6501

Notes. Panel A reports the parameter values. Panel B reports the simulated and empirical moments. Details
on data sources and how this moments are computed can be found in the Appendix

been the single differentiated firm of the industry), then growth would be monotonically
decreasing, pushed by a mechanical force: given that the population is constant, as the
firm’s customer base expands, the growth rate slows down because (i) a given increase in
customers has a smaller relative impact, and (ii) there are fewer non-customers remaining.

Things get noisier when there are other competitors and there is entry and exit.
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Figure 1: Average firm growth by age

growth rate
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Notes. This figure displays the average firm relative sales growth by age both in the data (blue) and in the

model (red). Given that firms typically enter Compustat a few years after their foundation, for comparability
I assume age 0 in Compustat corresponds to age 5 in the model.

3.2 Advertising motives and firm age and size

In this section, I quantify the share of the incentives to advertise attributable to each of the
three motives and examine their relationship with firm age and size. The intuition is clear:
smaller or younger firms—those that are unknown to most consumers—have more potential
customers to acquire. In the extreme case, a firm known by all consumers would have no
incentive to advertise for informational purposes. Conversely, the anticompetitive motive,
which is about retaining market power over the current customers by reducing the probability
that they learn about competitors, becomes stronger as the customer base grows. A firm that
is unknown to all consumers also has some incentive to prevent them from learning about
other firms (since it internalizes that these consumers may eventually become customers, and
thus wants them to know as few goods as possible), but intuitively, the incentive to prevent a
consumer from learning about a competitor is higher when the consumer is already a current
customer rather than just a potential one. Finally, the persuasive motive also tends to be
bigger in older or larger firms. Intuitively, if advertising persuades current customers to

spend more, the increase in revenue will be larger if there are more customers.
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The decomposition of the FOC of advertising expenditure in allows us to see the share
of the firm’s marginal value of advertising coming from each of the three motives. Using this
observation, Figure [2 displays the share of the marginal value of advertising attributable to

each of the three motives for all the firms in the stationary equilibrium. Three observations
Figure 2: Marginal intensity of the advertising motives by age
Informative Anticompetitive Persuasive
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Notes. This figure displays the values from the terms of the FOC corresponding to the informative motive
(left panel), the anticompetitive motive (middle panel) and the persuasive motive (right panel), for all the
firms in the stationary equilibrium, where the relative size of each dot indicates the share of this firm type
in the stationary distribution.

can be drawn. First, that there is significant heterogeneity, which indicates that age is
far from being a sufficient statistic. This shows that industry dynamics play a key role
(i.e. competition matters). Second, despite the variability, it can be observed that the
informative motive is negatively associated with age, while the anticompetitive and the
persuasive motives are positively associated with it. Finally, firm age appears to play a
particularly important role in distinguishing the motives during the first 5-10 years of a
firm’s life.

By aggregating the previous shares, weighted by total industry advertising expenditure, we
obtain an indicative breakdown of the advertising expenditure attributable to each motive.
This exercise suggests that 57.81% of the incentives correspond to the informative motive,
while 33.74% correspond to the persuasive motive and 8.45% to the anticompetitive motive.
Figure [10] further repeats this decomposition exercise conditional on the number of firms in
the industry. This reveals that the persuasive motive is more important as the number of

competitors increases.

Because of the positive link between firm age and size (either sales or customer base, see
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Figure , we obtain qualitatively similar plots when firm size is used instead of age. This

numerical result is further supported by the following analytical result:

Proposition 1 If distribution MS is obtained from M, by adding {j} to the awareness sets of
some consumers (that is, formally, if]\%, M, satisfy May(ZU{j})—M(TU{j}) = M1(Z)—M>(T) >0
for everyZ € P_; = {Z € P|j ¢ I}), then (for now, the proof is keeping the advertising
choices fized):

1. Firm j’s informative motive is smaller in My. That is, the informative motive is

stronger in smaller firms.

2. Firm j’s anticompetitive and persuasive motives are bigger in M,. That 18, both the

anticompetitive and the persuasive motives are stronger in bigger firms.

Proof. See the Appendix [ ]

3.3 Counterfactuals shutting motives

How do each of the three motives affect the aggregates? Is the anticompetitive motive nec-
essarily bad? What are the aggregate effects of shutting down advertising? This section
addresses these questions. To do so, I compare the baseline economy with three counterfac-
tual scenarios. The first is an economy where firms neglect the anticompetitive motive; that
is, they don’t internalise that by increasing their advertising expenditure they are effectively
reducing the amount of consumers who learn about competitors. To be precise, this is done
by removing the anticompetitive component from the firm’s first order condition. In the
second counterfactual, in addition, firms also neglect the persuasive motive; that is, they
don’t internalise that advertising increases current customers’ spending. In the third one,
the informative motive is also shut down, meaning firms don’t advertise at all, and so con-
sumers only learn through the exogenous probability; i.e., p;;; = p. This exercise illustrates
what the economy would look like if firms neglected some of the motives to advertise. Such
negligence alters firms’ decisions, which in turn also has general equilibrium consequences.

Table [2] reports some relevant statistics for the counterfactuals and the benchmark. The sec-
ond row shows the level of the consumption good assuming that the persuasive advertising

is deceptive (i.e., consumers make their purchasing decisions based on w;;,, but then they

frerive AuilitnieR i %ggeﬁé)without the anticompetitive motive, smaller firms face less com-
petition for advertising space, allowing them to grow faster, which increases competition
and consequently lowers markups. Additionally, improved growth prospects increase en-

trepreneurs’ incentives to create new products, driving up the entry rate. However, these
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Table 2: Comparison of counterfactuals with firms neglecting the anticompetitive and/or
the persuasive motives

Benchmark No Anticompetitive Only Informative No motive

C 0.7260 0.7268 0.7226 0.6049
C no taste shifter 0.6898 0.6916 0.6935 0.6049
Q 0.5150 0.4860 0.3536 0.0314
Adv/GDP 2.1535 1.9137 1.0054 0
w 0.8392 0.8376 0.8345 0.9010
Avg Number of Firms 1.4148 1.4233 1.4406 1.1087
Sales-Weighted Average Markup 1.3281 1.3260 1.3135 1.1698
Coefficient advertising vs market share 0.6501 -2.5961 -15.0744

Notes. In the 'No Anticompetitive’ counterfactual, firms make their decisions neglecting the anticompetitive
motive; in the ’Only Informative’ counterfactual, firms neglect both the anticompetitive and the persuasive
motives; and in the 'No motive’ firms neglect all the incentives to advertise, so they don’t advertise and
there is only the exogenous learning, p;;: = p.

positive effects on C' are mitigated by a negative general equilibrium effect. Removing one
incentive to advertise decreases the demand for advertising, which in turn reduces aggregate
advertising expenditure, leading to a lower supply of media goods. As a result, consumers
spend less time on media, meaning they are less exposed to advertising, which renders ad-
vertising less effective. This explains the negligible overall effect on O[] Therefore, although
the anticompetitive motive has an overall negative effect on consumption, it is not necessar-
ily the case that welfare would be higher in a counterfactual economy without it, due to its
contribution on the provision of media goods.

The counterfactual where, in addition, the persuasive motive is shut down suggests that the
persuasive motive has an overall positive effect on consumption. The second line shows that
this positive effect is due to consumers enjoying the advertised goods more. Similarly to the
anticompetitive motive, shutting down the persuasive motive allows smaller firms to capture
a larger share of the advertising space, which increases entry and lowers markups. Moreover,
as in the first counterfactual, although shutting down the motive has a significant effect on
firms’ advertising decisions (in this case, advertising expenditure falls by 47.46%), its effect
on C'is very modest. Thus, on the aggregate, both motives matter mostly through media
goods.

Finally, the last counterfactual shows that shutting down advertising would decrease con-
sumption by 16.68% relative to the benchmark. In this counterfactual, the media sector only
receives revenue from the public sector. In this counterfactual, firms’ customer base only

grows via the exogenous learning. This implies that, in the equilibrium, the differentiated

1"Relatedly, in the Conclusion I discuss that the current specification of pji,¢ may exhibit excessive
diminishing returns.

22



firms will tend to be smaller, which decreases the incentives to enter. Given that there are
fewer differentiated firms and that they are, on average, smaller in size, the generic goods

capture a larger market share, which drives the average markup down.

4 Welfare: Planner Problem and Taxation

In this section, I first identify the sources of inefficiency in the model and then solve the
informationally-constraint planner problem and compare it to the decentralized equilibrium.

Finally, I examine taxation on advertising.

4.1 Social planner problem

The model is inefficient for several reasons. First, the dispersion of markups typical in
oligopolistic setups leads to labor misallocation in the production sector. Second, when
choosing their advertising expenditure, firms do not internalize the entertainment value of
media goods, which are financed through advertising. This points to an underprovision
of media goods, as in Greenwood et al. (2024). Additionally, there are three sources of
inefficiency coming from the advertising choices that are characteristic of the current paper:
the anticompetitive motive, the lack of full appropriability, and business-stealing. Note
that we can distinguish between inefficiencies in the level of advertising expenditure (or,
equivalently, in the prices of advertising space or in the provision of media goods) and
inefficiencies in the allocation of advertising space. In this sense, the anticompetitive motive
points to too much advertising and shifts the allocation of advertising space toward older
firms. The lack of full appropriability, meaning that firms cannot extract the full surplus,
pushes towards having too little advertising. Finally, business-stealing here refers to firms
not internalizing the losses from the reduction in the consumption of other goods when
consumers learn about their product, which pushes toward excessive advertising, especially
in industries with more competitors. Moreover, there is also inefficient entry, again due to
lack of appropriability and business-stealing.

To assess the importance of these inefficiencies, I solve the following planner problem and
compare the resulting equilibrium with the decentralized one['¥ The planner has full control
over production, media, and entrepreneurial decisions but cannot affect consumers’ behavior;
that is, the learning process and the choices regarding consumption and media time remain

as they are in the decentralized equilibrium. Its goal is to maximize aggregate utility, with

18This is work in progress. Given that there are numerous sources of inefficiency, a more insightful exercise
would be to compare allocations where the planner takes control of one additional decision.
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all individuals weighted equally. Formally, the planner solves:

max U= Zﬁt / [lnCy + L] dl

{Nn,6,Nj a6, Ne i tPj,0,6,05,i,6
s.t. Cyy from (§), Cy,r from @, ce it from (1), and L4 from [ with 7; = Q;  (Consumer choices)

1
Yjit = Nj,'i,t7 Yo,i,t = AONO,i,ta Qt = AN?%,t (Production fU.IlCtiODS)

1
1= Np:+ / Z Njit+ Neie | di =F, (Resource constraints)
J€{0IUT; +

Z Qi = ) 1 4), 1 4), 1 (Learning process)
JETi
1
Zeyit = ¢Nez’m, , (Entry and exit)

I leave the details of the solution in the Appendix [6.9) The planner sets prices equal
to marginal cost times a markup (or a tax) that allows the planner to pay for the labor to
produce the media goods and for entry. That is, p;;; = Tw,/A;, with 7 = E;/(w,N/"), where
N/ is the labor used in the production sector.

For the dynamic problem of advertising and media, as in the baseline model, I focus on
the stationary Markov perfect equilibrium. The social planner has to decide on (i) how to
allocate the ad space among the differentiated firms of each industry, «;;;, (ii) how much
labor to allocate to the media sector, N, ,, and (iii) how much labor to allocate to creating
new products in each sector, N, ;.

First, let’s see the social planner choice of «;;;. The allocation of the ad space has to be
such that the marginal social gain of increasing the ad space given to each firm is the same,
since otherwise we could improve the allocation. Formally, letting InC; ; = fol InCy; dl be the

total consumption good of industry i, and Uy = i B'EInC;, be the expected life-time utility
t=0
derived from an industry whose current state is X; it must be

OlnC ORUx' Op; . .
DXt X 9Pi X _ hx for some hx and all j € Jx, together with Z ajx = (26)

JEIx

Baj,x apj’x 8aj,x

Note that the anticompetitive motive plays no role in the social planner’s allocation of «; x,
as the planner directly chooses the ad space occupied by each firm. So, in deciding whether
to give more ad space to one firm over another, the planner only considers the utility gains
from informing more consumers and from enhancing customers’ taste for that good.

Second, let’s see the social planner choice of N,,. The planner takes into account that by
employing more labor in media it will increase the aggregate quality ) of media, which has
two effects: (i) it increases the level of entertainment L; and, by increasing the time spent
in media, (ii) it increases the consumption good by increasing the probability of learning

goods. The optimal N,, is given by

m = — <UQ2 —+ Z th> (27)

Xe
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Note that, unlike existing literature, here the planner values the provision of media goods
even if their entertainment value was negligible (i.e. even if v = 0), due to their role as
a vehicle for spreading product awareness. Finally, the labor employed in entry in each

industry satisfies:

P 2
N.x = (qﬂ;ﬁ (EUxs — EQUX/)> (28)

where E.Ux: (resp. E_.Ux/) is the expected industry-utility conditional on successfully
creating (resp. not creating) a new differentiated good (so the undertainty comes from the
probabilities the incumbents exit). The relative wage is w = 1 as consumers spend all the
income they receive, which is w. The labor market clearing, using 49| and 27| pins down N:

1=N"+N.+ N, (29)

Figure |3| compares the planner economy with the decentralized one for different values of
the relative utility weight of the entertainment good, v. As expected, as v increases, the
planner puts more weight on producing media goods, at the expense of consumption, which
eventually is lower than in the decentralized equilibrium. More interestingly, when v — 0
(that is, when spending time on media doesn’t provide any direct utility gain to consumers),
the supply of media qoods is larger in the decentralized equilibrium, which seems to indicate
that, when v — 0, there is too much advertising. However, it is important to remind that
there are inefficiencies both in the level of advertising expenditure as well as in the allocation
of the advertising space. Therefore, this doesn’t mean that welfare in the decentralized
equilibrium would improve if all firms reduced their advertising expenditure proportionally
to emulate the same () as in the planner’s equilibrium. In other words, the inefficiencies
from the misallocation in the advertising space may be mitigated with the ‘overprovision’ of

media, through its effect on learning.

4.2 Taxing advertising: Uniform tax

Given that the decentralized equilibrium is inefficient, this section explores the welfare gains
from the uniform tax on advertising that maximizes welfare. Here, in addition to e;;+, firms
pay T.€ji: as taxes to the government, which are distributed as transfers to consumers.
Figure 4| depicts the effect of this tax on final output, the quality of media, and welfare for
different values of v. As expected, the higher the entertainment value of media, the more
valuable a subsidy on advertising becomes, as it magnifies the inefficiency arising from the
fact that firms don’t internalize the entertainment value of media goods. More interestingly,

recall that we have seen that the decentralised equilibrium supplies more media than the
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Figure 3: Welfare comparison of the planner and decentralised allocations
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Notes. This figure displays the difference in final output (upper-left panel), in media time (upper-right
panel), and welfare (bottom panel) between the planner’s equilibrium and the decentralized one, relative to
the decentralized one.

planner’s equilibrium in the case of v — 0, which seems to point to an overprovision of
media. Actually, it turns out that even when v — 0, the optimal tax is a subsidy. This
suggests that the ‘overprovision’ of media, via increasing the time spent on media and thus
the effectiveness of advertising, mitigates the inefficiencies from the misallocation of the
advertising space. However, the welfare gains from such subsidy are very modest. This
is despite the fact that increasing the tax significantly reduces time on media and that in
section [3.3| we have seen that shutting down advertising has a sizable effect on C'. The reason
these findings are compatible with the negligible effect of the tax in the model is due to the
diminishing returns in p;;; that is, setting 7" to 0 would have sizable effects, but a partial

reduction of 7" has a small effect on the probabilities p;; ;.

4.3 Age-dependent tax

The observation in section that the informative motive is decreasing with age, whereas
the persuasive and anticompetitive motives are increasing with age, together with the fact

that they have different welfare implications, leads us to think that we may achieve significant
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Figure 4: Welfare under uniform tax on advertising
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welfare improvements by considering an age-dependent tax rather than applying the same
tax to all firms. Assume now that firms pay 7y if their age is less than the age cutoff a, and
To if their age is greater than or equal to a. In particular, for this exercise, I have set a = 3;
this means that firms receive different tax treatment during their first three periods of life
compared to afterwards.

This differential policy treatment makes the vector of ages of the firms an additional
state. Note that firms that are at least a years old are indistinguishable by age; if all firms
are older, then the firm problem is identical to the baseline with a uniform tax. However, for
a; < a, we need to keep track of the particular age a;; i.e., how close a firm is to a makes a
difference. So, if (ay,...,ay) is the vector of ages (from older to younger), then the relevant
age state is @ = (a1, ...,ay), where a; = min(a;, a).

Figure || illustrates the effect of this age-dependent advertising tax on (i) consumption, (ii)
consumption if we assume that the persuasive effect of advertising is deceptive (as described
in[3.3)), (iii) media quality, and (iv) welfare for two values of v. However, as with the uniform

tax exercise, in the current version of the model, the gains from such a policy are minimal.
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Figure 5: Welfare under age-dependent tax on advertising
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5 Concluding remarks

The informative and persuasive aspects of advertising are widely accepted: firms may adver-
tise to mitigate some information friction by informing consumers, but also to shift market
shares from one firm to another. On top of this, I highlight that the fact that consumers’
attention is limited introduces a novel motive to advertise: firms may want to divert con-

sumers’ attention away from competitors.

The two main contributions of this paper are, on the one hand, to develop a novel model
that accommodates these three motives in a single framework, and, on the other hand, to
solve a dynamic model of informative advertising where asymmetric firms play strategically
in a dynamic game. Thus, the model allows us to think about how firms build their customer

capital and how they interact with competitors’ customer capital.

I first use the model to examine how the motives evolve along the firm’s life-cycle, their
contribution to total advertising, and their aggregate effects. The informative motive, which
accounts for around half of the incentives to advertise, is stronger for younger firms, as these
are less known. The persuasive and anticompetitive motives, which are stronger in older
firms, while relevant from the firms’ perspective, have an almost negligible effect on aggre-
gate consumption. Instead, they mostly matter through the provision of entertaining media
goods, as they significantly contribute to total advertising expenditure. However, completely
shutting down advertising leads to a considerable 16.68% reduction in consumption Finally,
given that there are several sources of inefficiency in the model, I compare the planner’s

allocation with the decentralized one, and study the welfare gains from taxing advertising.
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I find that advertising should be subsidized, although the gains are small.

Two considerations are relevant in understanding the modest effect on aggregate consump-
tion both when only some motives are shut down and when advertising is taxed. First, as
explained in section there is a general equilibrium effect that mitigates their impact.
Second, the model features inherent diminishing returns to advertising: as more consumers
become informed, fewer consumers remain to be informed. Therefore, the assumption that
the probability of learning also exhibits diminishing returns may imply that the diminishing
returns to advertising are too strong, so changes in the exposure to advertising have little
impact on learning. This is work in progress, and my plan is to see how the results change

using a different specification for the learning process.

29



References

Argente, D., Fitzgerald, D., Moreira, S., & Priolo, A. (2023). How do entrants build market
share? the role of demand frictions. American Economic Review: Insights, forthcom-
mng.

Bagwell, K. (2007). The economic analysis of advertising. Elsevier.

Cavenaile, L., Celik, M., Perla, J., & Roldan-Blanco, P. (2024b). A theory of dynamic prod-
uct awareness and targeted advertising. Journal of Political Economy, Revise and
resubmit.

Cavenaile, L., Celik, M., Roldan-Blanco, P., & Tian, X. (2024a). Style over substance? adver-
tising, innovation and endogenous market structure. Journal of Monetary Economics.

Cavenaile, L., & Roldan-Blanco, P. (2021). Advertising, innovation, and economic growth.
American Economic Journal: Macroeconomics, 13 (3), 251-303.

Dinlersoz, E. M., & Yorukoglu, M. (2012). Information and industry dynamics. American
Economic Review, 102 (2), 884-913. https://www.aeaweb.org/articles?id=10.1257/
aer.102.2.884

Einav, L., Klenow, P. J., Levin, J. D., & Murciano-Goroff, R. (2022). Customers and retail
growth. Review of Economic Studies, Revise and resubmit.

Foster, L., Haltiwanger, J., & Syverson, C. (2016). The slow growth of new plants: Learning
about demand? Economica, 83(329), 91-129.

Gourio, F., & Rudanko, L. (2014). Customer capital. The Review of Economic Studies, 81
(3), 1102-1136. https://doi.org/10.1093/restud /rdu007

Greenwood, J., Ma, Y., & Yorukoglu, M. (2024). “you will:” a macroeconomic analysis of
digital advertising. The Review of Economic Studies, forthcoming.

Ignaszak, M., & Sedlacek, P. (2023). Customer acquisition, business dynamism and aggregate
and growth. The Review of Economic Studies, Revise and resubmit.

Manzini, P., & Mariotti, M. (2014). Stochastic choice and consideration sets. Econometrica,
84(3), 1153-1176.

Molinari, B., & Turino, F. (2018). Advertising and aggregate consumption: A bayesian dsge
assessment. The Economic Journal, 128(613), 2106-2130.

Rachel, L. (2024). Leisure-enhancing technological change. mimeo.

30


https://www.aeaweb.org/articles?id=10.1257/aer.102.2.884
https://www.aeaweb.org/articles?id=10.1257/aer.102.2.884
https://doi.org/10.1093/restud/rdu007

6.1

Appendix

Calibration Appendix: Data sources and Computation of mo-

ments

. Sales-weighted average markup, sales-weighted standard deviation of markups,

labor share, entry rate, and aggregate advertising expenditure as a percent-
age of GDP. Taken from Cavenaile et al. (2024a). Following Cavenaile et al. (2024a)),

given that there is no physical capital in the model, I target the labor share among la-

: : wl _ _wlL wl4nm  _ _wL _ _rK ).
bor income and pl"OﬁtS. Given that wLhtm+rK = wl+m wl4+n+rK ~— wL+mw ( wL+7r+rK)’

then, the target used is obtained from dividing the labor share by one minus the capital

share. In the model, given that labor supply is normalised to 1, then labor share equals
w.
The entry rate in the model is the average number of new firms (i.e. the average

probability of creating a new product).

Fraction of time in media. According to Statista, people in the US spend on
average 7H1 minutes per day in media, which corresponds to the 0.521528 of time.
Note that in this measure of media time multitasking is counted separately; that is: it
counts the time spend in media while also doing other activities (e.g. commuting to
work, breaks at work, listening a podcast while cooking or running), and duplicated
media time when using multiple forms of media simultaneously (e.g. watching the TV

while using a phone will count double).

Coefficient of a regression of advertising expenditure on relative sales. This
and the growth by age moments are computed using Compustat data for the time
period 1976-2018. Both in the model and in the data, I take the logarithm of advertising
expenditure and then I standardise it by subtracting their means and dividing by their
standard deviation for comparability. In the data, I regress the standardised logarithm
of advertising expenses on relative sales of the firm in its SIC4 industry, controlling
for the same set of controls used in Cavenaile et al., namely: profitability, leverage,
market-to-book ratio, log R&D stock, firm age, the coefficient of variation of the firm’s
stock price, the number of firms in the industry, and a full set of year and SIC4 industry
fixed effects. In the model, I regress the standardised logarithm of advertising expenses,
Da,it€jit, on market shares, s;;,, with industry fixed effects. Table |3 shows the results

of the empirical regression:

4. Constant and slope of the fitted line of average firm relative sales growth
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Table 3: Advertising and relative sales in the data

log advertising expenses

] 0.671
Relative sales (0.0448) %%+

R? 0.6056

N 40,007

Notes. Robust asymptotic standard errors (in parenthesis) are clustered at the firm level. The sample period
is from 1976 to 2018. The regression controls for profitability, leverage, market-to-book ratio, log R&D stock,
firm age, the coefficient of variation of the firm’s stock price, the number of firms in the industry, and a full

set of year and SIC4 industry fixed effects.

by age. In Compustat, I define age as the number of years since the first appearance
of the firm in Compustat. First, for comparability with the model, where there is no
aggregate growth, I compute growth rates of relative sales of the firm in its SIC4 indus-
try. Second, firms in the data may experience big jumps on sales through expansion
to new markets or via mergers and acquisitions, and I am interested in the average
evolution of firm growth in the absence of such disruptive events; therefore, I drop all
the observations of a firm posterior to a big change in their relative sales. In particular,
if a firm’s relative sales increase by more than 100% or decrease by more than 50%,
this observation and the posterior ones of this firm are dropped. Then, I take the
average firm relative sales growth grouping all the observations with the same age. In
the model, T redefine age by subtracting 5 (as I am assuming that age 5 in the model
corresponds to age 0 in Compustat). Given the average firm relative sales growth by
age, Jq, 1 define the fitted line g, = By + P1a, where a is age. The coefficients 5, and

[, are the targeted moments.

5. Calibration of the public sector financed media N,,. According to the US
Government Accountability Office, the federal government spent $14.9 billion over the
last 10 fiscal years (2014-2023). Then, I use that federal governments spent roughly
$1.49 billion per year. In addition, federal appropriations for CPB (Corporation for
Public Broadcasting) amounted to $477 million in fiscal year 2023. So, the estimate
I use for public sector spending on media is ($1.49 + $0.477) billion, which I divide
for the US GDP in 2023, $27360 billion. This gives 0.008% of GDP, which divided by
w = 0.8359 gives the N,,, = 9.5705 - 10°.
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6.2 Visualizing the stationary distribution

Figure [6] depicts the industries with only one differentiated good. Recall that for such
industries industry state is fully characterized by the mass of consumers that know the
only differentiated good. For industries with two differentiated goods, the industry space is

3-dimensional. Figure [7] depicts such industries in the stationary distribution.

Figure 6: Industry states in industries with one firm
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Notes. This figure displays the industry states in industries with only one differentiated firm. The size of
the dots is proportional to the frequency of the industry state in the stationary distribution.

Figure |8 shows the distribution of firm age and the distribution of the number of dif-
ferentiated firms in the industry. Due to the assumption that firms exit with an exogenous
probability k, the frequency of firms with age a is 1 — k times the frequency of firms aged
a — 1 (the ones that will survive). The fact that the frequency of industries with three firms
is relatively low reassures us that we are not making a significant error by limiting the model

to a maximum of three firms.
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Figure 7: Customer bases in industries with two firms
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Notes. This figure displays the customer bases of the two firms in industries with two firms, with the customer
base of the older firm in the horizontal axis, and the customer base of the younger firm in the vertical axis.
The size of the dots is proportional to the frequency of the industry state in the stationary distribution.

Figure 8: The distributions of firm age and number of firms
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Notes. This figure displays the distribution of firm age in the left panel and the distribution of the number
of differentiated firms in the right panel. Age is shown up to age 19, as age 20 includes all firms aged 20 or
more.

34



6.3 Additional Figures

Figure 9: Average Coct-Per-Click (CPC) in Google search ads by industry

Average Cost-Per-Click (CPC) by Industry
10 T T T T T T T T T T T T T T T T T T

Average CPC ($)

Notes. Adapted from Wordstream (2023). This figure displays the average CPC in Google ads by industry,
calculated by dividing the overall cost of a campaign by the number of clicks it received. Each individual
click has a different cost as it’s determined by the Google Ads auction algorithm.

Figure 10: Decomposition of advertising incentives by motive conditional on age
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Notes. This figure displays the average shares of the incentives from the FOC attributable to each motive,
weighted by industry advertising expenditure and conditioned on the number of differentiated firms in the
industry.
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Figure 11: Customer base and market share and age
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Notes. This figure displays the relationship of age with customer base (left panel) and market share (right),
with the size of the dots indicates the share of this firm type in the stationary distribution.

6.4 Preferences
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(for the case 0 = 1, limg_,; S— — = limg_,; &L c—t +limgy1 705 = Inc + limg_, 755)

We can already plug Cy; into the objective functlon.

The FOCs read:
Uy 0Ce 0Cy;+

Crit] = We,tPj,it
[eest] 0Cy+ 0Cy ;1 Ocp jit petPs,
1 1 1 1
¢ 3Cu _ X OChiv _ o T -
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We can break down the FOC into three conditions, by defining Py, ; as Py;1Coit = €Ty, CliitDiits
1 . "
and Pf,t as P@’th’t = fO Cgﬂ"tpiytd@:
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1
Pyt

. X x _ P T 5 X
the previous condition that g, = S° C’“ “ , we get: C4C)y % = it = Criv=Cui\ 57 )
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1

and plugging it into the definition of Cy;, we get Py, = (fl gll txdz) . Note that if Cobb-Douglas
(1e X = 1), then EZ,t = Pf,tCZ,t = Pf,i,tcf,i,t~

Uy, 0Cp:y 0Cy.i. OE;, . . . o

3. BCe . DCe. 7 Devsr ; = ,LLg tBer, 0t = MetPiits where using from the previous conditions that pe; =
1 o

t x _ Ptz it Poit o . Pijit R ) we,j,i,tPeit
8 Ce, 0t " and C’[ tC(’ it = B, veget: 5 C/ itCo i tWliit = B, — Cljit = Crip ( Prit ) )

and plugging it into the definition of Cl;+, we get: Py = (p(l)_l‘; + Zjezg L Wi tpm ‘t’) =
The FOC for assets is:
[ag,i+1] : per = (14 re1) e e+1

From the first one, using that ., = 5 Ce “ , we get the Euler equation: Bth GP 1 -
(14 rieq) [J’HlC’M +1P£7t 1> which assuming ¢ = 1 (i.e. logarithmic preferences on Cy,), then
the expenditure choice is independent of the price indices (so, the awareness set just affects
the intratemporal allocation of expenditure).

So, assuming xy = 6 = 1, we have:

_ o—1,_—o , o
Cogit = Eet Py, v ;5190 it

E
ol B(L+ri41)

Eo:
where F, is the expenditure of individual ¢. So, the growth of expenditure is symmetric
for all individuals (and the level is also identical if all individuals start with the same level
of assets).
Since the individual is characterised by the awareness set, from now on I use the subindex
Z, instead of £. The share of expenditure of each consumer on each good they know is: sz ; =
g = Py = D Bl = (3) 7 (2) " D () (2)]

DiAj.
L

1 l—0o 1 o MkA]> l—0o (wk)a
" (MjA0> (%‘) ,;L, (MjAk W)

Next, the choice of media time is straightforward: 3 Le L =v(Qt—Tys), so Ty = Q. And so,

optimal leisure as a function of ) is: L} = U&

-1

So, using the definition of markup M, =

-1

6.5 Proof that ) =0 allows a simpler state

Setting 0 = 0 allows a simpler sufficient state:

If individuals don’t die (or forget), then, given that learning is independent for each good,
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we have that a sufficient information that allows us to identify the industry state is the mass
of consumers that are aware of good j for each j € J;;. Intuitively, the reason why ¢ > 0
doesn’t allow this simplification is that the fact that consumers die with positive probability
breaks the independence of the events of being aware of a particular good. That is: given
that the older the consumer the more likely she is aware of the good, then, knowing that the

consumer is aware of a good allows us to get a better guess of the consumer’s age.

Proposition 2 If 6 = 0 and M;; is the mass of consumers aware of good j, then the

distribution of consumers over the awareness sets is given by M; (Z) = [ Mju [1(1—M;)
JET J¢L

Proof. By induction on t. Set ¢ = 0 as the first period a differentiated firm enters. Then,

it is trivially satisfied for ¢ = 0. We’'ll see that if it is true for ¢ — 1 that M,, (Z) =

H Mj,it—l H (]_ — Mj,it—1)7 then 1t is true fOI' t that Mz,t(I) = H Mj,it H (1 — Mj,it):

jET 4T jez J¢T

By the law of motion of consumers:

M;y(Z) = (1 -9) Z M, 1(Z') H Ph,it—1 H(1 ~ Phit—1)
7'cl keI\T' k¢TI
Using the induction hypothesis:
M;4(Z) = (1 -9) Z H Mj it H(l — Mjit—1) H Pkit—1 H(1 ~ Phyit—1)
T'CT jer’ JET keZ\T' k¢T

Note that [ (1 —M;u—1) = [] (1 —Mju-1) [I(1 — M;i—1); so, we can write it as:
JeT’ JEINT J¢T

M;(Z) = (1-9) Z H M H (1 — My io—1) prii—1] H[(l — My i-1)(1 = pri—1)]

T'CT jeT’ keZ\T’ k¢

And using that it holds [] (a; +b;) = > I @, [] b;; then, we have:

= ICT jeT = j¢T

Mi(Z) = (1= 0) [ [ M1+ (1 = Mjs1)pjiea] [ JIU = Mise-1)(1 = pria)]

jeT k¢T

On the other hand, the law of motion of My ;; is:

Miip=1=0) M1+ (1=0)(1—Myit—1)prit—1 = (1= Mi—1)(1—priz—1) =1— Aﬁ(;

So, if 9 = 0, we have, as wanted:

M;(T) = H M; i H(l — Mjit)

JET i€z
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6.6 Production Firms

6.6.1 Derivatives of profits and expenditure shares
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And substituting %%f’;:

1. With binding limited ad space (i.e. J > 1):

s ; ST,k,i00S (1-sz, )a”c 1
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’ ZePj; & ot kel ’ ’ ’
vs(Toy;)
. With non-binding ad space (i.e. J =1):
ve—1

G = (1= M) S MT)owan T esn i e

86]',1' Wj,iPa,i

6.6.2 Extension: Persuasive effect as in Cavenaile et al.

Here, wr i+ = = éi(ylsgti%;)it)"c) With this, now the derivatives with respect to e,
i'e
Owrji vs(Tye i)’ ve 1+ vs(Trejip)™e vs(Tye i)’ ve
o T Wi Ve o T WIji v g (30)
deji 14 vs(Tiejin)™e €ji > (L4 vs(Tiejin)ve) 1+ vs(Tiejie)™ €
J'eT
Z (1 —+ Vs(Ttej/,iﬂj)Vc)
vs(Tvejit)™ Ve j'#i (31)
L.gid 1+ Vs(rfte] 7 t) € €54 Z (1 + Vs(Ttej’,i,t)Vc)
V=
OWT ki _ 1+ vs(Thejit)™ vs(Thejin)™ Ve
(9(3]-71- Z (1 + l/s(Ttej/J’J)VC) 1+ l/s(Ttej’i’t)VC €5

J'€T

And recall that 95 = (1 — M3} ¥ M(Z)%Ee, %50 — (1~ s7,) 22—, and

de:: ' Owr ;g
TP, i 25t

S _SI,JZSIkzwII”' S0

i 7 _ Os ig ow ki
-t :(1_Mj,i1) Z Mi(I)Z&i
’ ke

Owr i Oei;
ZePj,i 7 Lok J5t

And using the previous expressions we have:

Z (1+V3(Tte i’ it )VC)

05z ji OwT ji __ vs(Tyej i)’ . i'#i
Oowz ji Oeji O-SI’]’Z<1 5Z.5, Z) I4vs(Trej,i)e €j,i Z (Itvs(Tieyr ;,)v)
j'eT
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057,50 Owz,k,i 14+vs(Treji,6)7c vs(Treji6)"c b,
. 2 p— 28 29 C
Z 0wz ki Oeji =2 TS5, ST ki Z (I+vs(Trejr ;1)) 1tvs(Tieji)ve )it

k#j J leT
_ - - . Vs(Ttey i t) < Ve 1+V5(Tt€] i, t) ¢
- Usfw(l ST.gi = ST08) Ty Tty a7 et S (b (Tics ;7]

JGI

So, adding them, we get that:

onj; vs(Tyejir)’s v, WI,j.i
Jyit s\LtCj0,t c Z,7,%,t
o =1-M;; ) E M; (T)osz jim—7""—7 1 =570t — 8T,0it—r— (33)
9¢jit 5 Lt vs(Tieji) e, #1

it

6.6.3 The effect of learning about another good on s7;, and the demand elas-
ticity
Proposition 3 Ifj € Z C T, then:

'Z' SZ:.]:Z > SZ,7j7i

Pji Oczji
cz,5,i Opji

|€I,j7i| < |€I’,j,i|; where €T,ji =

Proof. If j € T C 7', then, since wy;, My,; > 0 for all firm k and o > 1:

Z WE M iq o-1
K 7,
SI,j,i = (A()MJ i + ( ) < )
kez \ Wi M.i
_ 1 —1
O'— g—
WE, M, WE, ./\/l,
> o+ 30 (20) (F2) - 2 () () | =
i kel 75t ki kET\T Wyi ki
. Pia Oczja 331,1, _ Oszj5i Opji _ 1 ez i _
For 2, define ez j; = . , and note that = oM = B |CLii + Pjia | W=
ST ji ) . s I,],z . .
M—”(l + ez;:). And using the expression for o, n[6.6.1 we have:
ST,j,i ST,j,i
- (0 =11 =sz,5) = (L+e€zi) = erji=—0+s15(0—1)
Mj,i Mj,i

So, using 1, we have j € Z CZ' 0> ez, > € j; ®

6.6.4 Derivation of optimal markup:

871'] i . 8’u)N]'Y1' BNj,i 802] i
0= apu =Vt (p“ ~ N, Ggy ) 2zer; MilD) Ty
On the one hand: 2225 = ¢; . | —op ! + (0 —1) —190Pr: | _ CLji |54 (0 — 1)k 9Pz
Op; — CZ.4,4 pj’l ) apj,i - PI,i apj,,

5,3 Pj,i

And apzl = PZ,p;{wy;. So, we have:

Pr,; o—1
0=yji+ (Pia — w) Xzep,, MiT) 52 [—a+(a—1) (ﬁ) w;ﬂ}

o—1
Since sz j; = <@> 7; and multiplying by = B .

Pj,i
0= 55+ (1- Mﬂ)zwﬂ (T)srgil-o+ (0 = Dzl
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Equivalently, we can write it:
0 =1+ (1= 5 ) Sgep,, PELL (g + (0~ 1)sz]
M (Z)CI 7,0
And using that ZIer,i — =
- - -1
1= (1= o)l — (0= D5 = o - (0 Vsl ' =1- 5k

M;(D)ez i . .
Yji L.

=1 and defining §;; = > 7cp |

Rearranging:
1 _ 0'717(0'71)53‘71‘
M;i = o—(0—1)55,

6.7 Derivation of the expression for the FOC:

Derivative of p;; with respect to ¢ ;. g%f = 1/161/137’%04}56_1%

e If J = 1 (ad space not binding), then %%’? = 0, so g%f 0; and 80‘3 = pia, S0:
op; e—1
K{)j = wcwsTQZ)ca?) pia

e If J > 1 (ad space binding), then % = _Zake , SO g%f = —wcwsT“/”Coz;fcflﬁ; and
d ; Dty O d e—1 2 htj @
azj = Z €s Zajes = Xk:#Je k7 50! P] ¢c¢sTwc d} Xk:#J u
Note that since a; = az , We can rewrlte them as: aﬂ = =Y T (Zi%e}fc_lek

) Ve
and 22 — o)), TV (aewe Zk# ek

Derivative of a function of next period vector of masses.

Lemma 1 If f: M’ — R, then we have:

o _ o(I-1)) of oy
1. o 2 M@ X T, [BM'(I'u{m aMf(I/)}

2. For the anticompettive motive, it will be useful:

af __ o(T I/) of of of af
;= Z M(I) I,EPZ =y H:aM/(I/U{j}) - aM’(I’)} - [aM/(I/u{k,m - aM’(I/u{k})H
—j —k,—j
/0T
O(ZU{k T'u{k ) of of
+T M@ MEu) ¥ SRS [ - st
—k.—j —k,—j
7'2T

Proof. First, recall that M'(Z') = > zery MID)O(Z = T').
Next, the derivatives of ©(Z — Z’) wrt p; are:

LT gT: 22522 —¢
2. HZ CT"

(a) If j € T: 80(1%1) =0

(b) If j € T\ T: %ﬂjf“:u—@ I o I (- pp) = 2IRTMID
KETN(TUL}) kT
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() Ijg¢T: 2T (1-6) T[] o [ (1-pp) =220

keT\T  kg(Z'U{j})

Using this, the derivative of M’'(Z') wrt p; is:

. . OM'(T' 00 (Z—T' O(Z—T'\{j
LIfjez: 258~ v Mo H - v u@)E
ZeP_;,ICT ZeP_;,ICT
. . oM (T’ 00 (I—T o(Z—T'
2T O = N M@OEEE -y M@OER
ZeP_;,ICT ZeP_;,ICT

And the derivative of a generic function f : M — R wrt p; is:

af of oM'(T') af  oM'(T') of oM'(T')
Op; £ OM'T) 0p;  fm, OM(T) 0p; o OMI(T) Op
O(Z — I'\ {j}) of o - T)
=y d, MO)—/———— - >, MO)—————
Z'eP; 8M/ I/) TeP_;ICT L=p; T'eP_; oM'(T') TeP_;ICT L=p;

Now we are going to merge the two summations using that P; = {Z U {j}|Z € P_,}
[Proof: from any set Z that doesn’t contain j we can build one by adding j to Z (that is,
{ZU{j}IT € P_;} € P;), and that from any Z’ that contains j we can build another one
that doesn’t contain j by removing j from Z’ (that is, P; = {(Z' \ {j}) U{j}HZ' € P;} C
TUGHT € P},

Using this in the previous expression, we get:

of 0 -1 0IZ—-1)
/Zm > MO 3M,/ > MO =

— 1—
ZeP_;,ICT 1=p; Iep,j,zgz' Pj

O 1) of of
Z Z M(I) 1—p, |:8M'(I/U{j}) _6M/(I/)]

I'eP_; I€P_;, ICT

- o =1 of _of
= > M@ ) 1—p; [aM’(I’U{j}) aM’(I’)]

IeP_; I'eP_;,1'2T

where for the last equality, I have used that {(Z,Z')|Z € P,Z" C 7} = {(Z,7')|Z' €
P.IDT).

8p] 5

This proves the first expression of the lemma. For the second:

First, note that above we have shown that {Z U {j}|Z € P_;} = P;, which implies that
P =P_;U{ZU{j}Z € P_;}. Analogously, defining P_, _; = {Z € P|j,k ¢ Z}, we have:
P_j=P_p—j U{ZU{k}T € P_j _;}, so the previous expression becomes

of _ S wm Y 6(1'—>I’){ of _of ]

05 rep, rep, 17P OM'(T'U{j}) oM/ (T')
I'DT
O(ZuU{k} -1 of o
+ M(ZU{k}) I/GZP | 1—p; OM/(T'U{j}) oM/ (T
I’;Iuyc}
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of _

Ip;

Now, for the first line, I use the following equivalence: for each Z € P_;_; we have
{0 e PI7 21}y = {7 € Pyp—;|7" D I} U{Z U{k}T' € P_y—;,Z" O I}. And for
the second line, I use the equivalence: for Z U {k} we have {Z' € P_;|7' O T U {k}} =
{ZU{k}T € Py —;, 7" O I}.

Finally, I use that for Z,7" € P_,_; with 7' O Z, we have ©(Z U {k} — T' U {k}) =

I oo TI (A=pn)-(pr+1—pr)=0Z =T U{k})+6O(Z —T'). So, I substitute in the first
RET\T  hgI'U{k}

line ©(Z — 7' U {k}) = O(Z U {k} - T' U{k}) — O(Z - T') .

o — 1) of of of of
Ie;ﬁ M(I)fepz-:k -y HaM’(I’U{J’}) - 8M’(I’)] - [5M’(I’U{k7j}) N aM’(I’U{k})H
I’QI)_J
O U{k} =T U{k}) of of
+(M(T)+ M(ZU {k}))I/ PZ | 1—p; [3M’(I’ U{k.j})  oM'(T'U {k})}
T
|
With uncertainty:
> M(T) T CJ
For T' € P(J'), M'(T') = { {ZeP(7)InT'=T'} (34)
0 AT ¢ T

where the first case says that two consumers become identical in industry i if all the firms in

which they differed exit, whereas the second case says that there are no consumers who are
aware of a newborn firm. The last piece of infornation needed to compute expected values is
the probabilities that the set of differentiated goods moves from J to J' C J U {e}, where
e denotes an entrant. These probabilities are given by:

(I—=zesp) Il A=k) JI & ,ife¢J
For J' € P(J Ue)), Prob{J —J'} = jeIng JeINT! (35)
Zeit 11 (1—k) I & ,ifee J’
jeTng’ JET\T
In the model, there is uncertainty on J ', so I am more interested in finding the derivative
of the expected value of a function ¢ : M " — R rather than the derivative of a function

f: M " — R (note that f is defined on M ', that is, the next period distribution if there
weren’t entry and exit, whereas ¢ is defined on the actual next period distribution after the
uncertainty has been resolved). Recall that for each J" C J U {e}, the probability of this

44

oI =T af af O = T' U {k}) af af
L= M2 2= oy ) et - st
o7
O(TU {k} — T'U {k}) of of
PMEUED 3 =y T AT
I’Qlﬁj
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transition is given by Prob{J — J'} defined in |35 and the mapping between M’ and M’ is
given by Fz 7 : M' — M’ defined in :
. M'(T) = > M(I) ,forT' CJ

Fg.7/(M') = {ZeP(T):InT'=1'}
M'(T) =0 for T' ¢ J
Going in the reverse order, each Z € P(J) is associated to Z' = ZNJ" € P(J'); therefore
a(F0.001) iy oy orang _ _oguy

aM'(T) ToMm(z)  OM(INT') om'(z) ~ OM'(INT)’ )
Then, we can apply this to the result of the case without entry and exit and we have:

dg (FJ,J/(JV}/))

O —-1) { dg Jg
9, 2 M 2 T @ g - ar@ng
Note that if j ¢ J’, then this derivative is 0 since in this case 99 99

oM (LGNNI — aM'(T'NT")
With this, the expected value is defined as:

]E9<1\7f) = Y  Prob{J — j/}g(FJ,J’(-]\}/))
J'CTU{e}

Proof of the Proposition For the informative motive it is straightforward from
applying 1 of Lemma [T} together with the note on the Uncertainty case:

ORV;(T', M") dp; , o - 1) v (J', M) AV (J', M) dp;
e A Rl S Prob{J — J'} M(T) : - s
Ap; Oe; j,;a{e} Iezﬂj I,epg;z,gz L—p; |OM/(ZU{GhnJ’') oM(ZT'NJ")| ] Oe;

where the positive comes from the fact that N][’(‘(/JI(Z{]%% 7y > gﬁfé;ﬁ?g, since firm j’s value

increases more if we add a consumer that besides Z' N J’ she is also aware of j (there is
equality if j has exited in the scenario with J’). For the result that the informative motive
decreases if we add {j} to some consumers that weren’t aware, note that the above expression
is a summation over the awareness sets that don’t contain j, and the change described implies
a reduction of the masses in these sets.

For the anticompetitive motive, I use 2 of [I, which together with the note on the Uncertainty
case, implies:

3 (aEvj(J’,M/)) (7%) _

ki Opy

-7
> Y pegoay| Y owm Y 22D
k#j T CTU{e} IE€P k,—j T'E€P_j,—; P

7'D1

V(M) vy ) |
oM/ (T') OM'(T' U {k})

V(I M) av(T, M)
OM(T"U{j}) OM'(T'U{j,k})

<0

. OIZU{j} =T Ui} | aVi(I' M) V;(J', M) dpr,

A M@EmMEuu ) = {aMi(I'u{j})aM/fI'u{j,k})} (-5e) >0
—k,—j T'eP_j, 5

I'DT

>0
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where the negative sign of the first underbrace is due to ( aM/?;u o 8M,(I§¥}U{j,})) >

( ST — T {j,})) (i.e. the firm value clearly is more affected if it is a customer who learns
about another good (since she will reduce the spending in j) rather than if it is a non-
customer who learns about another good). And the positive sign in the second underbrace
is because the value of a firm decreases if a customer learns about another good. So, we see
that the anticompetitive motive increases more if M(Z U {j}) increases rather than M (Z)
(direct from taking the derivatives with respect to M(Z U {j}) and M(Z) in the previous
expression. Finally, that the anticompetitive motive is positive follows from observing that
O —T)=(1-p;))OCTU{j} - T U{j}) <OZU{j} - T U{j}), and then the negative part of
the first line is offset by the second line.

The result for the persuasive motive is straightforward from observing that [33|is a summation

over the awareness sets that contain j.

6.8 Extension: Different definition of the demand shifter. Per-

suasive effect no harm to the taste of other varieties

Here, wj;; = 1+ vs(Tivj;¢)7e. With this, now the derivatives with respect to e;;, write:

6.9 Social planner problem

max U= Z Bt / [In Cy; + Ley) df

{Nnt,t,Nji e 5he,i,t,D5,i,650,i,¢ }

s.t. Cp, from , Cy,i¢ from @, Ce,j,i,¢ from , and L from [ with T} = Q,
yj,i,t = Nj,i,t7 yO,i,t = AONO,i,ta Qt = AN;i’t (Production functions)

JE{0}UTs ¢

Z Qi = g, ) | 4)), 1 4)), 1 (Learning process)
J€Tit
Zejit = qﬁNéi’t, , (Entry and ex1t)

Plugging Cy; and L,, with T, = @) into the objective function and interchanging the
integrals over ¢ and i:

1
1= Ny +/ ( Z Njit+ Ney, t) di = F, (Resource constraints)
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1
max U= / / ZﬁtlnC’htdEdH—Zﬁt
0 0

{Nnr,t,Ne it ,Nj i 6,0,0,6,Q5,4,t =0

s.t. Cp i+ from @, Ce,j,4,t from

Yjit = Nj,i7t7 Yo,i,t = A()Noﬂ‘)t, Qt = AN’IfL,t (PI‘OdUCtiOH fU.DCtiODS)

1
1=Np++ / Z Njit+ Neig | di =FE; (Resource constraints)
JE{O}UJt

Z i = Oy, D 1 4), l 4), 1 (Learning process)
JETi ¢
Zeit = ONZ; 4, (Entry and ex1t)

The planner decides how much to produce for each individual and, accordingly, sets the
prices that induce the consumers to consume these quantities. Let N} be the labor used to
produce all the goods in the production sector. Then, The FOC for cz ;,;; writes:

1 0Cy 90C;y 0Cz;+ ONF aC, 0Ciy 0Cr.i4

g _ B\ 36
lez..¢] e C;0C;; 0C1 54 Det it P 0C; 0C;; 0Ct i Oct jie (36)
1. Dividing both sides 8‘951 8%2’;; gcizjtt > 0, and defining P, =
1 P
— =t = A= (37)
Ct Wy PtCt

2. InC, = fo In C;di. Dividing both sides of by BC” gc(iz” > 0, letting N, be the
BN oC, __ aN

the labor used in sector i, 50 aC = aci, and deﬁnlng Rt = C
1 P P

AT s A= = Ot (38)
Cit Wy PiiCiy P

where for the last expression I have used Plugging C;; into the definition of C,
we get:

1
InP, = / In P; ,di (39)
0

3. nCiy = fo In Cy;,dl. Dividing both sides of by -5 80“ - - > 0, letting Ny, be the the

8N2,t acz,t . aN’L,t . tNE L4, t
labor used in sector i by /, 3Ci: 3Cy.7 = 30y and deﬁnlng Pmt = G we get:
1 P, w b,
= AT A=t = Oy =Gt (40)
Chit wy P i+Coit Py

where for the last expression I have used . Plugging Cy;, into the definition of C;,
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we get:
A 1 A
In P)iﬂg = / In Pg7i7td’l. (41)
0

4. Cy,¢ given bygr Lettmg Ny i+ be the the labor used in good j in sector i by /,
ONgiv 0Ceis it _
0Cy,i.t Oce it e jit

1 1
1 Crit\° 1 Coit\° wy - A\’
325 ) J
—= ) wjit = )‘/T = | /| Wiit= = it = CoitPr i | wiit—
Clriit \Cj,it j Ce,jyist PriiAj wy

(42)

, we get:

where I have used A from . Plugging ¢y ;,+ into the definition of Cy;,, we get:

1

R AO o—1 1 o—1\ '7°
Pri:= (wt> + Zw;i,t (wt) (43)

jET
. > 7 B P )
Since we have Pp;,Cy;; = P;;C; = P,Cy = w, N} and A from then we have:

. AN
P po—1 J P
cz gt = welNy Py (wm,tw ;o Ny = (44)
t

1
A
Comparing this with the consumer choices:

1

o—1 —
CT,jit = EtPIz tPj, ftwj it Pri= pO it 7+ ij i tpj i t
JET
It is straightforward to check that the planner can induce the consumer to consume the

quantities in |44 by setting prices equal to the marginal cost times a markup (or a tax) equal
to the ratio of expenditure to the production costs; i.e. p;;: = 47, where 1, =
J

Ly
thtP‘
The particular level of 7 affects the level of consumption, but not the share of expenditure
allocated to each good, since, as seen in the following expression, sz ;. is independent of 7
(that is, 7 doesn’t distort how N} is allocated among the production goods):

e 1= W
PjitCT 50t A YL, (o j, 4
ST jit = 2 i At — N =Y | T = $75i= T e (45)
T,it TwWeNT ;¢ A;Pr;y AT+ kzzwm
=

Using that ¢z ;; = ANz, = A; NIJ ’NIZ Ajst ZE ; then, we can write C7; as:

1F o—1 o
CI,i,t:;UTt <(A0810m T whia(srin) ") (46)

t kez

and combining this with % = thtP = C’Li,tﬁzﬂ-,t, we get (where for the second equality I
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use I

o—1

o—1 o—1 Wi 7 1
(Aosz0,it) ™ + Y writlszrin) ™ | = 5 = WjitST 501 (47)
T it

kel

Next, I move to the advertising part of the planner problem. We will use the following
derivatives:

Crir 0o o o1 o—1 2 OsTat A 057,0,i,t
= Tt |57, T — § Wkt ST kit ™ g, + A7 870t
o Wi

6wj,i c—1 kel 6(41]‘71'
057 j,it o OST kit o
3 =s75it(1 —8751) : 3 = —ST,j,i,t5T k,it
Wi Wit Wi Wjit
Owji _ e et _ L 0wy
o, = vevsTagi, = 3
it aji¢ OT

The term in parenthesis of the first line can be rewritten as (in the second expression, I

use Z

o—1 o—1 1 1

o—1 g—-1 o—1 o _1 o _1
Wyit E :wkﬂ»tsI,k,i,t Ay S7.0,i,t SIJ,MW, — = (Ww,t wjmtsz,j,i,t) Sljmtw — = (1 SI,j,i,t) 57,5,i40 <0
= 7525t 7,8,

so, the term in the parenthesis is negative. And we have:

OnCriv _ 0 joo (= -1 o (szgid) * 1
Owj i T o 1017” [sz’j’i’t +(o-1) (1 B szvj’ivt) SI’j’i’t} B (CIJM {1 -1 (SI,j,i,t - 1)}
So:

o—1

OInCz;: sTiit\ ° o 1 _

5 AL C’“’ 7 +o (sI”j it~ 1) vevsT oS, A

s . o _ ot i,
i A,

For the dynamic problem of advertising /media, it is useful to define Uy = fol Yoo B InCypdl
as the expected life-time industry-consumption utility of an industry with the current indus-

try state being X.

The social planner has to decide on (i) how much labor to allocate to the media sector,
N+, and (ii) how to allocate the ad space among the differentiated firms of each industry,
Q-

First, let’s see the social planner choice of «;; ;. The allocation of the ad space has to be such
that the marginal social gain of increasing the ad space given to each firm is the same, since

otherwise we could improve the allocation. Formally, it must be gox feit 4 ZCX: _
Js J5 75

for some ﬁX and all j € Jx, together with > o x = ax.
VISNA'S
Second, let’s see the social planner choice of N,,.

37L+ e (X) Z

8Q Xe JjE€EIx

dpjx OT dwjx 0T | 0Q aNm_A

[ﬁaEUX/ 6,0j,x + Oln CX,t &uj,x oT 8@ o
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where 2L = vQ, 8L =1 (if Q < 1, otherwise it is 0). Also, using that 24X = 2px Zpix

Q oQ T 80@',)(7
Owj x __ ajx Owjx 9Q _ Q
o = T vax W aN, = O

—Q = A
dp; x O da, T | PN, ~
XeQ jeTx Pix 3X 3X

OEUx Op; OlnC -
[vm > m(X) Y [ﬁ XX X’t] e

. OEU x/ Opj, x O9InCx .+ _ 7 7 ) . =
and using that 5% g + SRt = hy for some value hy and all j, that 3, o x = ax,

and Q =T, then the condition for N,, writes:

A
’UQ2 + Z thX =—N,, (48)
XeQ ¥

Finally, the labor employed in entry in each industry satisfies:

_1
A= %N& 38(EUx —E_oUx) (49)

where E.Ux/ (resp. E_.Ux) is the expected industry-utility conditional on successfully
creating (resp. not creating) a new differentiated good (so the expectation comes from the

probabilities the incumbents exit).
Using [44] [49] and [48], the labor market clearing condition writes:

2
1=NP+ N+ Ny = A=1+0Q% + Y pu(X) (wlxax + (gﬁ(EeUX, - IE_EUX,)) /\‘1> (50)
Xe

Note that this clearly implies A > 1. Finally, the budget constraint implies the relative wage

is 1, @ = % = 1. Therefore the planner’s markup (or tax) is 7 = = = 75 = A > L.

NP

6.10 Proof of convergence to an ergodic distribution and unique-

ness

Uniqueness:
Let 7 be the first period that we arrive at state J = (), and P;o(X) be he probability that
we are at X after t periods starting from J = (J; then the probability we are at state X

starting from a given state is:

P{X} = Z P{r =k}P,_o{X} + P{r >t} P{X|T > K}

As t — oo, P{T > t} — 0 since every period there is a positive probability that all differ-
entiated firms die and we arrive at J = (). Therefore, this tells us that if P,¢{X} converges

(which later I prove that this is the case), then, the only stationary distribution we can have
18 PO(X) = hmt_>oo Pt70(X).

The set of possible states is at most countably infinite
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This is a consequence of two things: (i) from a given state you can directly move to a
finite number of states; (ii) with probability 1 any industry will pass through the state J = ()
at some point in time. Just as in the proof of Uniqueness, (ii) is telling us that the only
stationary distribution we can have (if any, since I haven’t proved this yet) is the one we
would converge to starting from the state J = ), which (i) tells us that at most will have a
countably infinite number of different states.

Convergence (Existence)

Suppose there are n € NU {oo} possible states and the probability of moving from state

j to state i is a; ;, then the transition matrix is

n
1—=> 0 hajn a1 e a1
0- az,1 1=>imajs az,n
n
an’l an,2 T 1 - Z]:l an7n
Let my = (mqy, ..., myy) be the vector of masses in each state, and call My := my 3 —my =

(Q - ]In)mt; 50 Mi,t = Z[g;&i M tQi e — Myt Zk;&i Q.-
Lemma 2 > 7 M =0

Proof. Given that M, ; = D hoti Mt @ik — Mt D2y Ok; then

Yo Mg =300, [Zk;ﬁi Mt ik — Mt Ek#i ap,i| = Dy Ek;ﬁi Mtk = 35y Ek;ﬁi MitQk,i

=i D ki Tk ik — Dkt D itk Mokt i -

So, we just need to see that {k #ili,k € {1,...,n}} = {i # k|i,k € {1,...,n}}, which is clearly satisfied by
symmetry of the #-relationship.

|

And the following lemma expresses M, for ¢ € N in terms of M;:

Lemma 3 Foranyq € N, My, = QIM,, with M; ., = (1 — Dkt ag) M+ s angMk,t,

where agflk) 1s the probability of moving from k to i in q periods.

Proof. By definition, M;,, = (Q — L,)myy, = (Q — L,)Q%m,; = (Q1 — Q9)m; = QU(Q —
L,)m; = QIM,.

[ |

My main goal here is to study the convergence of M; towards the null vector; so, we want
to establish some result that compares M; to M., for some ¢ € N. Since M, is an n-
dimensional object, it is important to specify under which metric. To see the importance of
this, let’s see a counterexample that shows that not necessarily each component of M, has

to monotonically decrease in absolute value:
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Lemma 4 [t is not necessarily true that |myyq (k) —my(k)| > |myro(k) — myq (k)| for all k.

Proof. Suppose that m; is only non-zero in position i, where m;; = 1. Then

Qi B,
My =(Q —1,)m; = - Zk;ﬁi ki ) My — M1 = B;
Qn,g Bn

s

where B; = a1 (1 = D koti Wk — Dkt ak,j)"’Zke{i,j} aj rak, for j #iand B; = — (Zk# akﬂ-) (1 = D ki ak,i)—i—

D ki Qi ki
Then, we can find a counterexample by just supposing a;; = 0 and that there exists k ¢ {1,7} such
that ay yar,; > 0. Then, we have: |my 41 —mie] = a1, = 0 < aypar; < Zkg{l,i} ay ok = |B1| =

|m1,t+2 - ml,t+1|
|

The norm that will prove useful is |[M|| := ) I?lax {2 kea Myyl}. Define BY := {i €

{1,...,n}M;; >0} and B~ :={i e {1,...,n}M;; < O}

Proposition 4 It is satisfied that max  {|>,ca Miat1l} < max  {|YpcaMiil} = > My
AcC{1,...,n} AcC{1,...,n} keB+

Further, if i € B, j € B~ and there exists { € {1,...,n} such that a,(fi), aéj >0 (¢ can

be equal to i or j, which means that this state has period smaller or equal than q), then

Acr{rﬁ)f,n}{‘ > vea Mit+ql} < Agﬁ?’_‘_,n}ﬂ Y oked Miily =2 pepr My

Proof. First, r{n }{| Y okeda Miil} = > e My, is because Acr{riax }{| Y okea lmiri(k) —my (k)] |} =

max{} ,cz+ Mkﬂf, Zk¢6+ M, +} and the fact that both terms have the same value by Lemma
Now, from Lemma (3| for any given ¢ € N and A C {1,...,n}, we have:

E Miseg= T (1= 3 A Mie + Y af!) M,
ke A ke A J#k

And T group the terms Wlth same M; ;. Let’s focus first on the positive terms (i.e. M;, for i € BT):

e Ifi € BN A, then: (i) for k =i we have the term (1 — > a ) 5.¢; (i) for each k € A\ {i}, we have

J#i
the term a;ingi,t~
o Ifie B\ A: for each k € A, we have the term agz M 4.

Then, the positive terms can be written as:

2o (-pate v od)e £ on(ge)- 2om(i- gat)s 2o d)

—~ 0
ieBtNA J#i ke A\{i} ieBT\A k€A ieBTnA ieBT\A keA

And using that for any i3, ; a,(cq? € [0,1], we have

N2

Z M; ¢ (1 - Z a(q)> + z M; ¢ (Z a(q)> < Z M; ¢ (51)
i€EBTNA k¢ A i€EBT\A ke A i€BT
Analogously, for the negative terms (i.e M, for i € B7):
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o If i € ANB~, then: (i) for k =i we have the term (1 — ) a(q)) M; ¢; (ii) for each k € A\ {i}, we have
J#i

the term aliqg M;

e If i € B~ \ A: for each k € A, we have the term a,(chMi)t
Then, the negative terms can be written as:
> My <1 — Z a§?> + > a,(g)-‘r > My < > agq) = > My <1 -3 a](qu)_’_ > My ( > agcq2>
iEBTNA j 71 ke A\{i} i€EBT\A keA i€EBTNA kg A i€EBT\A keA

So, again using that for any i 3, ; a,(cq) € [0,1], we have

5T

Z (—M; 1) (1 - Z aiﬁ) + Z (—M; 1) (Z a;:;) <- Z M; (52)
i€EBTNA kg A i€EBT\A ke A i€EB—

The first part of the proposition follows directly from the fact that the previous two inequalities for ¢ = 1
imply that for any A C {1,...,n}, we have | >, - 4 M 41| < D e+ Mp.t, and so the inequality is also true
for the maximum.

For the second part of the proposition, suppose the condition holds and I will show by contradiction that we
cannot find any A such that |, . s My 14| < D cpt Mt holds with equality, and so the inequality has
to be strict.

In order for the equality to hold, it must be one of the following two cases:

e Case A: The positive terms are equal to the upper bound, and the negative terms are zero. For this
to be the case, we need: (i) for i € BT N A, Zk¢Aak2 =0; (ii) for i € BT\ A, ZkeAakz = 1; (iii)
fori e BT NA, ka‘akz = 1; and (iv) for B~ \ A, it must be ZkeAag}Z 0
If ¢+ € A, then condition (i) implies that also £ € A, since otherwise we would have the contradiction
0="> 4¢a agﬂ) > agq) > 0. If ¢ ¢ A, then condition (ii) again implies that ¢ € A, since otherwise we
would have the contradiction 1 = ZkGA a,(c,g <1- (q) < 0. Therefore, £ must be in A in order for
the positive terms to reach the upper bound.

Next, if j € A, then condition (iii) implies that £ ¢ A, since otherwise we would have the contradiction
1=3"0a a(Q) <1- a§q) < 1. So, the only possibility is that j ¢ A, but then condition (iv) contradicts
that £ € A, since then we would have the contradiction 0 =, - , a(Q) > a(Q) > 0. Therefore, Case A

is not possible.

e Case B: The positive terms are equal to zero, and the negative terms are equal to the lower bound.
For this to be the case, we need: (i) fori € BYNA, 37, 4 akz =1; (ii) for i € BF\A, > ca a,c ;=0
(iii) for i € B~ N A, Zk¢Aak2 = 0; and (iv) for B~ \ A, it must be ZkeAakqg =1
Analogously as in the previous case, we get to the conclusion that this case is not possible.

If i € A, then (i) implies £ ¢ A, since otherwise 1 =, 4 a(q) <1- (q) < 1. If i ¢ A, then (ii) also
implies that £ ¢ A, since otherwise 0 =", _ 4 akz > aéq > 0. So, it must be ¢ ¢ A.
If j € A, (iii) implies the contradiction 0 =}, 4 a,(c’;- > ag; > 0. But if j ¢ A, (iv) also implies the

contradiction 1 =3, _ , a,(g; <1—ag; <1. So, we conclude that this case is not possible.

]
This proposition tells us that a sufficient condition to guarantee convergence to an ergodic
distribution is that whenever we are not in a stationary distribution, we can find states that

have changed in opposite directions in the previous iteration (period) such that there exists
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some state which can be reached from each of the two states with positive probability in the
same number of periods (in other words, if two points start from state i and j respectively,
there is positive probability they will meet at some future period).

The next definitions and proposition show a sufficient condition for this condition to hold:

Definition 1 A Markov chain is trreducible if for any pair of states i, j, there exvists ¢ € N
such that ag»?i) > 0. (that is, it is possible to get to any state from any other state)

Definition 2 Let the longitude of the shortest path between two statesi,j be d; ; =
min{q € N|a > 0} (that is, the smallest number of periods required to go from one state to
the other).

Proposition 5 In an irreducible Markov chain that contains at least one state t withd;; =1,
as long as we are not in the stationary distribution, it is always possible to find states j € Bt
and k € B~, and a state £ such that ag’;, ag?,z > 0 for some q € N (and so, in such Markov

chain we can guarantee convergence to an ergodic distribution).

Proof. If we are not in a stationary distribution then there are j with M;; # 0, and by
Lemmalthere must be 7 € BT and k € B~. .Let i be the state such that d;; = 1. Then, it is

(a) > 0, which is straightforward. We

sufficient to see that we can find ¢ € N such that a,’ oy k

can check that ¢ := max(d, j, d; ;) satisfies this (intuitively, the first to arrive from one of the
two states then stays with positive probability in i, and at some point the one that started

from the other state will also arrive to i). Without loss of generality, assume max(d; ;, d; ;) =

d; p—d;
di k- azk > 0 by definition of d;;. But also a; dik > g f/ Z(Ciz k= dig) > a; ,}J <a§}i)> 750

[ |

So, in the Uniqueness section I proved that the only possible stationary distribution is the
one we would obtain if the initial sate is J = (0 (if this converges). Now, the previous
proposition tells us that P, o(X) converges, since the Markov chain obtained is irreducible
(if a state is possible, it means that there was positive probability of arriving to it starting
from J = (); and, from any state, there is probability 1 of eventually going back to J = ()
and the state J = () satisfies that the longitude of its shortest path connecting it to itself is

1 (with positive probability there will be no entrant and we stay at J = ().

6.11 Summary of the method to solve the model

1. First, for each possible number of firms J:

e Define the different awareness sets P;. There are 27 awareness sets (think on how

many different ways we can assign {0, 1} to J variables).
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e Define the N; grid nodes we will use, ]\_4’m n =1,...,N;. Each node is a vector
of the mass of consumers in each awareness set. As we have seen, the solutions
of the model are functions of the form f(7, M ) on a continuous m-dimensional
space, with m =27 — 1 (M is (m + 1)-dimensional, but since the masses have to
add up to 1, one is redundant). To deal with this exponentially increasing state
space and alleviate the curse of dimensionality, I introduce a piecewise multivari-
ate Newton interpolation method described in detail in section [6.12} Using this
method, increasing the number of grid points leads to a better approximation,
as in standard univariate methods using a grid and linear interpolation, with the
advantage that the higher degree of the interpolating polynomial allows to reduce
the number of necessary grid points for a given ﬁt.@

Also, note that J has information of the identity of the firm. Therefore, some
nodes are just a reordering of firms, so I use this to avoid solving again nodes that

are just a reordering of a node that has already been solved.

2. Define initial guesses for the aggregate states w and T, as well as initialize the policy

functions for advertising expenditure and entry; that is, assign a value for the grid

nodes {{{e;jn}7. _ N L and entry {{Ne, 30 3

3. Given the aggregate states:

(a) Solve the firm problem:

i. Given the guess of the policy functions for advertising expenditures and entry:

e Solve the static price-setting problem. Note that this has to be updated in
every iteration of the firm problem because the advertising choices affect
the demand shifters w;; ;. This gives us profits and markups at each node:
(M (T, M) 7y (1, M) 12 1y

e Solve for the value function implied by the policy functions of advertising

and entry and the profit function. Note that this implies solving a linear
system on {{V(J, M, )}n 1 § 1

ii. Given the functions for markups and firm value found in the previous points,
{{MJ(J7 Mﬂ)’ Vi (J M )}n l}J IR ComPUte the best responses {{{ej n) e n} l}n 1 (; 1
(i.e. the optimal choice keeping the competitors’ choices fixed). If the differ-

ence between these best responses and the previous guess is small enough, we

20Using piecewise interpolation is important because increasing the degree of an interpolating polynomial
doesn’t necessary lead to a better approximation (Runge’s phenomenon).
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are done (in this case we have found a Nash equilibrium); otherwise, update

the guesses and go back to (i).

(b) Solve for the unique stationary distribution given the solution of the firm problem
(in particular, we need the policy functions for the advertising space {{{;} 3-]:1}7]:21 T
and entry {{N,,})7,}/_, and entry in an industry with J = 0: N,o). For the
details of the method, see section |6.11.1

4. Given the firm policy functions and the stationary distribution, compute the implied
aggregates w and T, using [24] 23] together with 7= Q. If the difference between the
guesses and the implied values of w and T are close enough, we are done; otherwise,

update the new guesses for w and T and go back to 3.

6.11.1 Method used to find the stationary distribution

The method has two parts.

1. In section [6.10] I show that the set of industry states observed in the stationary dis-
tribution is at most countably infinite; and so the stationary distribution is a discrete
probability function defined on a potentially infinite set of points, and so, computa-
tionally, the set of states needs to be bounded some way. In the following I describe
the approach used in the baseline to bound the set of states. As a robustness, I com-
pare the stationary distribution obtained from this approach to the one obtained by
bounding the space by a grid (that is, restricting M to take only values from a grid).

The baseline approach tends to be much faster.

(a) Given that in section I show that the unique stationary distribution is the

one we would obtain if the initial sate is J = (), then:

e [ initialize the List of states with this state. For each state in the List, I store
(1) the number of firms, (2) the vector of masses corresponding to this state,
(3) the vector of ages, and (4) the probability Prob, which I now describe.
Prob is the probability of going from state 7 = ) to the particular state X in
the shortest path from J = @) to X. That is, for this initial state J = (), we
have Prob = 1.

e To facilitate the process of looking up whether we have already encountered
a state before (i.e. whether a state is already in List, I order the states in a
library LibraryStates lexicographically based on (i) the number of active firms,
(ii) the vector of ages, and (iii) the vector of masses. Initially, LibraryStates =
1.
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e [ also initialize iter = 0 and the list of states I will take as starting point in

the following iteration, NewStates;,,. Initially, NewStates; = 1.

e Finally, we need the transition matrix with the probabilities of going from
each state to the others. However, since this matrix is very sparse (the states
are just directly connected to few others) and storing the whole matrix with all
the zeros would be highly costly for memory storage (and solving the system
would also be very slow), I only store the non-zero elements of the transition
matrix in a Library, where each book contains three pieces of information (the
books are ordered lexicographically based on the same order of these three
pieces of information): the row in the transition matrix (i.e., state of origin),
the column in the transition matrix (i.e., state of destination), and the value
in this position of the matrix resulting from subtracting the transition matrix
from the identity matrix. I initialize it as Library = [1,1,1] (the third 1 is
the 1 from the identity matrix).

(b) Then, as long as NewStates;,4+1 is not empty, increase iter by 1 and do the

following for each state s € NewStates;jery1:

i. Calculate the next period vector of masses if there weren’t entry/exit, and the
probability of an entrant. Then, for each of the possible cases of entry /exit,
letting ¢ be the probability of the particular event of entry/exit, I do the

following;:

ii. Look up whether this state is already in List, using the order in LibraryStates.

Here is where I bound the problem.

e If the probability Prob is above a threshold, then I check for an exact
match (that is, they match in the three elements: J, the vector of ages,
and the vector of masses (note that, although the vector of ages is not
a state in the baseline firm problem, it is useful to distinguish it for the

quantitative exercises).

e If the probability Prob is below the threshold (that is, it is a rare state),
then I just check for J and the vector of ages. If there is no state in
List matching J and the vector of ages, then we will treat this state as
a new state; otherwise, I will treat it as if it were identical to the first
state in List with the same J and ages. The intuition is that, although
the vector of ages is not a sufficient statistic (because history matters), it
serves as a good first approximation. The other boundary I set is on the

firm age; in particular, I don’t distinguish ages above a threshold (which
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I set to 20 years old). The intuition is that for firms older than 20 years

old very few consumers remain unaware of the firm, so the error from not
distinguishing older firms is negligible.

iii. If the outcome from the previous point is that it is not a new state, then we

index it by s’ equal to the index of the state we have matched it to and go to

(iv); else, if it is a new state, then we index it by s’ equal to the current size

of List plus one and do the following:
e Add the one of the identity matrix to Library; that is: add [, ¢, 1].

e Add the four pieces of information relative to this state in List. Prob will

be equal to the Prob of state s time gq.
e Add s’ to NewStates;er 1.

iv. Add [s, s’, —q| to the Library. If there is already an element at position [s, s'],
then just add —q.

2. In the second part, we need to solve for the stationary distribution. The matrix found
in the previous step is singular (note that the sum of all the elements in row s is
1—-> pss =1—1=0, where p,y is the probability of moving from state s to §’).
So, vsle need to add a new condition to have a compatible and determinate system: it
is the condition that the solution must add up to 1; so, I add to Library [s,0, 1], for
all the states s. Then, we also need the vector of independent coefficients, which again

is very sparse (there is only one non-zero value), so again I store it in a library called

LibraryB = [0, 1].

6.12 Multivariate Newton Interpolation

First, as a recap of the univariate Newton interpolation, given n + 1 different points (nodes)
defined as a pair (z;, f(x;)) with x; # z; for any j # ¢, then the unique n-degree polynomial
that passes through these n+ 1 points expressed in the Newton basis polynomials (which are
defined as w;(z) = [[is(x — 2x), § = 1,2,...,n and wo(z) = 1) is Py(x) = > = ajw; (),

where the coefficients a; are the solutions of the system (note that w;(z;) = 0 when i < j):

1 0 0 . 0 ap f(fI?o)
1 (iL‘l — [L’O) 0 c 0 ay f(.fl?l)
1 (vg—x0) [l—g(x2 — 1) .. 0 as | = | flxo)
1 (zn — o) Hli:o(xn —TE) ... Z;é (T — k) (n1)x (n+1) an f(x,)
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This system can be solved reducing the system iteratively. To this purpose, note that aq is

already solved: ag = f(zg) so we can forget about row 1 and the rest writes:

f(zo) (x1 — x0) 0 . 0 a f(zq)
f(ffo) N (3 - o) H;lco(m? — ) . 0 a | _ f(@
f (o) (zn — 20) Hi:o(mn — Ty) szo(xn — T) nxn \ dn f(z,)

Next, note that each element of row i in the n x n matrix (the Vandermonde matrix) contains
_ J@)—f(z0)
ol ="

(x; — x0), so we can divide both sides of row i by (z; — z¢) and calling f|x;, © p—

(divided difference) we obtain an analogous system as the initial one but with one dimension

less:
1 0 0 Ce 0 aq f[.]?l, .1'0]
1 (xg —$1) 0 0 Q9 f[l’z,I‘o]
1 (23— 1) Hi:l(fi& — Tk) az | =1 flzs, 2ol
U (an—a1) [Tici(en =) o TLC (20— a) in [ln, o]

nxXn

Now, a; = flx1,x¢] is already solved; so, we repeat the procedure: we pass subtracting the

1 - a; of each row to the right hand side and we divide by the common factor of the left side

(z; — 1), we call flz;, xy, mg] = LeerdSlrurd

T;—x1
1 0 0
1 ((L’g - IL’Q) 0 Ce
1 (24 —22) [[oy(za—x1) ... 0
n—1
1 (2 — 22) Hk o(Tn —ap) ... feo (Tn — Tp)
[terating, in the r-th iteration we will get:
1 0 0 . 0
1 (zp —2r_1) 0 e 0
U (@1 = 2ro1) [lhepoq (@i —2) - 0
1 @a—wrm1) Tl (on —2) b (n — k)

and we obtain:

(n—1)x (n—1)

a2
a3

Qg

(n—r+2)x(n—r+2)

f[x27 Zy, .1'0]
fls, 21, xo]

= f[$47l‘17$0]

fln, 1, 0]

Qyp—1
[e7% f[xrv Tp—2 ...
Ar41 = f[errh Lr—2.-.
Gnp f[xnz Lyp—2...

Summarizing, the coefficients of the newton interpolation polynomial are given by the

flzixi—o,...,;w0]—flTi_1,2i—2,...,%0]

divided differences a; = flx;, x;—1,...,x0] =
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We can extend this to the multivariate case as follows. Suppose we want to interpolate a

function f : R™ — R by a polynomial of m variables and degree n.

Definition 3 (Generating points): For each dimension i = 1,...,m, we define n + 1

points T, k = e {H{zikioo iy are called the generating points.

Definition 4 (Multiindices): Letd = (aq,...,04) € Apyni={a@ € {0,...,n}"| > o <
i=1
n}, and Tz = (T1.a1s - > Tmsanm ) -
The cardinal of Ay, (i-e. the number of different multiindices) is given by N(m,n) =
(”+m) (to see this, you can think of 1%0x{" - - - a8 with Y ;" o = n, which we can transcribe

..1 e H X Ty SO th bl ding th b di t mul-
H#Haxy...o1 .. Hx T, SO the problem of finding the number of different mu

ao a1
titndices 1s equivalent to ﬁndmg the number of different ways we can choose m boxes from

n+m bozes (i.e. the position of the m hashtags), which is ("7™) ).

Definition 5 (Newton polynomial): wz(Z) =

H;:]s

ﬁ( — ik

Definition 6 The m-dimensional Newton interpolating polynomsial of degree n of the

function f is ppmn(Z) = Y, agwa(Z), satisfying f(Zz) = pmn(Za), for all d € Ay, .

OéEAm n

—

Lemma 5 Note that given 3.a e Ao, if Bi — 1 > «, then wg( 5) contains the term

(Ii,ai - x’iai) = O

Oém—l (11—1 k}m k‘"L
Corollary 1 Then, f(Zz) = pmn(@z) = D, - > 1] @Tmam — Tmsn) - 1] (@100 —
km=—1 ki=—1sm=0 Sm=0

x1,81>a’(k‘1+1,...,k‘7n+1)
To allow generality, I define:

Definition 7 Given d = (aq, ..., qn), define:

(i) @%F) = (ay, ..., 0 1.k, iy, ..., ) (i.e. @OF) equals @ except k in position i)
(i1) G = (s, . ).
(Z”) E(Z’k) = (&(i7k_1)7 cee 7(52@’0)7 SR @*(m,am—l)’ cee 70_2(m’0))7 and let g(i70) = g(i—’_l’a“_l_l) and
Bm0) = ¢,
Definition 8 (Divided dz'ﬁ'erences ):

. Oti—l a1 — 1 z’ k’l )
f[o_"aﬁ(l’b)] = > - > I @mam = Tmsy) o T (@10, — $1,81)a(k1+1 ..... ki+1,80) if i > b;

ki:b—l ki=—1s;=b s1=0
and f[a .5 @] = fla, BO—19] otherwise.

Note that by Comllaryl and since @™ = (), then f[a ,Bm 0] = f(Z5). The algorithm
to find the coefficients ag is defined as follows:

60



1. Start setting i = m and b = 0.
2. If there is some @ € A, ,, such that a; > b, then:

(a) For all the & € Ay, such that a; > b: Noting that f[@0), 309] contains all the
terms of fla ﬁ(’ D] with k; = b — 1, and so the remaining terms will all contain

(i, — Tip); then:

fla, garo) = 4 (@, F0D)] — flatb), o)

Lo — xi,b
a;—1 ar1—1 k1
= E E H Trmn,om — Trmsm) * H (1,00 — 371781)@(1“4_1 ,,,,, ki+1,8()
i =b k1=—1s;=b+1 s1=0

(b) For all the & € Ay, such that a; < b, then f|&@, 0] = fl@, f0D)] (satisfies
the definition since a; < b <b+1, so f[d ﬁ (,6+1) ] fla ﬁ )] fla. 5(1 10)]

Set b="0b+ 1, and go back to step 2.

3. If oy < b for all & € Ay, (which is satisfied if and only if b < n), then make
fl@, B0 = fl&@, 0], and set i = i — 1 and b = 0. If i = 0, we are done;
otherwise, go back to step 2.

All is left to do is to show that the f[a@, 5©9] = ag for all @ € Apm,,. Given that the
divided difference of a just changes when we apply (2a) to it, then it is sufficient to see
that in the last time that we select @ for (2a) it is f[@, F0PD] = ag; since then it will be

f[av 5(0 0)] = f[&a ﬁ(l b+1)] = ag.
Proof. If we have used ag in (2a), it means that o; > b, which implies that exactly one of

the following s true:

1. a; > b+ 1, in which case ag would also be selected in the next iteration, contradicting

1t was the last time it was selected;

2. a; = b+ 1, in which case ag it is the last iteration for variable i that ag is selected. In

this case there are two possibilities:

e oy > 0 for some k < i, in which case in iteration (k,0) & would be selected,

contradicting the hypothesis.

e a5, =0 for all k < i, in which case we have:
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k1

a;—1 a1—1  k;
fla, g(i’bﬂ)] = Z T Z H (Tm,am = Tmysm) " H (T1,0, — xl,81)a(k1+1,...,ki+1,&<i))
ki=a;—1 ki=—1si=q; s1=0
a;—1 -1
= H (wm,am - xm,sm) T H (3317&1 - 1’1,51)@(0’_“70’%7&@))
Ssi=q; 51=0

= Q,...,0,04,6(1) = da
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