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1 Introduction

Recent decades have seen the emergence of large digital platforms, such as Alphabet, Amazon,
Apple, Meta, and Microsoft, that cater to two or more user groups. Some of their activities have
been increasingly scrutinized by legislators, competition watchdogs, and regulators. The assess-
ment of competition policy and regulatory interventions requires a framework of oligopolistic
platform competition that accommodates platforms of different sizes. What is more, asymme-
tries are also a common feature in platform markets in which Big Tech is not present. Yet, as
Jullien, Pavan and Rysman (2021, p. 522) note, “the literature still lacks a tractable model
of platform competition in asymmetric [...] markets.”! This paper aims to filling this gap by
proposing a tractable yet flexible model of asymmetric oligopolistic platform competition.

We model platforms as firms that bring together users from two groups. Each user cares about
the participation of other users in their own group and/or in the other group; for example, some
firms provide competing software services that are made available to business and private users
and each user benefits from improved functionality as the number of other users of the service
increases. Every user in the same group obtains an average maximal utility (when network
effects play out fully) that is adjusted by the realized network size plus an utility realization
of their idiosyncratic taste. Then, each user makes a discrete choice between the different
(asymmetric) platforms; in other words, each user single-homes.

More specifically, we consider a multinomial logit demand model augmented by network
effects. While, for tractability reasons, most of the theoretical literature assumes linear network
effects, we assume that user benefits depend on the logarithm of the sizes of the two user groups;
this is a specification widely adopted in the empirical analysis of network effects and platforms
(e.g. Ohashi, 2003; Rysman, 2004, 2007; Zhu and lansiti, 2012). In line with our modelling
choice, according to practitioners, the incremental benefit of additional users typically declines
with the user level; for instance, Chen (2021, p. 256) writes: “... network effects become
less incrementally powerful. In eBay’s case, when you search something like ‘Rolex vintage
daytona,” the product experience (and associated conversion rate) improve dramatically as you
add the first few listings. It might even continue with a first few dozen. But you don’t need
the search to return 1,000 or 5,000 listings ...”

Platform competition with single-homing by users of each group is of high theoretical interest
because platforms directly compete for users in each group. It formalizes real-world markets
when heterogeneous users make a discrete choice between different systems, standards, or ap-
plications, and the providers of such offers price discriminate between user groups. An example

is competing software packages with offers for business and private users that are subject to

'We removed the words “and/or partially covered” from this quote. In Section 5.2 we address partial coverage.



network effects. Another is competing cloud storage services that are offered to business and
private users where network effects arise due to file-sharing possibilities. Yet another is en-
terprise resource planning softwares (e.g. by Oracle or SAP) that cater to large and small
enterprises.

Platforms are heterogenous with respect to their costs and the average value they offer to
users (after controlling for network effects). They simultaneously set participation fees for both
user groups to maximize own profit. A platform’s profit function depends on the vector of all
the platforms prices for both goup; in our setting it can be rewritten as one that depends on two
choice variables and their aggregates, which are the sum of the respective choice variables over
all platforms. We show that there exists an equilibrium in the pricing game and provide several
characterization results; in case of multiple equilibria, these equilibria are ordered. In line with
earlier work (Armstrong, 2006; Tan and Zhou, 2021), the fees set by each platform in each
group feature a “discount” to attract users in the same or the other group, triggered by within-
and cross-group network effects. New to the literature, we also establish conditions under which
the higher-quality platform sets higher fee for both user groups than a lower-quality platform
and conditions under which it does not.

Exogenous platform entry necessarily increases consumer surplus if there are no cross-group
network effects. In the presence of cross-group network effects, in our setting, one or both of
the user groups benefits from entry; however, it is possible that one of the groups suffers.

Under endogenous entry, the number of fringe platforms depend on market conditions and
the strategic choices of incumbent platforms. For example, a subset of incumbent platforms
change the quality of their offers for at least one group of consumers. Under free entry such
that some fringe platforms are active, we show that, under a weak condition, after a change of
quality offered to one or both user groups by one or several incumbent platforms, one of the
two user groups is better off, while the other group is worse off — this present a strong and novel
see-saw property.

Turning to the analysis of partial compatibility, we show that better compatibility in some
situations increases and in others decreases consumer surplus if there are no cross-group network
effects; this result already holds under symmetry and extends to asymmetric networks. We also
discuss how better compatibility tends to affect the two user groups when they are connected

through cross-group network effects.

Related literature This paper contributes to the literature on (two-sided) platform competi-
tion. The literature on platform competition has examined the importance of network effects
in platform competition (see Jullien, Pavan and Rysman, 2021, for a review of the literature).

Prominent early works with two-sided single-homing include Armstrong (2006), Tan and Zhou



(2021), and Jullien and Pavan (2019). Armstrong (2006, section 4) proposes a model with
linear cross-group network effects and two symmetric platforms within a Hotelling setting on
each side and examines the pricing implications of cross-group network effects;?> Tan and Zhou
(2021) examine the welfare property of free entry equilibria in a model with general network
effects and symmetric platforms; Jullien and Pavan (2019) examine the pricing implications
in duopoly with linear cross-group network effects when platforms and users face uncertainty
about the distribution of users’ tastes and derive insights regarding the platforms’ information
management policies. As a methodological contribution, we analyze a oligopoly model with
asymmetric platforms and two-sided single-homing as an aggregative game.

Earlier literature focused on platforms catering to a single user group characterized by direct
network effects. Contributions within the multinomial logit setting include Anderson, De Palma
and Thisse (1992, chapter 7.8) and Starkweather (2003), both of which assumed linear direct
network effects. In these settings, there is no explicit solution for the participation game with
asymmetric platforms.® As a special case of our framework, we characterize the unique price
equilibrium under asymmetric platform competition and direct network effects.

In our analysis we make use of the aggregative game property of our model. Platform
competition with two-sided single-homing implies that we cannot resort to a single aggregate
in contrast to the oligopoly models analyzed by Anderson, Erkal and Piccinin (2020) and Nocke
and Schutz (2018) as well as the platform models in Anderson and Peitz (2020, 2023). In our
construction, profits can be written as a function of a platform’s actions (such that there is a
one-to-one relationship between actions and platform fees) and the corresponding aggregates
as the sums of the actions over all platforms; thus, we work with a two-dimensional aggregate.

We provide more specific references below.

The paper is organized as follows. In Section 2 we present the model. In Section 3.1, we
characterize participation equilibria for any given platform fees and show that there is a unique
interior equilibrium; we identify this as the unique asymptotically stable participation equilib-
rium and use this in the subsequent analysis. We then express profit functions as functions of
two choice variables and their aggregates and express user welfare as a function of the aggre-

gates (Section 3.2). In Section 3.3, we show that there exists an equilibrium of the platform

2For an empirical application to the German magazine market, see Kaiser and Wright (2006). The model with
asymmetric platforms is used to analyze platform taxation (Belleflamme and Toulemonde, 2018) and the
relationship between profits and market shares (Belleflamme, Peitz and Toulemonde, 2022). Sato (2021b)
also looked at the relationship between profits and market shares, albeit in the oligopoly model with logit
demand that we develop here.

3The operations research literature has looked at monopoly pricing and assortment problems in the presence of
direct network effects and multinomial logit demand; see e.g. Du, Cooper and Wang (2016) and Wang and
Wang (2017). Wang and Wang (2017) include an explicit solution of the participation game when network
effects are logarithmic.



pricing game and provide several characterization results. In Section 4, we provide compara-
tive statics results with respect to platform entry, incumbent platforms’ “quality” under free
entry, and partial compatibility. In the main analysis we postulate full market coverage and
that each platform sets a price for each group; in Section 5.1 we show how our analysis can
be applied when platforms charge only one user group; and in Section 5.2, we show how our
analysis extends to an environment with partial coverage in which some users in each group

choose an outside option. Section 6 concludes. Proofs are relegated to the Appendix.

2 The platform oligopoly model

Consider M > 1 platforms competing for users from two groups, A and B. FEach platform

i € {1,..., M} charges a membership or subscription fee p} € R to users from group k € {A, B}.
A

We consider the game in which, first, platforms simultaneously set participation fees p, p? and
then a unit mass of users from both groups simultaneously decide which platform to join. We
solve for subgame perfect Nash equilibria (applying the selection criterion detailed below). In

the following, we describe the platforms’ problem and the user demand model.

2.1 Platforms

Each platform i incurs a constant marginal cost c¢& > 0 for serving group-k users. We denote
platform #’s number of group-k users by nf and the vector of prices for group k by pF =
(p%,...,p%,). Then, we can write platform i’s profit as m;(p?, p?) = (p* — cnd(pt, p?) +

(pB — cBYnB(pA, pB), where nt and nP depend on the fees set by all platforms for both groups.

2.2 Users

A unit mass of users from each group decide which platform to join. Each user’s utility from
joining a platform consists of a maximal value of the platform, network effects, and an idiosyn-
cratic preference for the platform. Formally, the utility of a group-k consumer from joining
platform ¢ is given by

uf = af — pF + aFlognk + pFlognl + £F. (1)

The first term af — pF is the expected value of platform i for group-k users if all users from both
groups joined this platform, where a¥ represents the “quality” of platform i for group k. The
second and third terms, o*logn¥ and 8*logn!, capture within-group and cross-group network
effects, where o € [0,1) and 8 € [0,1) are the parameters that represent the importance of

platform-specific within-group and cross-group network effects, and n¥ and n! are the number



Notation \ Meaning

k,l indices for the two user groups

a¥ group-k quality of platform i

cF marginal cost for group-k participation on platform ¢

Pk group-k fee of platform ¢

n¥ group-k network size of platform 1

ok parameter for within-group network effect of group £

o parameter for cross-group network effect enjoyed by group k

Table 1: Notation

of group-k and group-I(# k) consumers who join platform i. We call n¥ group k’s network size
of platform i. We note that the chosen logarithmic specification of network effects is broadly
adopted in the empirical literature (e.g., Ohashi, 2003; Rysman, 2004, 2007; Zhu and lansiti,
2012).4

The last term, eF, is an idiosyncratic taste shock from an i.i.d. type-I extreme value distri-
bution. We assume that network effects are not too strong, that is, o + 8! < 1 hold for any
k,l1 € {A, B}. Thus, max{a®, a®} + max{s4, 38} < 1. Table 1 summarizes the notation.

In e-commerce marketplaces, sellers and buyers constitute the two user groups and parameters

4 = aP = 0. Here, there are mutual

B4 and BP are positive, while, in the simplest version, a
cross-group network effects since buyers are attracted to platforms with many sellers and sellers
to platforms with many buyers. On an ad-funded social network, advertisers and members
constitute the two user groups A and B, respectively, and, in its simplest version, 54 and o
are positive and a? = B8 = 0. In words, members benefit from interacting with each other,
but do not care about advertising, while advertisers seek network members’ attention, but do
not care about fellow advertisers. For a discussion, see Belleflamme and Peitz (2021).

For given network sizes (nf', n?), group-k consumer demand of platform i can be written as

k

exp(at — pb) (7F)* (nt)”

nk:Pr(uqu’?foraHj#i): - =
’ 5Ly explaf = o) ()™ ()"

7

This is the multinomial demand structure with network sizes endogenously determining plat-

form quality.

4Most of the existing theoretical literature postulates linear network effects (e.g., Armstrong, 2006). However,
in many real-world applications a strictly concave function looks more plausible.



3 Equilibrium analysis

We first characterize the participation equilibrium at stage 2 for given platform fees. We then

analyze subgame perfect Nash equilibria of the price-then-participation game.

3.1 Participation equilibrium

In a participation equilibrium, network sizes n¥ on the left-hand side are equal to 7} on the
right-hand side of equation (2.2) for all k € {A, B} and i € {1,..., M}.

Due to complementarity in platform choices, there may be multiple participation equilibria,
an issue pointed out by Anderson et al. (1992, chapter 7.8) and Tan and Zhou (2021), among
others. In the present setting, equation (2.2) indicates that whenever consumers expect 71 = 0,
such an expectation will be self-fulfilling. Therefore, there are several equilibria in which some
platforms are chosen with probability zero.

We will first characterize the equilibrium in which all platforms have strictly positive demand
for both groups and then show that this is the unique equilibrium under a selection criterion

that we will formulate below. We call such an equilibrium an interior participation equilibrium.

Proposition 1. For any prices (pf‘, ...,pAM,pf, ...,pﬁ), there exists a unique interior participa-

tion equilibrium. Equilibrium participation levels are given by

exp[T*(af — pf) + T (a} — p})]
M
ijl eXp[Fkk(ag? - pf) + Fkl(aé — pé)]

nt(p) =

(2)

forallie {1,...,M} and k,l € {A, B} with | # k, where T** and T* are given by

1—a Bk

kk kl __
R TR Ty e e R T ety ey i

The demand system given by equation (2) is a logit demand system augmented by within-
group and cross-group network effects. To see this, consider first the case that o = g¥ = 0.

Then, equation (2.2) gives the standard logit choice probability

nk — eXP(ai‘€ - pf)
C explah - ph)

Second, consider the case of within-group network effects but no cross-group network effects
(a* > 0, p¥ = 0 for k € {A,B}). Logit choice probabilities are then adjusted by those



within-group network effects:
ko
exXp (af—of)kz )

- aF—pE N

ij\il exp ( 1‘155 )
Third, consider the case of cross-group network effects but no within-group network effects
(a* =0, BF > 0 for k € {A, B}). Logit choice probabilities are then:

exp (a?—p%ﬂ’“(aﬁ—pﬁ))

k 1_ﬂk5l
n, = .
E M ak—ph4-pk(al—ph)
Zj:l exXp 1_Bkﬁl

Finally, consider the case that o and 3* are positive. In an interior participation equilibrium,
each platform’s maximal average value in group k, aF — p¥, is amplified by within-group and
cross-group network effects represented by I'** and T'*, respectively. These amplifiers translate
the base values of platform ¢ in the two groups into the externality-adjusted group-k values of
platform i, which is given by T**(a¥ —p¥) +T*(al —p!). In the interior consumption equilibrium,
it turns out that consumers make a choice based on this externality-adjusted value rather than
the original values, leading to expression (2).

Hence, we obtain a tractable closed-form expression of user participation with network effects
because network effects are logarithmic in network size and demand takes the logit form.®

We impose asymptotic stability of best-response dynamics as our selection criterion and
show that the only equilibrium that meets the selection criterion is the interior participation
equilibrium. The notion of best-response dynamics corresponds to that used in the literature
of population games (Sandholm, 2010, Chapter 6.2), and the notion of asymptotic stability is
used to capture the stability of dynamic systems (Luenberger, 1979, Chapter 5.9).

Definition 1. Define the best-response dynamics and asymptotic stability of network sizes as

follows:

1. A best-response dynamics {n.;};2, from the initial network sizes ny = (nfo’nfo)ie{l,...,M}
(L M) such that nﬁt =TF(ns_1)
according to the best-response functions TF for all t € {1,2,...}, 4 € {1,...,M} and

ke {A B}.

15 defined by a sequence of network sizes ny = (niAt, nth)

2. A network size vector n = (nf‘,nf 1s the limit of the best-response dynamics

)z‘e{l,...,M}
{n}2o from the initial network size ng if n = limy_,o 1.

SLinear demand models with linear network effects also give rise to closed-form demand functions (e.g., Arm-
strong, 2006). In a linear demand model with linear network effects, the choice probability can be written
as a linear function of expected network sizes, which makes it possible to use linear algebra to obtain the
closed-form solution for network sizes.



3. A participation equilibrium with the equilibrium network sizes n is asymptotically stable
if for any strictly positive ng, n is the limit of the best-response dynamics from the initial

network sizes ng.

Definition 1 requires that the equilibrium network sizes are the result of best-response dy-
namics starting from any interior starting point.® We call a participation equilibrium with
asymptotically stable network sizes an asymptotically stable participation equilibrium.

In our model, the best response functions are given by (compare with equation (2.2))

k

k
TH(ny_y) = exp(af — pf) (nﬁt—l)a (2%,1&—1)6

S explah —p) (nk, )" (o, )"

The following proposition establishes that the interior consumption equilibrium is the only

equilibrium that is asymptotically stable.

Proposition 2. The interior participation equilibrium characterized by equations (2) is the

unique asymptotically stable participation equilibrium.

3.2 Aggregates, profit functions, and consumer surplus

We will write platform profits as functions of own actions and corresponding aggregates and
user surplus of the two groups as functions of these aggregates. To do so, we define a platform’s

own actions as

= exp [P44(a — pf) + TAB(a — pB)]
hE i exp [T#B(aF — pB) + TPA(af — )]

1

(3)

and the corresponding aggregates H* := Z]Nil h#t and HP = Zj\il hZ. Thus, group-k demand
on platform i is n¥ = h¥/H*.

There is a one-to-one mapping between (p:!, p?) and (h, hP). As we show in the following
lemma, any (b, hP) induce prices (p2(ht, hE), pB(h, hE)).

Lemma 1. Platform fees can be written as functions of (hi, hB):

pi (bR = a
a

f‘— (1— aA) logh;4 + g4 loghf, (4)
pP (b hP) = af

B—(1—a®)loghP + BB loghi. (5)

)

6Qther selection criteria used in the literature on network effects in industrial organization include: Pareto
dominance (Katz and Shapiro, 1986; Fudenberg and Tirole, 2000), coalitional rationalizability or coalition
proofness (Ambrus and Argenziano, 2009; Karle, Peitz and Reisinger, 2020), focality advantage (Caillaud
and Jullien, 2003; Halaburda, Jullien and Yehezkel, 2020), and potential maximization (Chan, 2021).



Recall that platform 4’s profit as a function of platform fees is (p! — c)nt + (p2 — cB)nP.

Since n¥ = h¥/H* and there is a one-to-one mapping between (p#, p?) and (h, h?), the profit
of platform i can be written as the function of the two action variables h{ and AP and their

aggregates H4 and HP:

(ki b HA HP) = TG (R A HY) + TP (B b HP)

hA A1 A 1B A hB B/1 A 1B B
H_ZA[p@' (hi hy?) —ci'] + H_ZB[pz' (hi', hy) = ¢l

where we defined TIF = 5 [ph(RE, B) — &), k1 € {A, B}, | # k.
User surplus C'S* of group k is given by the expected indirect utility of consumers, and the

aggregate consumer surplus C'S is given by the sum of the consumer surplus in both groups:

M
CS* = log |3 explaf — pF)(nf)* (n))"
=1
= (1—a¥)log H* — g log H',
CS = CS*+CSsP

= (1—ao®—pP)logH" + (1 — a® — 3*) log HE.

Note that C'S* is increasing in H* but decreasing in H'. Because the group-k aggregate
H* measures the intensity of competition in group k, it is natural for H* to have a positive
impact on C'S¥. On the contrary, a large value of group-l aggregate H' reduces the network
sizes of platforms on side [. This works in a way that reduces group-k users’ benefit from
cross-group network effects, thereby negatively affecting C'S*. Nonetheless overall user surplus

CS = CS4 4 CS? increases in each of the two aggregates H4 and HE.

3.3 Price equilibrium

Using the demand system obtained from the participation equilibrium, we analyze price compe-
tition between platforms using the continuation profits in the unique participation equilibrium
at stage 2.

We establish the following lemma that guarantees that we can restrict attention to the first-

order conditions of profit maximization when analyzing platform pricing.
Lemma 2. For any given H, = Z#i hj‘ and HP, = Z#i hf, there 1s a unique solution to
the first-order conditions of profit mazimization of I1;(ht, hZ h* + HA, hP + HB.) with respect

to h#t, hP, and this solution is a global mazimizer of platform i’s pricing problem.

[



The derivative of II; with respect to h#! is

o _ (1 oH" b A hE) — CAHﬁ@pz“ hP opP
ont  \HA  oh} (HA)?) T HAOhA " HB Oh”

1 [ hA pA hP
— o | (1= 15 ) B0 ) — ) = (1= )+ 7 |

Therefore, from 9I1;/0h* = 0, we have the characterization of the markup level:

1 hB oA 1 nbB
Ar1A 1B A A B "% A B'Y%
) =t = (1= = 97 ) = o (1 - 7).

7 i i

In the standard multinomial logit model without network effects (af = g& = 0, for all k¥ €
{A, B}), the markup is equal to 1/(1 — n¥). In the presence of within-group network effects
a® > 0, the markup is reduced by a*. The lower markup is due to the larger price elasticity of
demand arising from within-group network effects. In the presence of cross-group network effect
BY > 0, the markup for group k is reduced by the amount 8'n!/n¥. Here, the lower markup is
due to the cross-subsidization incentive of the platform: it expands participation of group k to
attract users in group [; this is in line with the markup formulas reported in Armstrong (2006)
and Tan and Zhou (2021).

Before considering the general case that includes cross-group network effects, it is insightful
to consider the special case of only within-group network effects (i.e., 54 = 3% = 0). Users in
one group do not care about user participation in the other group and it is sufficient to consider
group A. The pricing equation for platform i becomes pf! — ¢ = a — ¢! — (1 — a?)log h{.

(3 (3 7

Thus, the first-order condition of profit maximization for group A can be written as

A
H A A

(1— aA)HA——hA = (a — ') — (1 — a™)log h. (6)

K 3

Note that the right-hand side is decreasing in h?, while the left-hand side is increasing in

h#. Thus, for any H# there is a unique h:*(H*). Note also that the right-hand side does not
depend on H4, while the left-hand side is shifted downward after an increase in H4. Hence,

h#(-) is increasing in H4.

Proposition 3. There exists a unique price equilibrium when 4 = 2 =0

10



In the general case, the system of equations

al —ct — (1 —aM)logh? + Brlogh? = o 1—aA—ﬁBh?H—A

i i gn; ghn; ) HA OB A
— :
1 WA HE

al —c? — (1 —aP)logh? + gPloghs = 1—h?(1_aB_5Amh_B)
. !

must be satisfied for all ¢ € {1,2,...,M}. As shown in the following lemma, for each i, this
defines implicit best replies (h{(HA, HB), hB(HA, H?)).

Lemma 3. For any (H*, HP), the system of first-order conditions defines implicit best replies
(RA(HA, HB), hB(HA, HP)) for each platform i € {1,..., M}.

Summing over all ¢, an equilibrium satisfies

> wMHAHP) = HY, (7)
th(HA,HB) — HE. (8)

With the following proposition, we establish that there exists a price equilibrium and that,
whenever multiple equilibria exist, these are ordered in terms of surplus of one of the two user
groups: if one equilibrium features higher surplus for one group then the other equilibrium

features a higher surplus for the other group.

Proposition 4. There exists a price equilibrium given by (H**, HP*). When there are multiple
price equilibria we obtain the ranking for any pair of equilibrium given by (H{*, HP*) and
(H3™, HP*) with associated user surpluses (CS{*, CSP*) and (CS3*, CSE*): CS{* > CS5»
holds if and only if CSB* < CSB*. Furthermore, the extremal equilibria (i.e., the equilibria

that mazimize CSA or CSP) are stable.

A price equilibrium is characterized by the pair of aggregates (H4*, HP*) that satisfy the
system of equations (7) and (8). Furthermore, since the surplus of group-k users, CS* =
(1 — o) log H* — Bklog H', depends only on aggregates (H“, HP), the characterization of
equilibrium aggregates directly characterizes user surplus in equilibrium. These properties have
been obtained in the aggregative-games frameworks of price competition in standard oligopoly
(Anderson, Erkal and Piccinin, 2020) and platform competition with competitive bottlenecks
(Anderson and Peitz, 2020). Our result covers two-sided single-homing working with a two-

dimensional aggregate.

11



As we will see next, the relative position of a platform with respect to the size of its user
k

groups is determined by “type” 7F := exp{a¥ — ¥}, where a¥ — ¥ is the net surplus (or net
quality) if the platform caters to all users in both groups at marginal costs. Thus, 77 is the
platform’s ability to provide value to group-k users. Proposition 4 allows us to conduct an
equilibrium analysis of platform oligopoly with arbitrarily heterogeneous platforms. Indeed,
for any market structure, we can find a profile of net qualities that decentralizes any chosen

outcome as an equilibrium outcome, as we formally establish in the following proposition.

Proposition 5. Pick any profile of network sizes (ni, n?)ieq,...my such that Zje{le} nf =1
for k € {A, B}.

1. For any given aggregates (H*, HB) € R2 | there exists a unique type profile (%, 78 )icq1, .y
such that the equilibrium network sizes and aggregates in the pricing equilibrium are

(nf‘,nf)ie{lmM} and (HA,HB), respectively; and

2. for any aggregate type (74, 75) € R? ., there exists a unique type profile (4, TiB)ie{l,...,M}

such that Zie{l MY 8 = 7% for k € {A, B}, which, in equilibrium, leads to network sizes
(n,nP)icqr,..vy with appropriate aggregates (HA, H?) € R2 .

How do market shares and price-cost margins differ across different platforms when they
are asymmetric with respect to what they offer to users in one group? We now use notation
oF := af—ck =log 7F as the cost-adjusted quality that platform i offers to group-k users. As the
following result shows, the platform with higher cost-adjusted quality for one user group, has
weakly larger market shares for this user group and, if at least one of the cross-group network

effects is positive (84 > 0 or 2 > 0) also a larger market share for the other group.

A

o, . . . . A B
Proposition 6. Take any two platforms i and j with vi® > v;

and v’ = vP. Then, in

equilibrium, n* > nj-‘ and n? > nf. Furthermore, n? > nf if and only if B4 > 0 or BB > 0.

We next look at the pricing implications for users in one user group (group B in the proposi-
tion below) if platforms are asymmetric with respect to the other group. To do so, we consider
two polar cases: (i) only the other group benefits from cross-group network effects and (ii) the
reverse; that is, the group for which platforms are symmetric with respect to the cost-adjusted

quality they offer to that group benefits from cross-group network effects.

Proposition 7. Take any two platforms i and j with v} > Uj‘ and vP = UJ-B. (1) Suppose that
B4 >0 and BB = 0. Then, the price-cost margin for group-B users is smaller on platform i
than on j. (i) Suppose that B4 = 0 and B2 > 0. Then, the price-cost margin for group-B

users is larger on platform i than on j.
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Thus, it depends on the direction of cross-group network effects whether the user group that
considers two platforms to be symmetric in their cost-adjusted quality (say group B) faces
a higher or lower price-cost margin on the platform with higher cost-adjusted quality for the
other user group (say group A). If only group A benefits from cross-group network effects
(B4 > 0,88 = 0), the platform with the higher cost-adjusted quality for group A has a lower
price-cost margin for group B than the competing platform. This lower price-cost margin for
group-B users fosters the participation of those users. Since 4 > 0, this gives an extra push
to group-A users to join this platform. The platform with the higher (ex ante) cost-adjusted
quality benefits more from this. This implies that the asymmetry between platforms for group
A is amplified by g4(logn —logn?).

In the opposite case, in which only group B benefits from cross-group network effects (84 =
0,38 > 0), the platform with the higher cost-adjusted quality for group A will have more
group-A participation, which translates into an endogenous quality advantage for group B,
BB (lognt — log n;‘) In equilibrium, this results a higher price-cost margin to group-B users
than the one charged by the competing platform.

Our next result takes a look at the user group that experiences different cost-adjusted qualities
across platforms. One might expect that the platform that offers the higher cost-adjusted
quality always has a higher price-cost margin for the same group. While this is correct under
a number of conditions (parameter conditions or outcome variables), we show by example that

this is not always the case.

Proposition 8. Take any two platforms i and j with v? = vy . Then, the price-cost margin
for group-A users is larger on platform i with the higher cost-adjusted quality v > vf if cross-
group network effects are not mutual, that is, (1) B4 =0 or (2) B =0, (3) platforms i and
J attract weakly more users from group A than B, or (4) platforms set fees above costs for
both user groups. However, there are environments in which the platform with the lower quality
has a higher price-cost margin for group-A users; this can only happen if 32,54 > 0 and, in

equilibrium, n? > n.

We conclude that net quality differences between platforms for one user group (when net
quality for the other user group is the same across platforms) gives rise to non-trivial differences

in user participation across platform in the presence of cross-group network effects.

4 Entry and partial compatibility

In this section, we investigate comparative statics properties of three shocks or interventions:

platform entry, changes to the incumbent platforms’ characteristics under free entry, and partial
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compatibility. We analyze two scenarios with platform entry: first, we consider the effect of
exogenous entry of a new platform and, second, we consider endogenous entry of “fringe”
platforms and analyze what happens if the “quality” of some of the inframarginal platforms
changes. Then, taking the number of platforms as given, we evaluate the effects of changing the
degree of compatibility by varying the parameters that measure the strength of platform-specific

network effects.

4.1 Exogenous entry

Under exogenous entry we investigate what happens when an additional platform enters the
industry. Entry implies that the number of platforms increases from M > 2 to M +1 platforms.

It is instructive to first consider the case in which all the existing and new platforms are
symmetric. In the symmetric setting with M platforms, we must have n! = n? = 1/M
for all ¢ € {1,..., M} in any equilibrium. There can be no asymmetric equilibria. Profit
maximization requires that OIl;/OhY = 0 for all i € {1,...,M} and k € {A, B}. Using

symmetry nit = n? = 1/M first-order conditions for group A become

1 A A 1 A 1 A A B __

This leads to the equilibrium consumer surplus

ok _vA+(1—aA—BA)IOgM—(l_O‘A_ﬁB)MA{ 1‘

By taking a derivative of C'S4* with respect to M, we obtain

8C'SA*_1—aA—6A+1—aA—ﬁB
oM M (M —1)2

> 0,

implying that platform entry always benefits users in symmetric environments. Correspond-
ingly, this also holds for group B. The result that entry is consumer welfare increasing in
symmetric platform oligopoly obtains under our functional-form assumptions on the distribu-
tion of taste shocks and the network effects. With more general functional forms, Tan and
Zhou (2021) show that entry may hurt users through fragmenting the network benefits.

We turn to the case in which platforms are asymmetric. We establish below that in that
case, one user group may be worse off after a new platform enters (while the other group is
better off).

Proposition 9. Consider the effect of entry of a new platform E on user surplus.
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1. For any given entry of a platform with (a3, ca,aB,cB), there exists a value B such that

entry increases user surplus for both groups if f4 < B and BB < 8.

2. For any given * > 0, there exists a type of platform with (a4, ca,a®,cB) such that the

minimal user surplus of group A or group B decreases after entry.

3. Entry increases the minimal or maximal user surplus of at least one user group.

Proposition 9-1 shows that in the absence of cross-group network effects (34 = 82 = 0), H*
increases with entry and, thus, consumer surplus must go up. While this property is satisfied
in standard oligopoly models without network effects, it is a priori not obvious that this result
carries over to a model with network effects. The reason is that, under full participation,
the entering platforms attract consumers from the incumbent platforms reducing the network
benefits of the consumers active on incumbent platforms due to reduced participation on those
platforms. Nonetheless, in our setting, entry of a new platform always benefits users if cross-
group network effects are sufficiently weak. Proposition 9-1 establishes this result.

In the presence of cross-group network effects, entry of a platform may hurt one of the user
groups, as established in Proposition 9-2. The proof of Proposition 9-2 indicates that a typical
example of entry that lowers the user surplus for one group (group A) is the entry of a platform
that primarily caters to the needs of the other user group (af — c£ large, and a7 — c¢f small and
possibly negative); one may call such a platform “highly specialized”. In such a case, entry will
not add surplus to group A users, but reduces the market shares of the incumbent platforms.
This reduces the network benefits that group-A users enjoy from joining existing platforms or
the incumbent platforms’ incentive to attract group-A users. Then, such entry lowers group-A
user surplus.

Although entry may harm one user group, Proposition 9-3 establishes that at least one user
group benefits from entry. Our results indicate that the welfare effects of entry of a two-sided
platform crucially depends on the characteristics of the entrant. Entry of a highly specialized
platform may hurt the users in the group that the entrant is not specialized in.

As a remark on the previous literature, the symmetric, but otherwise more flexible model by
Tan and Zhou (2021) has the property that platform entry can lead to a lower consumer surplus
of both groups. Other works address welfare effects of platform entry in different market envi-
ronments. Correia-da-Silva, Jullien, Lefouili and Pinho (2019) consider homogeneous-product
Cournot platform models and examine the welfare effects of exogenous entry. They find that
platform entry may reduce consumer surplus of all groups due to the negative effect of entry
on network benefits; Gama, Lahmandi-Ayed and Pereira (2020) find such a result when the

platform caters to a single user group and this group experiences network effects.”

"Anderson and Peitz (2020) consider an asymmetric platform oligopoly in which one user group multi-homes
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4.2 Shocks to incumbent platforms under free entry

To study long-run competition, we consider platform competition under free entry of “fringe”
platforms. To this end, we extend the baseline framework by incorporating symmetric entrants
as in Anderson, Erkal and Piccinin (2013).

Suppose that, along with M; > 1 incumbents {1,..., M;}, Mg > 1 (potential) entrants & :=
{M;+1,....M 1+ M £} choose whether to enter. Entrants e € £ all have the same characteristics

(a‘g,ag,cg,cg) and incurred entry cost K > 0. Incumbent platform i € {1,..., M;} has

characteristics (a, a?, ¢, cP) that may differ from those of other platforms. We assume that

vF >k for alli = 1,..., M;. The number of potential entrants My, is sufficiently large so that
the number of actual entrants Mg is endogenously determined by free entry. In our analysis
we ignore integer constraints.

Let 7g (HA,HB) be the post-entry profit of an entrant when the values of the aggre-
gates are given by H” and HB. Specifically, the post-entry profit with aggregates (H*, H?),

T (H*, HP), is given by
rp(HA, HP) .= Tg(hd(HA, H?), hE(H", HP), H, HP) (9)

Using this notation, we define the free-entry equilibrium as follows.

Definition 2. The number of active entrants Mg constitutes a free-entry equilibrium iof the

triple (HA, HB,ME) satisfies the following conditions:

s (HY, H?) — K = 0, (10)
My
> nf (HA HP) + Mgnj (H*, H®) = 1
e
> nf (HP,H*) + Mpnj (H? H*) = 1.
i=1
The definition of free-entry equilibrium endogenizes the number of active entrants Mg through
the zero-profit condition (10). Entrants sequentially enter as long as the post-entry profit ex-
ceeds the entry cost, and the entry stops once additional entry becomes unprofitable. Using
Definition 2, we examine the welfare effects of a shock to the incumbent platforms’ character-
istics, which is captured by a change in (a!, a?, ¢, cP) fori € {1,..., M;}.

In the aggregative game analysis of standard oligopoly, the zero-profit condition of entrants

uniquely pins down the value of the aggregate (e.g., Davidson and Mukherjee, 2007; Ino and

and the other single-homes (competitive bottleneck) and study the welfare effect of platform entry.
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Matsumura, 2012; Anderson et al., 2013, 2020). Because consumer surplus is determined solely
by the value of the aggregate, any change in the competitive environment, such as incumbents’
investment and platform mergers does not affect consumer surplus, as long as there is at least
some entry. By contrast, with two-sided platforms, the zero profit condition (10) only pins down
the relation between the two aggregates (H*, H?). Therefore, the competitive environments
are no longer necessarily neutral to the consumer surplus in each user group and the aggregate
consumer surplus. In a particular setting, under some conditions, we establish a strong see-saw
property: any change in the competitive environment that increases consumer surplus of one
group reduces consumer surplus of the other group.

For instance, suppose that an incumbent invests in group-A benefit ai' so that entrants’
network size on group A decreases. In standard oligopoly, competition for group-A users be-
comes more intense due to the incumbent’s investment. As an equilibrium response, fewer
entrants will join, so the competition for group-A users becomes weaker. In two-sided markets,
a more subtle strategic interaction may exist due to network effects and implied changes in the

two-sided pricing structure.

Proposition 10. Consider a free-entry equilibrium with a non-empty set of entrants and pos-
itive cross-group network effects B4, 38 > 0. Suppose that 1 — & > BC(M; + Mg) holds in
equilibrium, where & := max{a?,a®}, B := max{B4, BB}, and ((M) = %, which 1s a
decreasing function taking values in (1,2.5]. Then, any change in competitive environments that
increases the surplus of one user group decreases the surplus of the other user group. Formally,
holding the parameters (o, a®, B4, BB, as, a2, e, B, K) fived, compare two long-run equilibria
that differ in other parameters. Denoting the equilibrium surplus of the two user groups under

the two settings by (CS**, CSP*) and (CS4**, CSB*™), we have

(C8* — Cst*) (CSPr — CSP) <.

The strong see-saw property poses a challenge to competition authorities evaluating business
practices of large incumbent platforms in an environment with fringe platforms. Because an
incumbent platform’s practice generically benefits users in one group at the expense of those
in the other group, the competition authority must decide which group to protect (or which
weights to give them in an overall consumer welfare ranking). In the context of e-commerce,
some authorities focus on private consumers, which is in line with a narrow interpretation of
the consumer welfare standard. For instance, Khan (2017) argues that such an approach fails
to recognize other harms of incumbent platforms’ practices, including the harm to third-party
sellers, which can be included under a broader interpretation of the consumer welfare standard.

Proposition 10 states that there is a conflict between what benefits users of one group and what
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benefits the other. This conflict is inevitable in two-sided platform competition with free entry

of the type studied in this paper (under the weak condition stated in the proposition).

4.3 Partial compatibility and multi-homing

In this section, we consider the effect of the degree of compatibility on market outcomes and
focus on settings in which there are only within-group network effects. Thus the two groups
operate independently and we can focus our attention on group A. Partial compatibility im-
plies that a fraction A of network effects are industry-wide. Partial compatibility is gained if
some of the functionalities are available to all users, not only those on the same platform, but
also those on competing platforms. An example of a regulatory intervention with that goal is
Article 7 in the Digital Markets Act (DMA) in Europe. According to this regulation, a gate-
keeper of a number-independent interpersonal communications service must “make the basic
functionalities of its number-independent interpersonal communications services interoperable
”8

with the number-independent interpersonal communications services of another provider.

Users from group A have utility

M

u! = af‘—pf—k)\a“loanj‘—l—(l—)\)aAlogniA—l—éf
j=1

= af‘—pf+(1—)\)a’410gn;4+5f.

<

By Proposition 3 there exists a unique price equilibrium for any value of A € [0,1]. How does
the equilibrium depend on the degree of compatibility A? Using the first-order condition given
by equation (6) adjusted by A, we obtain

HA a — ¢

— 4 (] A
HA—hi - 1-(1-Nat  o8M (1)

which implicitly defines a solution h;(H*; \). We note that, as ) increases, the right-hand side
decreases. This implies that an increase in compatibility pushes the function A;(-; A) downward.
Since this holds for all functions h;, ¢ € {1,..., M}, it must be that the equilibrium aggregate
H# decreases in ).

We know that if a! — ¢t > aj‘ — c]A platform ¢ has a larger market share than platform j.
How does the relative market size n:'/ nj‘ change as compatibility increases? From equation

(11) we see that h; receives a stronger downward push than h; as compatibility increases. This

8The provision applies only to gatekeeper platforms and interoperability has to be offered upon the request of
another provider. As a caveat, our model does not accommodate the situation that some but not all of the
competing providers ask for interoperability.
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tends to reduce the market size asymmetry between firms. Also the equilibrium value of the
aggregate changes in compatibility: because of the downward shift, the equilibrium value of
H* must decrease.

We now take a closer look at the model to answer the question of how a change in the degree
of compatibility affects market shares. Denoting & := a“*(1— \), the first-order condition (11)

can be rewritten as

HA — p

A (a =+ (1—aM)logh!) —(1—a*) =0

y —

or, equivalently,

A
A Y A A _
(1_”¢)<1_d,4_10g”z —log H )—1—0

This defines platform i’s market share as a function of the aggregate n'(H*), which has slope

dit -
A
dH 1A+1

The equilibrium condition for H4 is 32, #(H4) = 1. We obtain the result that lower-quality
platforms gain market share when the degree of compatibility is increased, while higher-quality
platforms lose. In other words, industry concentration (e.g., measured by the HHI) goes down.

This is formally stated in the following proposition.

Proposition 11. Supppose that B4 = B2 = 0 and order platforms such that U]A < UJAH for all
j€e{l,...,M —1}. Then an increase in the degree of compatibility \ affects market shares as
follows: there exists a critical platform j € {1,..., M — 1} such that for all j > J market share
decreases (dnf*/d\ < 0), and for all j < j market share (weakly) increases (dni*/d\ > 0,

where the inequality must be strict for j =1 and for all j < j with vf < vf‘).

Prices are determined according to Lemma 1 through p! = a* — [1 — (1 — A)a?]log ht. In-
creased compatibility leads to a downward shift of A:! and the equilibrium value of the aggregate
decreases. More compatibility reduces the equilibrium value of hf'. However, a larger \ leads
to an increase of [1 — (1 — A)al], which points in the opposite direction to hz.

Consumer surplus is [1—(1—X)a?]log H. The term in square brackets increases in the degree
of compatibility A, which captures the direct effect of increased compatibility on consumer
surplus. By contrast, as just shown, H* decreases. The decrease in H* captures the strategic
effect that an increase in partial compatibility causes the platforms to compete less intensely
for users.

Consider the special case of symmetric platforms, implying that h#t/H4 = 1/M. The first-
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order condition can then be rewritten as

A_ A
log H = a—CAleogM—

1= (1= Na M—1

Thus, consumer surplus can be expressed as

at — 4+ 1= (1—-N)a] (logM— MA{ 1) :

Under symmetry, welfare increases in the degree of compatibility if and only if log M > %
This implies that welfare decreases with compatibility if and only if M = 2 or M = 3, while it
increases for M > 4. With a sufficiently large number of platforms, the strategic effect is less
pronounced, and thus the direct effect dominates.”

When platforms are asymmetric, compatibility mitigates the asymmetry of market outcomes,
as observed in Proposition 11. This gives rise to an additional effect pushing down the price
of large platforms. Naturally, this effect is strong when the asymmetry is large. To illustrate
the role of asymmetry, consider a duopoly. As shown above, in this case, the strategic effect
dominates under symmetry. In the following proposition, we establish that even under duopoly
an increase in the degree of compatibility lowers the price set by a larger platform and increases

user surplus if the asymmetry between platforms is sufficiently large.

Proposition 12. Suppose that 4 = 3% =0, M =2, and v{* <v3'. (1) There exists a critical
value Ava € (0,00) such that the equilibrium price set by platform 1, pi* decreases with \ if
and only if vi* —vst > Ayjpd. (2) There exists a critical value Acsv? € (0,00) such that the

equilibrium user surplus C'S4* increases with X if and only if vi* — v5' > Acgv?.

Our analysis has focused on the case with zero cross-group network effects. We take a
quick look at cross-group network effects when platforms are symmetric. When cross-group
network effects are positive, a group-k consumer’s utility from joining platform i is given by
af —pF + (1= N)a* lognF 4 (1= X\)B*lognl +F. Let &* := (1—A)a* and 3* := (1—\)B*. Then,

from the first-order condition and the fact that h¥/H* = 1/M, the symmetric equilibrium

M

price-cost margin for group-k consumers is given by p* — & = (1 — a* — Bl)m; which is
increasing in A, as increased compatibility relaxes price competition between platforms.

The symmetric model allows us to obtain insights into which side benefits from increased

9Starting with Katz and Shapiro (1985), earlier literature has looked at the welfare effect of (no versus full)
compatibility under Cournot competition; Amir, Evstigneev and Gama (2021) provides conditions under
which full compatibility leads to a larger consumer surplus than no compatibility. For an extension to two-
sided platforms, see Shekhar, Petropoulos, Van Alstyne and Parker (2022). Grilo, Shy and Thisse (2001)
provide an early analysis of price competition with direct network effects and product differentiation but
with a different focus.
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compatibility. With partial compatibility, the expression for consumer surplus can be written

as
~ ~ M

for k,1 € {A, B}, | # k. The derivative with respect to the degree of partial compatibility is

oCSk*

o = (@7 + 8% log M — (" + ) M

M-1

Given a large number of platforms, M, partial compatibility tends to be beneficial for consumers
in either group because an increase in compatibility has a strong direct effect on consumers by
expanding interaction possibilities within and across groups for the service features that be-
come compatible. The associated consumer benefit then dominates the loss from reduced price
competition. Considering group-k£ consumer surplus, we observe that increased compatibility
tends to be beneficial if 8% is large relative to !, I # k. The group that experiences rather
small benefits from cross-group network effects tends to be harmed by increased compatibility.

To address the effect of compatibility on industry concentration under cross-group network
effects, we restrict attention to the duopoly case. In line with Proposition 11, we establish that
compatibility mitigates industry concentration even in the presence of cross-group network

effects.

Proposition 13. Suppose that M = 2 and that v} := af — cf > ak — & =08 for k € {A, B},
that is, platform 1 is more efficient than platform 2. Then, the equilibrium market share of

platform 1, n¥* decreases with the degree of compatibility .

Our results of partial compatibility have a different interpretation if an exogenous fraction of
users multi-home because they have installed a multi-homing device (for example, users may
use a meta search engine that allows them to access all platforms). Our model then tells us
what happens if there is an exogenous change of the fraction of multi-homers. If there are
only within-group network effects (e.g. because consumers leave valuable feedback), such an
increase of the fraction of multi-homers corresponds to an increase in \; our consumer surplus

results then refer to the expected consumer surplus effect of a single-homing consumer.

5 Extensions

We sketch two extensions of our setting; one in which platforms monetize on one side only and

another in which some but not all users participate.
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5.1 Fee setting for one user group only

Participation may be free for one user group. For example, shopping malls and flea markets
typically charge retailers but often not end users. This may be because platforms would charge
negative fees (or fees below costs) and such fees are not feasible. Alternatively, platforms would
like to charge end user fees but such positive fees would go hand-in-hand with high transaction
costs or are simply not possible (as in traditional free-to-air radio or television broadcasting).
Suppose that group B is the zero-fee group. Using the equations from Lemma 1, we then must
have

pi(hi, A7) =

17

— (1 —a™loght + BAlog hZ,

A
a? — (1 — a®)logh? + P log hi.

0 =

We rewrite the second equation as log hZ? = a? /(1 — o) + (82 /(1 — aP)) log h#* and substitute

into the first equation to obtain (with an abuse of notation, we write p/* as a function of h#t)

prh) = a — (1 —a™)loght + 4 i + & log h'
K3 (] ] (] 1 _ OéB 1 _ OCB 2
A ApB
= al+ %a? - [(1 —at) - 15_5 } log hit
= @' —(1—a*)logh?
where ' := at + lf:B aP and a? = ot + f . Platform 4’s profit as a function of h#* and its
aggregate is
A A h' Ay a A hi ~ A A
I (hi, HY) = W[Pi (hi) —ci'] = HA[ai — (1 —a")logh;].

Then the analysis for platforms with only direct network effects for group A in the text of Section
3.3 applies after a change of variables from (a?, o) to (a',a*). The first-order condition of

profit maximization can thus be written as
= (al — ¢ — (1 —a?) log b

A sufficient condition for a unique solution of this equation is that &4 < 1, which is equivalent
to

BABE < (1-— ozA)(l —aP).

This is implied by our assumption o + ' < 1, k,I € {A, B},l # k. Thus, with the change of

variables, Proposition 3 applies and a unique price equilibrium exists.
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5.2 Partially covered markets

The main analysis also assumes that there is no outside option. This assumption can be relaxed
in the following manner. Suppose that each group-k consumer has an outside option with value
log yk + ek, where &f is drawn from an i.i.d. type-I extreme-value distribution, and chooses
whether to join one of the networks or to pick the outside option.

Let ¢4(HA, HP) and ¢B(H#, HP) be the solution to the system of equations

log ¢ — an log(ygl¢A + HA) — Ba log(yfqﬁB + HB) = 0,
log " — aplog(yy¢” + H?) — Bplog(ys'e™ + H) = 0.

Then, the demand for platforms in a partially covered market can be characterized in the

following way.

Proposition 14. In a unique interior participation equilibrium, the demand for platform i is

given by the function

hA

Arp A A By __ 3
Uz (hsz 7H )—yAQSA(HA,HB)—i—HA’ (12)
nZ(hP, H HP) = hy (13)

yPOP(HAHP) + HP

Note that this extension nests as special cases (i) standard logit demand with an outside
option but without network effects and (ii) our base specification without an outside option
but with network effects. When a? = o = 4 = 8% = 0, we must have ¢* = ¢® = 1. Then,

the demand is given by
a_ exp(a;' — p;')
Loyt exp(a) — )

When y;' = y& = 0, the demand for platform i is given by equation (2).

The consumer surplus in the interior consumption equilibrium is given by

54 = log (yé + Z exp(af — p;-‘)(nj‘)ak (nf’)ﬂk)

J
= log(ys'¢™ + H?) — log ¢*
= (1 — aa)log(yg'e* + HY) — Balog(ys¢” + HP).

Therefore, consumer surplus on each side can be characterized by (H4, HP) and (y3', y&).
As seen above, although the form of the demand becomes complicated, it is still possible to

model platform competition as an aggregative game. A more-tractable setting with variable
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total participation would be to postulate that users have heterogeneous opportunity costs to
become active and make the following sequential decisions: first, after learning their opportunity
cost of joining but before learning their idiosyncratic taste realization for the different platforms,
they decide whether to become active (e.g. by buying the necessary hardware that enables them
to install a software package) and, second, after learning their taste realization they decide which
platform to join (e.g. by buying one of the competing software packages).!°

A straightforward way to introduce partial coverage is to assume that the outside option
is also subject to the same network effects and idiosyncratic taste shocks as the for-profit
platforms. This applies if choosing the outside option does not mean abstaining from the
market but choosing a non-commercial offer. In the case of software, this could be open-source
software that is provided free of charge. Our model in Section 2 can easily accommodate such
a free platform by adding platform 0 that offers quality af to side k € {A, B} at zero price,
pk = 0. Following our change of variables, platform 0 then offers (h{', h¥), which is independent
of the choices offered by the for-profit platforms, and we write H* = Eij\io h¥. Our equilibrium
characterization of the participation game (Proposition 2) and the existence of an ordered set

of price equilibria (Proposition 4) generalize to the introduction of such an outside option.

6 Discussion and conclusion

We propose a two-sided single-homing model of platform competition that features differences
between platforms with respect to (i) marginal costs incurred for users of the two groups
and (ii) the utility that platforms offer to their users (for given participation rates by both
groups). Incorporating platform asymmetries provides a rich setting that allows us to explore
the relative outcomes of platforms in equilibrium and the impact of exogenous shocks on the
performance of different platforms. After establishing the existence and uniqueness of the
participation equilibrium, we demonstrate the equilibrium outcome under price competition
and obtain insights with respect to exogenous platform entry, incumbent platform investments
under free entry, and mandated partial compatibility. Our analysis makes use of the ITA
structure of the demand systems of both groups. Platform profits can be written as functions
of two action variables and their aggregates (as the sum of action variables across platforms).

We follow the seminal work on platform competition and focus on the platform’s pricing
decisions. Our analysis can be extended to cover other design decisions if these decisions are

11

taken concurrently with the pricing decision.”* It is also interesting to extend the analysis

10There are two versions of this setting, one in which prices are observed at the first stage of the consumer
decision process and the other in which prices are observed at the second stage (and users correctly infer
equilibrium prices from the parameters of the model).

Tn this case, platforms compete in utilities vF = af — pi? for users and platforms may increase value a

i

k

P
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to environments in which platforms do not charge any fees to one user group, but can use
non-price strategies that directly affect the attractiveness of the platform for that group. For
example, social media platforms typically charge advertisers but do not charge end users and
devise non-price strategies to attract end users. We leave extensions in this direction for future
work, as they are outside the canonical platform competition model.

We make the functional form assumption that network effects enter as logarithmic functions of
participation numbers of each group into user utility and that users experience taste shocks that
lead to a logit structure. This specification can be seen as a special case of the model of Tan and
Zhou (2021). While such a logarithmic specification of network effects is popular in empirical
work, most previous theoretical work assumed linear network effects and few theoretical studies
allow for more general forms of network effects (Hagiu, 2009; Weyl, 2010; Belleflamme and
Peitz, 2019; Tan and Zhou, 2021). Within the logit demand setting, any generalization beyond
logarithmic network effects would make it impossible to obtain closed-form solutions for the
participation equilibrium and to subsequently write the platforms’ profit functions as a function
of their action variables and the aggregates thereof.

Arguably, the canonical model of platform competition features two-sided single-homing.
This specification is widely adopted by the literature, including by Armstrong (2006), Jullien
and Pavan (2019), and Tan and Zhou (2021). In various real-world environments, however, some
users in one or both groups can multihome (see e.g. Armstrong, 2006, section 5, and Anderson
and Peitz, 2020, section 6, for the former and Bakos and Halaburda, 2020, Adachi, Sato and
Tremblay, forthcoming, and Teh, Liu, Wright and Zhou, forthcoming, for the latter).!? As
pointed out in Section 4.3, we can accommodate environments in which some users single-home
and the others of that group join all platforms. Unfortunately, we do not see a way to provide a
model with asymmetric platforms competing in prices that encompasses more-complex homing

environments and maintains the aggregative game property.

In particular, suppose that there is a one-to-one relationship between value a¥ and per-user cost c¢f that
depends on the user group and the identity of the platform. Thus, we can write cf(a¥), and platforms set
a¥ such that cf(ak) = 1.

12Work on ad-funded media platforms has also looked at the effects of viewer multi-homing; see, e.g., Ambrus,
Calvano and Reisinger (2016) and Anderson, Foros and Kind (2019).
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7 Appendix: Relegated proofs

k

i

Proof of Proposition 1. Denote y¥ = exp(af — p¥). Since, in equibrium, n

(2.2) can be written as

Ock 6k

I ()
(2 Oék k>
Sty (n)™ (nh)”

o¢l ,31

) )
1 al l
S (n)™ (nh)?

« gk
nf (v [ n;
@\ \t)
1 . Bkk
AR
= = |k "
" Yi "
,Bk
L i l s l 1—ak
_ y_f; -« y_ﬁ -« n_ig l1—a
y; Yy n
nf (1-ak)(1-al) ylgg 1-ak f (1-ak)(1-al)
— | =% = | =
" Yj Yj
Fkk Fkl
ng [y vi
i Yj Yj
By substituting the last equation into equation (14), we obtain the equation
1+akrkk+ﬁkrlk akal-i-,BkF”
T W)
i o\ L+aFTRE L BRTIR o kTRLY ghTU *
> () (v5)
Noting that
1+ aFT™ 4 BTk — (1-a®)(1—a') = "B + a1 —dl) + g4
(1—af)(1—af) = prp!
k ak k k
1 —
QFTH 4 gl = @ pr+pri—at) Tk

(=Rl =af) = 57
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equation (16) can be written as

kk kl
R C)N

=L

Finally, noting that
\TFF T Kk k k Kl o1 l
() (v) =exp(D"(al —pf) +T"(a} — 1)),

we obtain equation (2). O
Proof of Proposition 2. Start with an initial value of the vector of network sizes (nfo, nfo)izl,m, M
such that nf, > 0 for all i € {1,..., M} and k € {A, B}. For each ¢t > 0, update the network
sizes based on the value of network sizes in the previous iteration ¢ — 1. Then, the sequence of

network sizes {(n})i—1,..m},_, is obtained. Here, for any ¢t > 0, we have

Nie Y [ M- s
E .k k 1
e Y5 \ M1 M1

By taking the logarithm and letting z} := log(nf,/n¥,) and ¢* :=log(y; /y¥), we have

xf‘ B xf‘—l P4
()= () (0)

where

If any eigenvalue of J has an absolute value less than 1, (z{}, 22) converges to a unique value

(24, 28) regardless of the initial value (2, z5) (see Luenberger, 1979, Chapter 5.9). At such

value, we must satisfy ¥ = 2 | = 2*. Solving for z*, we have

k_ (1 - Oél)q/}k + /Bkwl
(1 —ap)(l =) = BB

Then, using the relation limy_,(nf,/n¥,) = nf/nk = exp(z*), we obtain the relation (14).
Therefore, from any starting value of positive network sizes, the best-response dynamics con-
verges to the interior participation equilibrium.

Lastly, we show that any eigenvalue of J has an absolute value less than 1. A scalar b is an
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eigenvalue of J if and only if it is the solution to the quadratic equation
¢b) =0 — (o + a®)b+ (aa? — pABP) = 0.
Because £(b) is quadratic, £(b) = 0 has at most two solutions. Furthermore, because

{(-1) =1+a* +a” +a'a” - pp” >0,
g(aﬁ_+a3) :__(QAP‘+(QBF‘+25AEB _

0
2 7

£1) = (1-aM1-a") - p6" >0,

There are two solutions to £(b) = 0 that lie in (—1,1), which completes the proof.
Thus, the demand for platform in group k£ is the group-k network size of platform ¢ given by

equation (2). O

Proof of Lemma 1. The expressions for h#* and hP can be rewritten as

log bt = T4%(af* — p') + T2 (a? — pP),
log h? = TP (a? — pP) + TB4(a* — pf).

Rewriting the second equation as

5 _pB 1 s TP 4 4
i =P = Fﬁloghi - Fﬁ(@i —pi),
the first equation can be rewritten as
FABFBA FAB
log hit = [FAA ~ ] (a —p) + TFF log h?
FAAFBB o FABFBA FAB
- BB (aiA —pi)+ N log h?
1 1 A A ﬁA B
= (1—a4)(1 —aB) _BAﬂBFBB(ai —p;)+ Y log h;”.

1 A A 514 B

Therefore, we obtain the values of (p2, p?) as a function of (h#, h?), given by equations (4)

17"

and (5). O

Proof of Lemma 2. In the first part of the proof, we show that any solution to the first-order
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conditions of profit maximization is a global maximizer. Define

fA<hA hB) - 1 — hfl |: A(hA hB) . CA} -1 +04A +ﬁB h'LB HA

i Ny ) = A pi (s 1y i B _hz‘A )
hB hA HB

B(1A 1B ._ i B(1A 1B B B Al

i (hi7hi> = (1__]-]3) [pi(hivhi)_ci]_l+a + 8 HAhZB

and, thus, 9L /ORY = f5(hA, hB)/H*, for k € {A, B}. Hence, 0°IL;/(Oh})? = — LUkl 4

AR (HF)?
k
ﬁgik When the first-order conditions of profit maximization hold, the first term on the

right-hand side is zero. Then, II;(h, hZ, h2 + HA, hP + HB)) is a local maximizer in (h#, hP)

RS AR 1) 'Y 10"

at any point at which the first-order conditions of profit maximization hold if df/0h* < 0,
OfB/OnB < 0, and (0f1/0h)(OfF JORE) — (0f2)ORP)(OfE/OR#) > 0. Furthermore, this
establishes that the Jacobian of (f#, fP)) is a P-matrix. This implies that (£, f?) is injective
on (0,00)* (Gale and Nikaido, 1965) and, therefore, a solution to the first-order conditions of
profit maximization is a global maximizer, provided that such a solution exists.

To see that the three inequalities hold, first note that

oft 1 B
orn = |l = ] = (L= a1 =) - 51—

n?
1 nP np
= gt (1t =) et (1ot )

(3
K3 K3 7

B
= —— [1 —at = pBnP + pP(1 —nf)n—ix} <0,
n

which establishes the first inequality above. Correspondingly, the second inequality holds.
Third, we establish (0f7/0h)(0fB/OhE) — (0f/0hP)(0fF JOh*) > 0. To do so, note that

off 1

B

7

Without loss of generality, assume that 34 > 8. Recall that 1 —max{a?, a®} > max{s4, 3}.
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Therefore, 1 — a? > 84 and 1 — o > 34. Then, we have

hAhB af’LA ale . 8sz af’LB
"\ Okt onP  OnP o
= (1 — ot — BBnZB) (1 —aP - ﬁAnf)

W

A
(1= at = 87nf) B =nf)=5 + (1= a” = 5'nf) BP(L = nf) =

=841 - n;“YZ—i - (B%)*(1 - mB)QZ—’i = B85 =) (1 = nf)
7 (2 A

> (B BRI )+ (5 PRI ) 9P
) - ~- ~ ~- -

(i) (iii)

_A2_A2ﬁ_ BQ_B2£_AB_A_B

(81— n)? 2 — (871 = 2 — BA55(1 — n)(1 — nP).

N — AN ~— ~ (vi)

Every pair (n#t,n?) belongs to one of three cases, and we show that the above expression is

positive in each case.

1. First, consider the case with n! > nZ. In this case, (ii) > (iv), (iii) > (v), and (i) > (vi),

so the expression under consideration is positive.

2. Next, consider the case with n? € (n#, n134/B5]. In this case, we have f8nf < g4ns,

so (i) > (iv), (iii) > (vi), and (ii) > (v), so the expression under consideration is positive.

3. Finally, consider the case with n? > n#34/85. Because 84 > 5, we have (i) > (vi).
Next we show that (ii) + (iii) > (iv) + (v). Noting that (ii) — (iv) > —(84)2(n#/n?)[(1 —
nM)? — (1 —nP)? and (iii) — (v) > (BY)2[(1 —n?)? — (1 — nP)?] when n? > n34/35, we

have
A
(i) + (ifi) — [(iv) + (v)] = (B1)%[(1 = nf)* = (1 = nf)?] <1 - —ZB) >0,

n;

which shows that the expression under consideration is positive. This completes the first

part of the proof.

In the second part of the proof, we show that there always exists a solution to the system of

Fmtnn (o -

Step 1: existence of a solution AP (h) to fE(h, hP) = 0 given h. Fix h* and consider the

17"

equations
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solution to the equation fP(h#, hP) = 0 given h#, denoted by hP(h#). We show that hZ(h?)

1

exists in (0, 00), for any given h#t € (0,00). To see this, note that we have

A hB + HB.
=lmlM?—d*—a—a%mgﬁﬂwﬁkgwﬂ—1+aB+gm(ﬁA " Z)
h;?—0

ht + HA WP

7

HZ. hA
= lim +—_Z[aB—cB—(1—&B)loghf3+ﬁBlogh;4]1—1+04A+BBH—7’A

Hence, by the intermediate value theorem, the solution iLZB(hf) € (0,00) exists for any given
h#t € [0,00]. Note that such a solution is unique and continuous in h#*. To see this, note that
we already established that we have 9fP/0hP < 0 whenever fZ = 0 holds. Hence, hP(h#) is
unique and, from the implicit function theorem, continuous.

Step 2: preliminaries on the existence of solution to equation f(h2, hZ(h2)) = 0. We show

that there exists a solution to the equation f(h?, hZ(h#)) = 0. As preliminaries, we show the

hE(h) = oo, limy, 4 L)

following four limit results: lim,a o hZ(hP) = 0, limya_,__ h!

R S—
70 R (k)
I A
impa_,. s5t7 = 00.

hit—oo 7B(pA) —

First, we show that limja_,q hP(h) = 0. Suppose to the contrary that limy,a_,q hE(h2) > 0.

Lo hB(h) = b2, and we would have

Then, there exists A” > 0 such that limya

lim fP(h, b (h)))

3 17

h—0
HB. B B B B B N N
- m a; —¢; —(L—a”)logh; + hl;rilo(loghi) — 1+«
= -0
< 0,

contradicting the definition of hZ (k). Hence, lim,a o hZ(h2) = 0.

Second, we show that limj,a_, hP(h) = co. Suppose to the contrary that limya_, o hP(h) <

(2
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hB(h#) = Ef, and we would have

. —B .
00. Then, there exists b~ < oo such that limya_,  h;

lim [P0, BE ()

17"

hf‘—>oo
HP, _ e
= —B—iz azB_CZB_(l_OéB)logth—l—ﬂB lim 1Ogh;’4 _1+OZB+/BA¥
= oo >0,
contradicting the definition of AZ(h2). Hence, limja_,. h?(h1) = .

Third, we show that lim,a ,[h/hZ(h?)] = 0. Otherwise, there exists a constant £ > 0 such
that limja_,o[h2/hP (k)] = k&, and

- HE
= al — ¢/ — (1 —a” = BP) lim logh?(h") + BPlogk — 1 + a” + pAx—"
hA—0 HZ,

= o0

Hence, we have lim, o[k /hE(h)] = 0.
Fourth, we show that limj,a L[R2 /AP (Y] = oo. Otherwise, there exists & < co such that

limy,a . [h2/hB (k)] = %. Then, we would have

lim [P0, RE (1))

70 '%
hf‘—>oo

. H—Bz B B B B I71B/1 A B —

= -1+ +p1 <0,

—1+04B+/8A

contradicting the definition of A”(h2). Hence, we have limy,4 Lo[hA/RE ()] = 0.
Step 3: proof of the existence of a solution to equation fA(h#, hP(h#)) = 0. To show the

17"

existence of the solution to the equation f/*(h2, h?(h)) = 0, we show that

77"

lim fARA RE(hA) > o,

h—0 Lo
lim fA(RA RE(R2) < 0.

AL
hf‘%oo

Then, the intermediate value theorem implies that there exists a solution to the equation.
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We first show that lim,a_,, AR, hB(h2)) > 0. To see this, note that we can write f as

1

HA hB hA + HA
A(pA 1B = A_ A A A pA B A gl M =i
fARA, BB = h;“—i——HAi[ai —cf — (1 —a)logh + 4loghl] —1+a” + A BB+ HE,
H4, h#
— e |t - et @ at - iognt - 5o ()]

hAhE + HE;
Hence, because limya o b2 (h) = 0 and limya_,o[h2 /AP (h)] = 0, we have

lim A2 BB (hY)

17"

h{—0
hA hE(h)
o A A : A A A A i A B'"i 7
= a; —c; +h1§rilo —(1—a” —=p%)]1ogh — log(ﬁﬂh?))—l—l—a + 8 T
= 0.

Next, we show that lim,a . fA(h2, h2(h2)) < 0. To see this, note that

17

i (ki 7
it HA
= : 2 la} —al — (1 —a™)log b + plog ] — 14 a® + 8P

hP b+ HA
P HA RS T |

hB + HB  hd

(2

hB(h{t) = 0o and limh{a_)oo[hf‘/ﬁ?(hf‘)] = 00, we have

Hence, because limya_, h;

lim fA(h P ()

(A 7
A o
hi

. (logh# : log hP(h{) hB (1) A B
- h}alinoo( I >+h}33100< R

7

= —1+a*+p8<0.

Put together, there exists a solution to the equation fA(hZ, hZ(h2)) = 0. Letting h* be

17"

a solution and hP* := hP(h2*), the pair (h*, hP*) is a solution to the system of equations

T 0

(17). O
Proof of Proposition 3. We rewrite the first-order condition as

HA
A M+ (1-a)logh =0.

F(h', H) == (1 - QA)W —(a; — ¢
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By the implicit function theorem,

OF (h,HA)
dh oA
dHA OF (h,HA) "
oht
. OF (ht, HA A RAHA4(HA—h{)? OF (h, HA)
Since ﬁ_) = (1 - o) gatlmp + (1 —at)gh = (1 - a?) h?(Hg_hW) and 220D
A
—(1- aA)(Hi—"hA)Q, we have that
n
dhi! __ GERE (n)? 0
dHA ~ WHACEAR? T RAA 4 (HA = hA)?
hA(HA=h1)2 ‘ !

The equilibrium is unique if Z

H L < 1. Hence, uniqueness is implied by inequalities

(hi')? Sy
hAHA + (HA — hA)? ~ HA

for all i € {1,..., M}, which is always satisfied. To see this, we rewrite inequalities as hi' H4

hAHA + (HA — h#')?, which is equivalent to 0 < (H* — h')2. O
Proof of Lemma 3. Let

A A
FAma B, g Py = (1- [ nP) =] —1+a +5BhBH
1) HA 10" HB hA7

hP h H5

om0 1) = (1= i) [P k) = ]~ 1”4 g

By the implicit function theorem, implicit best replies are well-defined, if the matrix

afA afA
2ot L onr
~ ~

ofP ofP
Z ohf Z OhP

has a determinant different from zero. Then, taking (H4, H?) as given, we have

FA
O L ol =ty 1 oty - )
1 ;! ;
g [ (1) et -
A
{0 e 0 (1= <o
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which can be shown as follows: (1 —n:')? + n# takes positive value, is minimized at n#t = 1/2,
and increasing in ni' > 1/2, while 1 — (1 —nZ!)/n# is increasing, takes value zero at n! = 1 and

is maximized at nf' = 1. Thus, for n?* < 1/2 the derivative must be negative. For n#t > 1/2,

since 1 —a? > 3% by assumption, it is sufficient to show that (1 —n)? +n > 1 — - which

is equivalent to (1 — (n)?)(1 —nZ') > 0 and, thus, always holds. Note that we can erte

(]

ot ht

8};‘4 1 ([(1—=nM?+nd nB np
= { A (1_05A)_531_n?+ﬁ3¥ .

1 —n]
Also, we have

aff
onB

(2

[ﬁA( n;') +ﬁ3@}
’L nA :

7

Therefore,

s (05101 0ftofF
© \ Oht OnE OnP ond

A B B
_ A 1 A iy B 1; B
—{{1—7%4— A:|(1—Oé>+Eﬁ —1_n?ﬁ}

A A
B ; B LY n; A
X{|:1—TLZ-+ B](l—a)—l—n—B@ _1—n55}

Suppose without loss of generality that 84 > 8Z. Then, because min{l — a1 — a®} > p4,

the last expression is greater than

1 — A oo B Al—B i o 7 s
([t 25t (G- ot oot e - 25

%
B

A
- (Ml )+ 532—;) (7=t 0725,
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which, by dividing by (84)?, has the same sign as

(1 = nf)(1 = nPy? s B8] (1

which is positive if
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is positive. Any value of n! belongs to one of three cases, and we show that (i) + (ii) + (iii) > 0

for each case.

A

1. The first case we consider is n;' > nP. In this case, we have n?/n —1 < 0 and
(1) + (i) + (iii)
n? n? I
(-2 Jam -ty - - 0ty S (- )]
ny pY B\2 PN
(-5 -0
ny A B PN aBEnf 4 B g
= (1= 20) [0 = )2 = i = ) =) — = ) = (= S
np pP B\2 PN
+5 (1= 5) [a-opr -]
B A B
= (120 ) [0 = )2 ) 1) it ]
n? i 67
+n_A(1_nlB)2(1_5_A>+<1_nf)(1_5_A>
n’ A_ B A_ B PN . B
> (1= 20) | =)zt =)+ (1= )y = 1 =)
>0
where, for the third equation, we used
A A A
(1—mn )n—B:(l—nf‘)—B‘F(”f—”?)n—B
BB A BB A
B ay (i BT A_ B\
(1= G+ 1= ) (B = G52 ) o (ot = )25
B B A B B A B
A ng o o4 BT ATy A, B B
BB BB nA nA B
:(1—n;4)6—A—’A—|—n;»A g—A—ZAJr(n—ZB— )nf—l—(l—nf)n—ZB—n?—i—B—Ani
=(1— A)_B_lB+ A__B_ZB+<1_ B)ﬁ_nA+ﬁnB
- i A nA i A pA i) B i pA
and, for the inequality
B B
L—nf >1- 4,
1_ﬁ_ A _ﬁ
pao T g
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2. The second case is n* € [nPpB /B4, nP). In this case, (i) > 0, (ii) > 0, and (iii) > 0.

3. The third case is n* < nPBE/B4. In this case, we have n? /n—1 > (88nB)/(p4n?)—1 >
0. Therefore,

(i) + (ii) + (iii)
B BB A BB
= (% - 1) {2 - a5 - -t (G 1)

n;

which is positive if and only if

3B B A 3B B
A B, B A B, B
B A B A n; A ﬂ n; n; A ﬂ n;
=(n; —n; 2—ns —nt — 1 —n! -t )= -1
(n; nl)( n; nl+n{3)+< nl)(ﬁ“n;“ nf) nt (3 o >

is positive. Note that we have

A B . B A B, B
>0 — i) 2+ (=) (G5 = 2 ) ot (G5 1)
BAnd nb o gAY : C A\ BAnA
B, B A B
—g—AZ—ZA—Z—;+2nf‘—2B n?
7

Furthermore, for any region where n! < 8nP /4, the expression under consideration

has the following derivative with respect to nz:

Therefore, for any given n? and any n! < 38n2/34, the expression under consideration

is positive.
O]

Proof of Proposition 4. To show the existence of the equilibrium, recall from Section 3.2 that
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CS4A = (1-— aA) log HA — p4log HZ and CS® = (1— aB)IOgHB — B log HA.

Denote market share for group k£ as a function of the aggregates by

hi (1, 1)
ny(HY, HY) = =———.

Noting that
log hi* = logn + log H#,

A

we can rewrite the first-order condition for (h{', h?) as the condition for (n!, n?) in the following

17"

way:

B
gt =1 —nMa — ¢ — (1= a)logn + flogn? — CSY — 1+ ot + P14 =0, (18)
T
nA

g7 =(1 —n)[al —c — (1 —aP)logn? + BPlogn — CSP] —1+a” + pA— =0. (19)
n:

)

The solution can be written as the functions

nd = (0S4, 08P,
nB =78 (0S4, CsP).

By the implicit function theorem, we have

nt o WA )
Sign L_ (0S4, CSB)} = —Sign 8”1‘3 8{@- acs .
oes hECP) “px o J\ 0
Thus,
A 9’ HaP
g g
S 2 =S o 7 7 0
& <80$A) &t ( aC 54 anB> ’
and
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where

and

OgB
gl :_<1_nB

) < 0.

i

> wl(Cst csP) =1 (20)

Because n? is decreasing in C'SP, there exists a unique solution to the above equation, provided
that it exists. To show existence, we establish that (1) limege_,o n2(C'S4, CSB) = 0 and (2)
limgegs_,_o 2 (CSA,CSB) = 1.

On (1): to satisfy g® = 0 while letting C'S? — oo, we must have (1—a®)logn?—p8logn —
oo or n/nP — oo. In the former case, we must have (1 — a?)logn# — f4logn? — —oco and
thus g — oo, violating the requirement that g” = 0. Hence, we must have n#/n? — oo,
implying that limggs_,o n2 (0S4, CSP) = 0.

On (2): suppose that C'S? — —oo. In this case, we must have n?(CS4, CS?) — 1, because
g2 — oo otherwise.

Thus, we have shown that

M

li n2(Cst, csPy=0<1
nglloo;”z( ’ ) =5
M
lim n?(Cs4,CSP) =M > 1.

CSB——00 4
=1

By the intermediate value theorem and the monotonicity of 2 in C'SP, there exists a unique
_~ B
value C'S™ (H#) that satisfies the equation Y. 7P (CS4, CSP) = 1 given any C'S4.
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Next, let C'S4 vary while requiring that CS? = cS (CSA). Let C'S* — 0o. We must have
(1 —a)logn — Btlogn? — —o0

or

B
n;

— —» OQ.
ni!
Both of these conditions require that n/* converges to 0. As CS4 — —oo, we must have that

for each i,
(1—n) [(1—a)logn — B logn? + CS*]

is finite, which requires that either n? — 0 or n* — 1. Suppose that there exists a platform
with n? — 0. This implies that C/’TS'B(C’SA) — 00, because g” — oo otherwise. However, then
we must have 7 — 0 for all j, which contradicts the condition M n?(CSH, CS (C’SA)) =
Thus, there can be no i such that n”? — 0 as CS4 — —oo. Therefore,

lim A4S, 05 (C5Y) =1

CSA——o00
for all i € {1,..., M}. Hence, we have

M

lim RA(Cs4, 08 (CSA)) =0<1,

C’SA—><>0

lim Zn (CSA,.C5"(CS4) = M > 1.

CSA——o0
As the last step to establish equilibrium existence, the intermediate value theorem implies that
there exists a solution to the equilibrium condition

M

Z (Cs4, 05" (C54) = 1. (21)

To establish that equilibria are ordered in terms of user surplus, we note that

—~ B onB(csA,csB
005 (05 _ T TG
0CSA <M 9mB(CSA,CSE) =
2= a0
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For any equilibrium values of C'S4, C'S* and C'S3* such that C'S{* > OS5, we have
CSP* = 057 (C5) < 087 (084 = OS5,

Therefore, equilibria are ranked in terms of group-A or group-B user surplus.
There exists C'S“-maximal and C'S“4-minimal equilibria, the former of which minimizes C'S?,

and the latter maximizes it. These extremal equilibria are stable, as

M oA M OB y Y onA M omP
£ 9CSA | \ & oCst £ 9CSP | \ & aCsA

holds at extremal equilibria. O]

Proof of Proposition 5. Consider the type (7, 75) of a platform that is consistent with the net-

work sizes (n#t,n?) and aggregates (H*, H?). Solving explicitly for (771, 72

1

with (nt,n?) and (H#, HP), we obtain the solution

k 7k 1—ak l
Tik:—(n’H ) 7 exp{ L - (l—ak—ﬁln—;)} .
(nﬁHl) 1—n; n;

) that is consistent

This completes the first part of the proof.

-----

M

Do = THm () ()

where

M !
1—ak —B* 1 n;
T*(n) = ; (nf) (né) exp [1 — (1 —af - lﬂ—;)]

For the chosen (74, 7P), set

w=(m) (7o)

,,,,,

consistent with the aggregates (H*, H?), which completes the second part of the proof. O
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Proof of Proposition 6. Using the definitions of f;’“ from the proof of Lemma 3, we have

TA
s =1
afE
v =0

By applying the implicit function theorem, it can easily be shown that, as an equilibrium
property, dht/ovt > 0 and OhP/Ov > 0, as shown in the proof of Lemma 2. We note
that OhP /Ov#t > 0 if and only if 34 or 8P is strictly positive. Since nf = h¥/H*, the result

follows. o
Proof of Proposition 7. We consider v > vf, vB = v . Denote price-cost margin for group k
as u¥ = pF — cF. Differences across platform depend only on cost-adjusted quality offered to
group A, v = a‘-“ — ¢, We can write
’UA
Hh) = (o) + [ 2 dvt,

u(v

Hence, ( ) > U ( 4) is implied by > 0. We express price-cost margins using the

formula from Lemma 1.

pi (b ) — ¢ =vf — (1= a”)logh + B log hi'.

A
dv}

. " " e ) d[p? (h{t hPH)—cP]
As in Proposition 6, we use the definitions of f;* from the proof of Lemma 3,Sign =

. Oh* BB OhP 1_B Ly cpe .
Sign ( S i T — o3 1 B > which is positive if and only if

| — nB)2 4 B A A 4
o {0l o) - s at [Pt + 502

is positive. This simplifies to
nP A

i B App T B2l By nA T
1—n35 (1-a) - /35 —F + (87— (l—a)ﬁn—B>0,

7 [ 2 7

We now prove the statement of the proposition. (i) If 34 > 0 and BB = 0, the above

expression is negative, so p? — ¢ is decreasing in v}, implying that p? — c? < pf — cf when
v > UA and v? = "UB (i) If 53 > 0 and 84 = 0, the above expression is positive, so pP — B
is increasing in v;!, implying that p? — ¢? > p? — ¢? when v > v and v = vP. O

Proof of Proposition 8. Similar to the proof of Proposition 7, this proof relies on small vari-

ations of the cost-adjusted platform quality, to establish how the price-cost margin given in
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Lemma 1, pA(h2, h2) — ¢ = vt — (1 — a?) log h* + 4 log hB, reacts. We have
dlpA(hAT pBH) — A
Sign( (i’ (A Cépi ) CZ]>
V!

1

(1 AL OFE a1 OfF
(1-a )h;‘ OhP & hP Oh A
aff off  off off
ohX dhB — 8nB onA

= Sign [ 1—(1—-n?)

i
After some calculations, it turns out that the above expression has the same sign as

o = )+ 572 [aBol = o)+ 901 (1= aP) 1 =)
? ? 7 nf} ? 2 ? nB 1

]

where we obtain the last expression from the following calculation:

A B A
e+ (1 1 ﬁ%;4)
(RA2(1 — o) + BEnB (1 — 2n)

N (1 —nf)nf
L ol 40P~ 2nfn
= 0= nfyf
(1= nB)nf & (0 — nB)’
’ (L —nf)nd

In the following cases, d(p/* — c)/dvi positive:

1. When 8P = 0: this is straightforward.
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2. When 84 = 0: to see this, for 44 = 0, the expression under consideration is

A B A B
1 ﬁln?(l —a?) +5B% (1 — 1 ﬁln?)] (1 ﬁlniB +1-— nf) (1—aP)
B
—(BPPEL (= nP)
> (ﬂB)QinzB + (1 _nzB)2 — (1 _nzB>
n (1 —n)nf
> 0.

3. When nt > nP: to see this, the expression under consideration is greater than

B\,,B AN A

5 (1 —ni)n; 4 (1 =ni)n] B B
1—n:
7 e 1o 70— )
B[aa, =np) pnf B
— D) —pl
B
> {5A +B87 (1 - nf)}
because (1 —nP)/(1 —n#) > 1 when n > nB.
Therefore, if corresponding values of (n, n?) satisfy n* > n? for all v4 € [UJA,UZA], we

have the desired result. To establish this, it suffices to examine that d(n?/n?)/dv?* > 0

at v4 such that n? = n®. To see this, note that

Sign

Sign

Sign

Sign

A
i

B
n;

.
K
(1 0h 1 ORP
L ht Ovt hB Ovd
1 0fB

h OnP

ot = cf

7

|

1 o
hE on
)+ (1 —=n)(1—a” =57,

which is positive as long as p! — ¢! > 0, which always holds when n#t > nP. Therefore,

along the path from UJA to v

values of v#, holding other

increases on this path, establishing that p! — ¢! > p]A —

B
¥ 7
parameters fixed. Therefore, p* — ¢* also monotonically

A
Cj.

A if nf > nP, n? > nP always holds for the intermediate

7 )

When p2t —c > 0 and pP —c? > 0: we consider the case where n? > n! because we have

established the desired result in the case where niA > nf. First, it is straightforward that

A

)

a small change in v

increases p;' —c{! in this case. What needs to be shown is that p —c

A

()
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A

continuously increases as v; A

increases more. To see this, note that a small increase in v;

increases ni' /nf if p! — ¢ > 0. Therefore, the sign of p/ — ¢!, which is determined by

the sign of 1 —a? — BBnB/n#, is positive for all v € [v}, v ] as long as p/t — ¢ > 0 at

. Furthermore, because p? — c¢? > 0 whenever n? > n#t. Put together, at any point on

the path [v#, 9], the signs of p/t — ¢! and p? — cP are positive, implying that the local
increase in p;' — ¢;* continues until the end. This establishes that p;' — ¢/ > p?t — ¢il.

The remaining case is 34 > 0, 32 > 0, and n? > n'. It turns out that d(p? —c!)/dv* < 0 may

hold in this case. We show this by example. Suppose that g4 = 3% = 0.995, o = a® =0,

A4 = 0.2, and n? = 0.25. By Proposition 5, we can obtain these participation levels with

appropriate choices of the primitives of the model. Then,

e [ | (U LRSI T

Z { 1—n

— P [5A + 53@(1 - ”B)}
nA !

i

= —0.000911406.

Proof of Proposition 9. We show each of the statements of the proposition.

1. Fix the characteristics of an entrant (a4, ¢4, a2, cB). Then, we show that if max{s4, 3%}
is sufficiently small, the user surpluses for both user groups increase with entry. To see
this, consider the limit case of zero cross-group network effects (i.e. B4 = B2 = 0).
When g4 = B = 0, n¥(CS4,CSP) depends only on CS*. We have n(CS4, CSB) =
nA(CS4,0) and nP(0,CSP). Given the pre-entry equilibrium user surplus (C'S4*, C'S5*)

and

M
D AMCSM,0) + p(CSH,0) > 1,

1=1

Z (0,085 +7B(0,C8%*) >

the post-entry user surplus (C'S4** C'SP**) must satisfy CS4** > CS4* and CSP** >

CSP*. Because of the continuity of the model in parameters, we obtain the statement.

2. Take group-A optimal equilibrium (C'S4*, C'AB*), which is also the equilibrium that min-
_~B
imizes the group-B user surplus. Let C'S4** > CS4* and CSB* = CS (CS*) + «,
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where € > 0 is a sufficiently small positive number such that C/@B(CSA**) +e < CSB~.
Then, at (CS4**, CSB*),

Z CSA** CSB**) 1,

Z nP(Csh* 0P < 1
This pair of (C'S4** C'SP**) is consistent with entry of platform E with post-entry market

shares

np=1-Y nHCS*", CS"") >0,

ng=1-Y nl(CS*"™, CS*) >0
Then, the proof of Proposition 5 implies that there exists a type of platform that is
consistent with (n4,n%) and (CS4** CSP**). Hence, there exists platform entry that
induces (C'S4**, CSP**) as an equilibrium outcome, and the lowest equilibrium group-B

user surplus is lower after the entry than the pre-entry level.

3. Consider the entry of new platform E with characteristics (a4, ca, a2, cB). At any pre-

entry equilibrium user surplus (C'S4, C'S®), we have
Z (CSA,CSPY + 7k (Csh, CSP) =1+ 7k (Csh, CSP) > 1

for k = A, B. Since nf(CS*,CSP) is decreasing in (CS4,CSP), CS* or C'SP must be
greater than the pre-entry level. Now, take the group-A optimal equilibrium user surplus
(CS4*,CSB*). Then, there must be a post-entry equilibrium user surplus (C'S4**, C'SB*)
that satisfies CS4* > CS4* or CSP* > CSP*, implying that maximal group-A user

surplus or minimal group-B user surplus increases with entry.

Proof of Proposition 10. Define I1g(n4,n%) by

A B A
M) = T (1o 0t - 20 ) 4 L2 (1 an - 02

1 —ng ng 1 —ng ng
_nd(1—af) —nBEF  nB(1-aP) - npp!
1—ng 1—nf
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The free entry condition is g (ng, n2) — K = 0.

The equilibrium surplus of group-k users can be written as the function of the entrant’s
characteristics v% = ak, — ck and their equilibrium network sizes (ng,n%):

1
k I"E
l—of = p'of
E

CS* =k + BFlognt, — (1 — a*)lognk — -
1—n%

Suppose that n4 > nZ. We write n4 and n2 as n2 = n and n% = nf noting that # > 1 and
E E E E E E

n < 1/6. We define
Mg(0,n) :=g(dn,n).

Surplus of the two user groups is

A A A A A 1_0/4_%
CS=vp—(1—a —6)logn—(1—oz)log«9—#,
— on

1—af — 540
CSB:vg—(1—aB—5B)1ogn+ﬁBloge—+nﬁ.

The free entry condition II(#,n) — K = 0 has a unique solution in n(#) € (0,1/6) such that

n'(0) € (—n/6,0) given 6 > 1, as shown next.

Noting that
ollg (n,nB) = 1—ar—nppt  p*
onk, T TE (1 —nk)? 1—nk’

and using the implicit function theorem, we have

vy W(0)
n'(0) = — Vo)’
where
W(0) = 5 0.n) = ng 0. m)
1 A B s
" T T T
s —nen)z [1—a® =np” — (1—0n)p"]
> s (10— 0 = 87) + (1= 0n)(1 = o = 5]
>0
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for all # € [1,1/n), and

 om,
_0llg Ollg
= eﬁné (On,n) + P (On,n)
- Ywiey+x,
n
where ol . 5 o34 o
X:=—= S — .
onB (6, m) (1 —n)? 1—06n
Hence, if X > 0, we have
W (o) n
"0)=—————¢€(——-,0]).
") = T+ x (-5-0)

We now show that under the condition stated in Proposition 10, X > 0 holds. First, note
that by Proposition 6, we have n¥ > n% for all i = 1,..., M; because we assume v¥ > vk for

all = 1,..., My, implying that On < 1/(M; + Mg) . Next, we have

1—aof —ngpA BB

X (I-n)2  1—6n
M _ 2
> (1_1n)2 _1—0‘4—5(911—1—(1_;2)}
R D 1 (1—n)?
= (1—n)? _1_0‘_5<M1+ME+1—m)]
S 1 '1_@__(M]+ME)2+M1+ME—1}
- (1—71)2 i (M]+ME)(M]+ME—1) ’

where a := max{a?, a®} and 3 := max{$4, 3%}, and we used On < 1/(M; + Mg) to show the
second inequality and (1 —n)? <1 to show the last inequality. Defining

- MPHM-1

(M) := MM =1) (22)

we have that if 1 —a > B¢(M;+ M), it must hold that X > 0 for all relevant values of (6,7n).
Finally, we show that (M) is decreasing in M and ((M) € (1,5/2]. At M = 2, we have

2241

(@) ==

5
>
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The derivative of ( is

p _(2M+1)M(M—1)—(2M—1)(M2—|—M—1)_—2M2-|—2M_1
¢'(M) = IREE = RO 1) < 0.

Finally, we have

14 L L
lim ¢(M) = lim (+M—1M> =1.

M—oo M—oc0

This establishes that (M) is decreasing and takes values ((M) € (1,5/2].
Put together, under the condition that 1 — & > B¢(M; + Mg), we have n'() € (—n/6,0).
Using this result, we show that dC'S4/df < 0 and dCSZ/df > 0. To see that dC'S*/df < 0,
note that

dcs*  ocs4 n oCsA

df o O,
We have
aOSA:_1—aA_ BB i—L(l—aA—ﬁ>
99 0 1-0ne2 (1—06n) 9 )
and dCSA  1—at - pA 0 L
on = _(1—9n)2(1_0‘ _7)<0

Hence, we have

dCSA 1—a? pE 1 0 n BB 1—at—p4
__ _ =+ %)) (1) i
a0 8 1—ne (+ "()) )2< * ) ()

e Lt P (1 ) s (e )

9  1—6n6?
A B
AN

< —
= (1— 0n)6?

because n'(6) € (—n/0,0). Next, we show that dCSP/df > 0. To see this, note that

cs® _ocs” |, ( Q)acsB
o~ o0 "V on
aosB B ﬁB 6A

o0 0 1-n

> 0,

and

on n (1 —n)?

oCSB  1—af — B 1—af —p4g

20



If 0CSB/on < 0, dCSP/do > 0. If HCSP /dn > 0, we have that

dCSE B BB A , 1—aB —p8 1—af —p%
do _7+1—n+n(0){_ n B (1 —n)? ]
BB BA nfl—af -8 1—af —p4
=" ‘[ no @y }

6 10
B B4 +n 1—aof 1-—af—p%
1-n 6 n (1 —n)?

= % {H 1fn a 7(11(9—_71;2)}

:m[(l—n)2+8—20n+n]
BA
= g (Lt 46— 26n),

Zcs(0,n)

where Z¢g is decreasing in n € [0,1/6] and, thus, minimized at n = 1/6 in the range [0, 1/6]

for any given #. At the minimum it takes value

1 1
Zes(0,1/0) = —1— — + — +0

0 6
03— 62 —0+1
_ -
(6 —1)(¢*—1)
— o >0

for all § > 1, implying that dC'S®/df > 0. Therefore, along the Iz = K curve with na/n8 > 1,
C S8 is increasing in (na/nB) and C'S4 is decreasing in (na/n%).

Next, consider the case that n2 > n4. Then, we can write (ng,n2) as (ng,n8) = (n,0'n),
where §’ > 1. Using the same logic, we can show that C'S# increases with 6’ and C'S® decreases
with @'. Therefore, along the IIp = K curve with na/n2 < 1, again CS® is increasing in
(ng/nB) and C'S4 is decreasing in (n4g/nZ).

Finally, compare the long-run equilibria with the same parameters (o, a®, 84, 88, a4, a8, ch, B K)
but different parameters other than that. Then, the two equilibria are characterized by the
network sizes of entrants (na*, n5*) and (n4*,n8*) along the Iy = K curve. Let (CS4*, CSP*)
and (C'S4**, CSP™) be the surplus of the two user groups in the respective equilibria. Sup-
pose without loss of generality that na* /nB* > nd** /nB**. Then, we have CS4* < C'S4** and

CSB* > CSB* with equality if and only if (ng', nf) = (nf, nP). Therefore, we have

(CSA* . CSA**)(CSB* . CSB**) < O,
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which completes the proof.

Proof of Proposition 11. The market share of platform i changes with &4

A

~A
dn; B ;

dat ~ (=&t oy
HAA  ond
(1— a2 0HA”

The aggregate H4* changes with & as follows:

A
1—mn;
1—

n

A
n;
A

i

" M ond
dH4 o _Zizlad_A
AA M ond
da D im1 57
M H4# onf
2 im1 (=& o7A
- M o :
Dict dHA
We have
dni*  onf  dH* ong
da* — 9atr  datr 9HA
[ oA [ HA dH
| oHA\(1—-a4)?  dat
] _ Moo}
ong HA 4 2l [_8HA}
= — v —
oHA| (1—ay | w [ o
| oHA| (1= a4 s [~ o]
M onst
N ont ] HA Zj:1<UzA_U;‘4) [_aH_A]
| 9HA| (1= aA)2 M ot
R/—_/( ) Zj=1 [_BH_A]
>0

Therefore, there exists a critical platform j < M — 1 such

and for all j < j with dn;‘* /da# < 0. This last inequality

that for all j > j, dni"*/da* > 0,

must be strict for j = 1. It must

also be strict for all j < j in platform oligopoly provided that UJA < v]f,“. Since an increase in

the degree of compatibility implies a decrease in G, the result follows.

]

Proof of Proposition 12. We first show Proposition 12-2 and then show Proposition 12-1. Here

we make use of a derivation in the proof of Proposition 13 below, which does not rely on any

of the results obtained in the current proof.

Supposing that g4

52

BB = 0, we can simplify Q4, which appears in equation (23) in the



proof of Proposition 13, to

~ AUA 1 1
A A A, A A A
Q (nl,Av):1_dA—[logn1—log(l—nl)]—(m_ﬁ)
1 1
= Ap? — [lognft —log(1 — ni')] — _ -
7" — [logny' — log(1 — ny')] <1—n‘14 n{‘)’

where Av? := v — 0 and A4 := Av?A/(1 —a?). The proof of Proposition 13 shows that the

equilibrium market share of platform 1 is given by Q4(n{!, Av?). Since 00" _ 1 and

PATA
o0t 1 1 1 1
on — mit l-ni (1-n{)?  (n{)?
B 1 2(n{t)? — 2nt +1
ni(l=ng)  (n)?(1—nf)’

(ni)? —ni' +1
(ni!)*(1 —ni!)>”

we can write

Next, noting that

AN AvA
~v B v~ B 1~ A
dart  (1—-a4)? 1-a4
and
1— ~ A
CS4 =vf — (1 —at)lognd — ozA’
1—n4
we have
00 84 1 dn™* 1 1
e | A — AvA | — 4 — -
gar o8t T T A T gagat? [nf T —n{‘)J
A
_ A U3 A2 A\ A=A
= logn] —1—1_”{‘ T it (1=ni)*+ni) Ao
= logni' + T nd nt A4,
Since

1 1

AT A

AT = lognf — log(1 — nd') + =i

23



we can write

oC 54

e = (1 —ni)logng + 2+ ni'log(1 —nh).

When né! = 1/2, the inequality

0C 54
Q
holds. As nf! — 1, we have the limit result ag&@:* — —oo. Finally, since

there exists a critical value ﬁf,cs € (1/2,1) of the market share of platform 1 such that user

surplus is decreasing in a&? if and only if n{* > Al 5. Because ni* is increasing in A4,

which is increasing in Av?, there exists Aggv? > 0 such that dpf*/da? > 0 if and only if

vt —v3 > Aggv?. Because @4 is decreasing in A, we obtain Proposition 12-2

Next, consider the impact of & on prices. Since pi' = i:i‘z, the effect of @4 on the equilib-
1

rium prices is given by

dpi 1 A (n)?
dat 1 —ns ()2 —nft +1

— A\2 A A 1 {
= G | (ot st =i+ = ) - U

1 A A A 1
— (n{‘)z—n{‘+1 [(n1)2 (logn1 —log(l—nl)—E) —1}

The function

(ni')? (log i —log(1 — ni")) — nf
has the derivative

A A A A (”f‘)2
2n3 (logn1 —log(1 —n] )) +ny + T~ 1
1
(2nf = 1)
4 >0

= 2n{ (logni —log(1 —nt)) + 1

for all n{' > 1/2. Thus, there exists a critical value 7 € (1/2,1) of the market share of

Lp
platform 1 such that pi'* is increasing in & if and only if n?* > fzfp. Therefore, there exists
A, v > 0 such that dpi*/da? > 0 if and only if vi' — vs! > A v, Because a” is decreasing in

A, we obtain Proposition 12-1.
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]

Proof of Proposition 13. Suppose that M = 2, that is, platforms are duopolists. Also suppose

that ¥ := a¥—c} > ab—c§ =: v} for k = A, B; that is, platform 1 is more efficient than platform

2 is. In this setting, the equlhbrlum object can be summarized by (n{,n?), nk =1 —n¥ for
k=A,B.

Noting that, from the optimality conditions (18) and (19), we have

~ 1 ~ B
CSA = U;‘ — (1 —dA)logng‘—i—ﬁAlognf — 1—A (1 _&A _BBn_i> 7

- 1 - .nd
CSP =y — (1 —a")logny + 5% logny — T8 (1 —a” —ﬁAn—QB) ;

the equilibrium condition for the market share of platform 1, (né',n?), is given by the system

of equations:

QY (nf',nf, Av?) =

0
QB (nh,n?, Avt) = 0

)

where

1 _ B
QA(nd nP AvY) = ot — (1 —a?)lognd + A logn? — CSA — — (1—6/‘—53”_1)

nA nB
= ol v — (1 —a)log A—i—ﬂAlo _113
Ny

1 nB 1 ~.nB
_ 1—gA B 1—aA_pgBl2
1—nf( o 57ﬁ)+1—n§( g

= Av? —(1—-a") (logni' —log(1 —ni)) + BA (log n]f —log(1 —nY))
1 ~onb 1 nP
1_aA_ gl 2 5B 1 9
o () g (et A )

and Q8 (nd, nP, AvP) is analogously defined.

From Proposition 7, we know that any solution to this system of equations lies in (1/2,1)%.

We can rewrite Q4 as

QA nP Avt) =Av? — (1— dA)[log ny —log(l —nj )] + BA[log n? —log(1 — n?)]
- e (- @) = 1) = Penf < 1))

ny 1
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Thus, we have the partial derivatives with respect to n? and n?:

A nA _ N
A e e Mty LR LD R
2(1 — a?)
(1)
S (nf)2(11— 7 (1= ") [3n(1 = ) + (20 = 1)) + (207 = 1)(20f — )3
< (nf)Q(i—nf)(l —aM2-nf]<0
004 1 -
o = Vg a7

The partial derivative with respect to A is:

1)

1—n4

B
1 n

O 1 ”14(1 - ”14)

To conduct comparative statics with respect to A, we can write

=) ) (=) (0
NS A
o0t 908 908 904

- +
dni 9N onf  OX On¥
A\ 904 908 904 9QB
8n31‘ onP onP 8n31‘

Therefore, once we establish that

004 008 B 004 008 -
ond onP  onB ong ’

we know that dn{'/d\ < 0 and analogously dns /d\ < 0.
To show this, we write the left-hand side of inequality (24) as

DOA00E 90908 7
oni' onf  ony onft — (n{)*(1—ni)*(nf)2(1 = nf)>’

26

aQA:—aAlog< i )—ﬁAlog( ny )_OZA(Qn‘f‘—l)ﬂLﬂB(?”f—
1_

(24)



where

Z, = [(1 — M B (1= nd) + (208 — 1)2] + (20 — 1)(2n? — 1)53}
x (1= %) 308 (1 = nf) + (2nf = 1)7] + (208 — 1)(2n — 1)34]
— [BAnt (L = nf) + 2870 (1 = nf)] |30 (1 = nf) + 2840t (1 = n)]
> [max{BA,BB}]z X Zs,

with

Zy = 3ni(l—nf)@nf = 17+ 308 (1 - n¥)(2nf — 17+ (20 — 120 — 1)

—2 [nf(l —n) —nB1 - n?)f .
Inequality (24) is satisfied if and only if Z; > 0.

Without loss of generality, suppose that, on the larger platform, there are weakly more

group-A users than group-B users, n{' > n¥ > 1/2. Then, we have

07,

mF 4(2ny’ = D[y (1 = ny’) = ni' (1 = nd)]
1

+12n38 (1 — n)(2nP — 1) + 2nP — 1)(2nf — 1)? > 0.

Hence, if Zy > 0 at nP = 1/2, Z, > 0 for all n? € (1/2,n{']. At nP = 1/2, we have

3 11?
Z2|n113=1/2 = Z(Qn{l —1)? =2 {n‘f(l - 77/14) - ZJ
5— 167

8 9
where Z3 is defined as
Zs =011 = (2 =ni)(n))?].

Function Z3 has the first-order and second-order derivatives with respect to ni':

Y
=1 ()6~ and),
1
027
WA:’)’Q = —12n8(1 —nd) < 0.
1

Noting that 9Z5/0nft = 0 at n! = 1/2, Z3 is maximized at nf = 1/2 with maximum value

o7



Z3|pa=1/2 = 5/16. Hence, 5 — 1673 is minimized at nil = 1/2, with the minimum

(5—16Z3)| 0.

ni=1/2 —

This establishes that Z; > 0 for all nf! and n? € (1/2,n7] and, thus, inequality (24) is
satisfied. ]

Proof of Proposition 14. Group-k demand of each platform is implicitly defined by

nk — hlf(Pf»Pi) (25)
‘ H(l)fz(yl()€7nfani>pf7pi) + Hk(p)’
where
kok kot koo kexp[(Cre — 1)(af — pF) + Tlal — ph)]
Hg, (Yo, ni'sngy 055 03) = Yo (nE Yo (nl)Br
hy
= W - (26)

explaf — o) (n) ()

]

Equations (25) and (26), along with the fact that n} /n¥ = h¥/h¥ implies that Hg, = H{; for
all i,j =1,..., M. This implies that there exist ¢*, k € {A, B}, such that

exp[(Tre — 1)(af — pF) + Dri(al — pl)]

7 gk
(o (] e
This equation can be rewritten as
axlogni + Balogny +log¢" — (Pas —1)(a;' —p") = Tapla] —pi') =0,
aglogny + fplogn; +1log¢” — (g —1)(a7 — p{’) = Tpala)' —pi') =0

Solving for this system of equations, we obtain

log nt

:5/1 log ¥ — aplog ¢ + [ap(Taa — 1) — Balgal(a* — pi*) + [apTap — Ba(Ts — 1)] exp(al — pP)
asap — Bafp

Noting that

apl(l —ap)aas+ BaBe] — BaBs
(1 —aa)(l —ap) — BaBs

apfa — Bal(l — aa)ap + B4BB]
(1 —aa)(l —ap) — Babs

ap(laa —1) — fal'pa = = (aaap — BaBp)l aa,

apl'ap — (Bal'ps — 1) = = (aaap — BaBB)l 4B,

28



we have

Balog ¢? — aplog ¢
a0 — BABB
Bplog ¢ — axlog P

a0 — 5ABB .

logns = log hi* +

Y

logn? = logh? +
Because equation (25) can also be written as

logn;4 = loghiA — log (yg‘ A —|—HA) ,
logn? =logh? — log (y§¢B+HB) ,

we can write the system of equations that determine the values of (¢*, ¢?) as a function of
(HA, HP):

FA =log¢™ — aalog(yi o™ + HY) — Balog(yP¢” + HP) =0,
FP =log ¢” — aplog(yd ¢” + H”) — B log(y;'¢” + H*) = 0.

Let ¢4 (HA, H?), P (H?, H*) be the solution to this system of equations.
Group-k demand of platform ¢ is now written as
hA

ArpA A B 3
A(hd HA HP) = :
ni (b, B, HP) v A (HA, HB) + HA
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