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Abstract

This paper proposes a method to conduct inference on a finite-dimensional parameter in models
defined by a finite number of conditional moment restrictions (CMRs), with possibly different con-
ditioning variables and endogenous regressors. Those conditional moments are allowed to depend
on non-parametric components, which might be modeled flexibly using Machine Learning tools. In-
ference is based on locally robust/orthogonal /debiased moments, extended to the case with CMRs.
These moments are less affected by regularization bias, which is relevant to machine learning first
steps and typically invalidates standard inference. Under weak smoothness conditions, we exploit
the CMRs implied by the model in a general way. Thus, our strategy can be applied uniformly
in various contexts where the construction of orthogonal moments has not been explored, such as
non-linear GMM settings, models with missing data, production functions at the firm level, dynamic
discrete choice models, non-linear simultaneous equations models, and many others. Our approach
converts a given function of the conditioning variables into a valid instrument that yields a debiased
moment, justifying their use over other “ad-hoc” choices of instruments often used in applied work.
We argue that this will necessarily require solving functional equations involving unknown terms
directly linked to the particular model at hand. However, by imposing an approximate sparsity con-
dition, our method automatically finds the solutions to those equations using a Lasso-type program
and thus can be implemented straightforwardly in the same way, regardless of the particular model.
Based on this, we introduce a GMM estimator of a finite-dimensional parameter in a Two-Step
setting. We derive theoretical guarantees for our construction of orthogonal moments and show the

asymptotic normality of the introduced estimator.
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1 Introduction

Models defined by conditional moment restrictions (CMRs) are ubiquitous in economics and statistics.
They appear in a variety of settings such as regressions, quantile models, dynamic discrete choice mod-
els, non-linear simultaneous equations models, missing data, and production functions, among many
others (see Chen and Qiu, 2016). Often, to make the model more plausible or less affected by paramet-
ric assumptions, researchers consider semiparametric specifications by allowing the CMRs to depend on
an unknown potentially infinite-dimensional parameter (e.g., a flexible conditional expectation), apart
from the finite-dimensional structural parameter (e.g., Chamberlain, 1992b). This paper presents a gen-
eral method to construct Locally Robust (LR)/Orthogonal/Debiased Moments (Chernozhukov et al.,
2022a; Neyman, 1959) in such contexts. Particularly, we introduce a method to conduct inference on a
finite-dimensional parameter based on a general approach to obtain debiased moments in settings with
semiparametric CMRs. Therefore, this paper paves the way for the application of debiased moments
in new and unexplored scenarios relevant in applied work.

To be concrete, we consider models defined by a finite number of CMRs, with possibly different
conditioning variables and endogenous regressors (in the sense that the nuisance parameter may be
a function depending on variables other than those used for conditioning). In our context, the only
information that the researcher has is a number of CMRs that depend on a finite-dimensional parameter
of interest and other parameters that belong to a high-dimensional space. A leading case is a Two-
Step setting, where certain CMRs identify conditional expectations. Since this nuisance parameter is
unknown, it needs to be estimated using those moments in a first stage; to conduct this estimation,
the researcher might use recent machine learning methods such as Lasso, Random Forest, Boosting,
Neural Networks, and many others, known for their flexibility. As these deal with high-dimensional
objects, regularization is necessary to maintain the variance under control, causing a bias that could,
in turn, lead to bias in the estimation of the parameter of interest. As this bias typically fails to decay
at a rate faster than /n, it would invalidate standard inference.

To alleviate this problem, we introduce a new estimator, the Debiased CMRs Estimator (D-CMRs),
of a finite-dimensional parameter, that exploits debiased moments extended to the case with CMRs.
These moments are suitable in this context, as estimation based on them is less affected by regularization
bias present in the first stage, compared to a standard GMM procedure based on non-orthogonal
moments. Characterizing debiased moments in our general setting is simple. One can show that an
orthogonal moment can be obtained as a sum of the products of the residual functions (present in the
CMRs) and some functions that we denote Orthogonal Instrumental Variables (OR-IVs), which depend
only on the conditioning variables (Arganaraz and Escanciano, 2023). Those OR-IVs belong to a special
subclass of Instrumental Variables (IVs), i.e., functions of the conditioning variables. Moreover, as we
will argue, they are necessarily solutions to functional equations.

We aim to design an algorithm that allows researchers to estimate these OR-IVs without having
to solve those equations explicitly and that can be applied uniformly in various settings with general
CMRs. Our motivation stems from the fact that CMRs appear in a variety of applications in distinct

ways. For instance, consider a missing data setting, as studied by Graham (2011), and a semiparametric



model of production functions estimation at the firm level, as considered by Ackerberg et al. (2014).
The only feature these two examples have in common is that they can be reduced to a set of CMRs.
Hence, if one seeks to find debiased moments for them, one would need to solve functional equations
directly linked to the particular CMRs implied by each model. By nature of the model, these CMRs
depend on nuisance parameters, and thus, the functional equations would depend on unknown objects.
Consequently, the potential solution will depend on particular unknown terms, and thus estimation
needs to be conducted to obtain the OR-IVs. For instance, in the missing data example, they depend on
the unknown conditional probability of observing the data, an object that is absent in the production
function model. Hence, the estimation strategy that one might propose would again be subject to the
model. In contrast, this paper introduces an algorithm that exploits the CMRs in a general way and
thus can be applied to any setting, under some smoothness conditions that we specify. Our approach
can be regarded as automatic in the sense that it implicitly estimates a solution to these equations.
Thus, the researcher does not have to characterize it, while properly dealing with unknown terms.

As discussed by Arganaraz and Escanciano (2023), the key idea is based on constructing a linear
operator derived from the CMRs (Carrasco et al., 2007; Luenberger, 1997). The range of this operator
collects all the possible Gateaux derivatives of the initial CMRs with respect to the high-dimensional
parameter. Then, what we require for a valid OR-IV is that it has to be orthogonal to the range of
the aforementioned operator, under a suitable notion of orthogonality. The current work builds on the
observation that this orthogonalization can be accomplished by “residualizing” a given known function
from the orthogonal projection onto the range of the operator. The challenge stems from the fact that
such an operator is unknown, and thus its orthogonal projection is unknown. In this work, we show
how such projection can be approximated in practice by exploiting the CMRs implied by the model
following the same recipe, regardless of whether the setting is missing data, production functions, or
any other context.

Assuming that such orthogonal projection is approximately sparse, we argue that we can obtain
an estimator of the solutions of the aforementioned functional equations, i.e., the OR-IVs, using a
Lasso-type program. More precisely, under an approximate sparsity assumption for the orthogonal
projection, we show how it can be approximated by a linear combination of a number of known basis
functions and a sparse finite-dimensional parameter, which is the solution to the Lasso program. Then,
the obtained coefficients are used to approximate the OR-IVs. These make the OR-IVs orthogonal to all
the possible deviations of the CMRs with respect to the non-parametric component, which is sufficient
to obtain a debiased moment. Such an orthogonality condition can be seen as the minimization of a
mean squared error. The dimension of the regressors involved in such minimization is allowed to be
greater than the sample size, by adding a ¢1- norm penalization term. The resulting objective function
is then familiar to any Lasso problem. Nonetheless, this Lasso program is special, in the sense that it is
based on unknown regressors even though the starting basis functions are given. This is a by-product
of not knowing the linear operator that we mentioned in the previous paragraph. Hence, they need
to be estimated before minimizing the corresponding Lasso objective function. Conveniently, those
regressors take the form of conditional expectations, given the conditioning variables of the model.

Consequently, they can be estimated by suitable machine learning tools. In addition, for theoretical



and practical reasons, we use cross-fitting. Once these regressors are estimated, the problem is a Lasso
regression and as such, it can be implemented straightforwardly by well-known algorithms for each fold
in the sample. As these features are particular to our estimation of OR-IVs, we provide theoretical
guarantees for our estimation procedure, under the specified sparsity condition.

From a broad perspective, we see our method as a way to justify the use of certain instruments
while dealing with CMRs. It is well-known that CMRs typically imply a large number of unconditional
moments (Bierens, 1990; Carrasco and Florens, 2000). Although the asymptotic efficiency of estimators
can be improved by considering a larger number of moments, an excessive number of them might not
be recommendable in practice (Andersen and Sgrensen, 1996; Newey and Smith, 2004). In applications
then, a finite number of instruments are selected to obtain a finite number of unconditional moments,
and estimation is performed using GMM. More often than not, this choice is “ad-hoc”. The only
choice that is theoretically justified, over other choices, is the so-called optimal IVs as moment based
on them yields estimators that are semi-parametric efficient (e.g., Ackerberg et al., 2014; Ai and Chen,
2003, 2012; Chamberlain, 1992b; Chen and Pouzo, 2009). This paper argues that if one is interested in
inference in a high-dimensional setting, only OR-IVs should be used, as moments based on them are
debiased. Hence, our algorithm justifies the use of OR-IVs over other choices of instruments that do
not necessarily yield a debiased moment and that are currently used in applied work. Interestingly, the
optimal IV is a special OR-IV (van der Vaart, 1998), but it is not the only one. Indeed, our algorithm
is able to convert any suitable function of the condition variables into an OR-IV that can be used in
estimation as all these functions can be “residualized” using the approach that we described above. If
multiple such functions are provided, then multiple orthogonal moments can be estimated, and GMM
can be applied as usual. A natural approach is to start with the typical choices in applied work and
transform them using our strategy to obtain debiased moments.

The rationale behind employing GMM stems from our theoretical findings, which assure that stan-
dard inference remains valid for the finite-dimensional parameter, despite machine learning tools being
employed to estimate nuisance parameters in a first stage. Specifically, leveraging the asymptotic prop-
erties established for the OR-IV estimators, we demonstrate that D-CMRs follow an asymptotically
normal distribution. For this, we only require that the nuisance parameters be estimated at a rate faster
than n'/4, which can be achieved by a variety of machine learners. When orthogonal moments are not
considered, standard errors need to be correctly computed to account for such a first-stage estimation
(Newey, 1994). Nonetheless, we show that standard errors based on our debiased moments properly
account for such a first-stage estimation directly by using the usual “sandwich” formula, simplifying
their calculation considerably.

We have assessed the finite sample performance of the introduced estimator through a number of
Monte Carlo experiments. We acknowledge that one limitation our procedure presents is that it requires
several choices by the user. For example, the choice of bases to construct the unknown regressors, the
tuning parameter involved in the Lasso program, and the number of folds for cross-fitting, among
others. Despite our theory suggesting that, under suitable conditions, these are innocuous for the
performance of D-CMRs when n grows, we have been interested in studying the behavior of D-CMRs

under distinct combinations of such choices, with finite sample sizes. To this end, we have conducted



seven different Monte Carlo experiments in the context of production functions at the firm level, in
a high-dimensional setting. Overall, we find that, in these numerical experiments, the finite sample
performance of our estimator, in terms of bias and coverage, is satisfactory, regardless of the specific
choices made within our methodology, in line with our theoretical results. Particularly, we observe that
as the sample size increases, D-CMRs exhibit small bias across all parameters of interest, resulting in
point estimates closely approximating the true values. More crucially, our computation of standard
errors remains generally valid, despite employing machine learning techniques in the first stage, as
evidenced by coverage levels closer to the nominal one. This shows the ability of our procedure to
control size. The main takeaway is that our estimation of OR-IVs yields an estimator with good finite
sample performance. These observations, then, allow us to be confident about the good properties of
our estimation strategy and our theory.

The rest of the paper is organized as follows. Section 2 revises the most related works to ours,
emphasizing what our contribution is. Section 3 works out two examples to motivate our results and
describe the problem that we face. Section 4 defines LR moments in our context and discusses our
approach informally. Section 5 is the core of the paper as it introduces our algorithm in a general
setting. Section 6 obtains a convergence rate for the estimators of the OR-IVs. In Section 7 we present
an estimator of the finite-dimensional parameter in a two-step setting, and Section 8 provides conditions
under which its asymptotic distribution is a standard normal. Section 9 studies the performance of our
estimator with finite sample sizes through different Monte Carlo experiments. Section 10 provides final
remarks. An Appendix gathers the proofs of all the theoretical results, elaborates on implementation
details of the Lasso-type program we introduce, and provides additional details on the Monte Carlo

experiments.

2 Related Literature

Our work relates to various strands of the literature. First, this paper is connected to the recently
developed literature on debiased moments. The general construction and asymptotic theory of such
moments have been established by Chernozhukov, Escanciano, Ichimura, Newey, and Robins (2022a)
for a high-dimensional context, i.e., when machine learners are used in a first stage. The debiasing
properties of these moments generalize findings in several papers on modern orthogonal moment es-
timation and inference (see, e.g., Athey et al., 2018; Belloni et al., 2012, 2017; Bravo et al., 2020;
Farrell, 2015; Nekipelov et al., 2022; Sasaki and Ura, 2023). Typically, a debiased moment function
comprises two components: the initial identifying moment function and a suitable adjustment term.
In many applications, this adjustment term is derived as the product of a residual function and the
Riesz representer of the original moment function (Ichimura and Newey, 2022). Our paper builds on
this literature by specifically examining general semiparametric models defined by CMRs, which may
involve varying conditioning variables. While this setting is important in economics and statistics,
previous literature has not extensively explored it with a comprehensive scope, as we undertake in
this study. An exception is Chernozhukov et al. (2018), who present a general characterization of

LR moments for models defined by CMRs. Our paper complements this work in two crucial ways.



Firstly, we consider a setting where we explicitly allow for CMRs depending on different conditioning
variables. Secondly, while the approach outlined by Chernozhukov et al. (2018) involves the inversion
of an unknown conditional variance-covariance matrix, our proposed method offers a practical solution
that avoids cumbersome computations.

Second, our paper contributes to the body of literature focusing on models defined by CMRs. In-
deed, our general model encompasses several settings extensively studied in this literature, where the
emphasis has primarily been on efficiency. A seminal contribution in this regard is made by Ai and
Chen (2012), who establish the semiparametric bound for structural parameters in semiparametric
models defined by nested CMRs, and thus possibly different conditioning variables. Their work ex-
tends previous results by Chamberlain (1987) for the purely parametric case with one conditioning
variable, by Chamberlain (1992b) and Ai and Chen (2003), who study semiparametric models with
just one conditioning variable, and findings in Chamberlain (1992a) and Brown and Newey (1998) that
consider the parametric case with nested CMRs. Moreover, Ackerberg et al. (2014) analyze CMRs with
possibly non-nested or overlapping conditioning sets, where the nuisance functions are just identified
parameters by conditional moments, while the structural one is identified through an unconditional
moment restriction. Both Ai and Chen (2012) and Ackerberg et al. (2014) propose sieve estimators
that are efficient from a semiparametric standpoint. The sieve approach enables them to estimate high-
dimensional parameters. We build upon this literature by allowing for the utilization of a wide array of
machine learning tools to estimate nuisance parameters in a first stage and automatically constructing
LR moments for these models. Furthermore, we provide theoretical bounds for the estimation approach
we propose. To the best of our knowledge, ours is the first paper to derive theoretical guarantees for
LR moments in general settings defined by CMRs. Efficiency concerns are beyond the scope of this
work, but it is an interesting avenue for future research.

Third, our paper also contributes to the literature on the automatic construction of debiased mo-
ments. In the context of Riesz representers, important progress has been made. Chernozhukov et al.
(2022b) and Chernozhukov et al. (2022¢) develop a Dantzig selector for the Riesz representer based on
a sparse approximation assumption. Both papers focus on scenarios where the parameter of interest
is an average of a linear functional of a regression function, which is estimated by a Dantzig selector
as well. Chernozhukov et al. (2022d) propose a Lasso-type minimum distance estimator for the Riesz
representer while Chernozhukov et al. (2021) explore neural networks. In both cases, the nuisance
parameter can be estimated using general machine learning tools; they also study the case where the
parameter of interest is an expectation of a nonlinear functional of the regression function. A unified
framework for estimating Riesz representers is developed by Chernozhukov et al. (2020), where the esti-
mation problem is formulated as an adversarial min-max program (Dikkala et al., 2020). While all the
previous papers focus exclusively on the exogenous case, i.e., when the nuisance parameter depends on
conditioning variables, Bakhitov (2022) proposes a penalized GMM approach for estimating the Riesz
representer in endogenous settings. Moreover, Farrell et al. (2021b) proposes an automatic construction
of adjustment terms (that yields a debiased moment) in circumstances where the first stage parameter
is not necessarily a prediction, but any well-defined parameter that has some meaning in an economic

model, and the parameter of interest is an average of some smooth function of the first stage. We ex-



tend these works by not focusing exclusively on situations where the parameter of interest represents an
expectation. Instead, we deal with the general situation where the model implies conditional moments
of arbitrary (but smooth) functions that depend on finite and infinite dimensional parameters. Then,
our paper paves the way for extending the automatic construction of debiasing moments developed
by those previous works to non-linear GMM settings, prevalent in important contexts such as gen-
eral missing data problems (Graham, 2011; Hristache and Patilea, 2016, 2017), production functions
(Ackerberg et al., 2014; Levinsohn and Petrin, 2003; Olley and Pakes, 1996), dynamic discrete choice
models (Hotz and Miller, 1993), non-linear simultaneous equations models (see, e.g., Wooldridge, 2010,
Section 14.3), to name a few.! We remark that while there is nothing in the estimation of OR-IVs that
we propose that exploits the specific meaning of the first stage, we focus on conditional expectations
(in the exogenous case) or functions that can be identified inverting conditional expectations (in the
endogenous case) since there are well-known results that show their rates of convergence (upon which
our asymptotic theory relies) for different machine learners allowing the use of all of them in our setting,
while Farrell et al. (2021a) only provide theoretical bounds for Deep neural networks.

Last but not least, this paper builds on previous results by Arganaraz and Escanciano (2023). They
present a characterization of debiased moments for settings with a finite number of CMRs, with varying
conditioning variables, i.e., the same type of models that we study in this paper. Such a characterization
serves for debiasing a general class of parameters, which include smooth functionals of high-dimensional
parameters. Arganaraz and Escanciano (2023) do not discuss how such a characterization can be
accomplished in practice, i.e., how their theoretical construction can be implemented. This construction
is the starting point of the current work. To be precise, we leverage the theoretical results of Arganaraz
and Escanciano (2023) to design a simple-to-implement algorithm to construct orthogonal moments
in practice, which is data-driven and can be applied systematically in a wide variety of contexts,
providing theoretical guarantees for it. Albeit we only focus on debiasing a particular class of structural
parameters, excluding functionals of high-dimensional components, we believe that our current work is
a crucial starting point for developing subsequent algorithms that can be employed to build debiased

moments for more general parameters.

Notation: The norm ||-|| is a generic norm. For an arbitrary vector x € R", let ||z||; and ||z]],
be the ¢; and ¢ norm, respectively. |[|z||, be the number of non-zero entries of z. For a random
variable a(W), let ||a(W)||, = v/E[a(W)2]. For a n x r matrix A = [a;], let ||A]| = rril%x|aik|, and
[|A[l,. = max}7;_; |aj| For a set of indexes S C {1,---,r}, let x5 be the modification of & that
places zeroslin all entries of © whose indexes do not belong to S. Moreover, let S, be the subset of
S such that xp # 0 for all k € S;, and S¢S be the complement of S, in S. For a bounded set @, |Q]
denotes the cardinality of Q. For a,b € R, a Vb = max{a,b}. Let P be a probability distribution.
Let L? be the space of functions of W that are square-integrable, when W ~ P, where the precise
meaning of W will be established below.? In addition, let L% be a subset of L? with the additional

mean-zero restriction. Similar definitions apply for objects such as L?(V') and L(V') for functions of V,

! Additional examples can be found in Section 5 of Chen and Qiu (2016).
2Technically, we should index L? by some o—finite measure. We avoid this to simplify our notation.



an arbitrary random variable. For any arbitrary subset K, let K denote the closure of K and K" be its
orthocomplement, when a topology and inner product (-,-) is defined. Moreover, Il is the orthogonal
projection operator onto K. Let J < co and V = (V4, Va,- -+, VJ),, we say that a vector-valued function
fV)y = (fi(Vr),--- ,fJ(VJ))I isin L2(V) = ®3.]:1 L*(V;) when each of the elements in a such vector
belongs to the corresponding L2 (V;), j =1,---,J. We let (Dl 2z) = \/Z;]:l I1£;(V;)||3. Finally,
all the CMRs in the sequel are satisfied almost surely (a.s.), but we will not make it explicit to simplify

the exposition.

3 Two Motivating Examples

To illustrate the key ideas of this paper we will consider two simple settings throughout. We emphasize
that this choice is purely for the sake of clarity in exposition. Our theoretical framework is broad
and applicable to models defined by various CMRs, where conditioning variables may vary, and the

nuisance parameters may not necessarily be functions of these variables.

EXAMPLE 1: MISSING DATA. Suppose that we start with the following identifying moment restriction

for the parameter of interest 6:

E[p (Y1, Z1,00)| Z1] = 0, (3.1)

where p is some known (up to ) residual function, Z; is a vector of exogenous variables and Y7, e.g.,
income, is not always observed. In addition, we have a non-missing indicator variable § € {0,1} such
that Y7 is observed iff § = 1. Also, there is an auxiliary variable T that is always observed. Hence,
if we let X = (Z,T), we observe W = (4,Y, X ). Let us also denote Z = (X, Z;). We assume that
P(d=1Y1,X)=P(6=1|X) = no(X), where n9(X) > 0 a.s. This model has been considered, e.g.,
by Hristache and Patilea (2017) and Hristache and Patilea (2016); see also Graham (2011). Under the
assumed missingness mechanism, model (3.1) can be equivalently written at the observational level,
using the CMRs

(3.2)

. [ﬁo(éX) _1‘X} -
)

E [no(X)P(Yl,Zl,@o) Zl} =0. (3.3)

We are interested in learning 6y, in a context where 79 is not known. We might proceed by exploiting

Equation (3.2) to extract information of 79, and then use it in the restriction (3.3). O

EXAMPLE 2: PRODUCTION FUNCTIONS AT THE FIRM LEVEL. We observe a panel of n firms across T’
periods, where ¢ and ¢ index firms and periods, respectively. Let Y;; be the output of firm i at time ¢,

and X;; be a vector of inputs, e.g., capital and labor. Output is determined by the following equation:?

Yie = F (Xit, Oop) + wit + €3t (3.4)

3Unless otherwise stated, all the variables are expressed in logarithms.



where wj; is firm ¢’s productivity shock (anticipated productivity) in period ¢, which is allowed to be
correlated with inputs, and €¢; is noise in output, which is independent and identically distributed
(iid), and is assumed to be independent of the current and previous optimal decisions of the firm and
anticipated productivities. The function F' is assumed to be known up to ,. Since wj; is not observed
and is correlated with inputs, OLS will provide inconsistent estimates.* To address this, we follow the
so-called proxy variable approach, started by Olley and Pakes (1996); see also Levinsohn and Petrin
(2003) and Wooldridge (2009). We assume that there exists some firm’s choice, I;, at ¢ that is linked
0 wit:
Lip = I (wit, Xit) -

The precise meaning of variable I;;, a “proxy”, differs across different formulations of the model.’ In
addition, let us assume that I; is strictly monotonic in w;;. No parametric assumptions are imposed on
I;. Then, we shall write

Wit = Wt (Iita Xit) )

where w, is also non-parametric. Hence, we were able to express the unobservable productivity in terms

of observable inputs. It is immediate that Equation (3.4) becomes
Yie = F (Xit, Oop) + wi (Lig, Xit) + €ir (3.5)

Let
not (Lit, Xit) = F (Xit, Oop) + wi (Lig, Xig) -

Then, by the independence assumption,
E[Yie — noe (Lie, Xit)| Lie, Xit] = 0. (3.6)

While Equation (3.6) identifies 7o, it is not enough to identify all the parameters of the production
function. This is true since X;; enters parametrically and non-parametrically in (3.5). The last element
of the model is the evolution of w;. Typically, this is also treated non-parametrically, as in Olley and
Pakes (1996) and Levinsohn and Petrin (2003). We, nonetheless, follow Ackerberg et al. (2014) and
work with a more “natural” semiparametric model. Let us assume that w; follows a First-Order

Markov’s process in the sense that
E[wit| Xit—1,Lig—1- ,wip—1,Wit—2,...,wio] = E[wit| wis—1]. (3.7)

Equation (3.7) is indeed assumed by Olley and Pakes (1996) and Levinsohn and Petrin (2003). What
Ackerberg et al. (2014) suggests is to parameterize (3.7). To keep things simple, let us consider

E [wit| wit—1] = Oowwit—1- (3.8)

“In the case where F is assumed to be linear in inputs.
SFor instance, Olley and Pakes (1996) considers in I;; the firm’s current investment towards future physical capital.

In Levinsohn and Petrin (2003), I;: is the firm’s choice of an intermediate input, e.g., electricity or material input.



Then, letting ;; be the firm information set at ¢, with (X, I;) C Qj, and using the independence
assumption, Equations (3.5), (3.7), and (3.8), it is not difficult to show that

E[Yi — F (Xit, 6op) — Oow (0,41 (Zit—1) — F (Xit—1,60p))| Qi—1] = 0. (3.9)

Suppose that T' = 3, i.e., firms are observed during three periods. Ignoring subscript 4, and denoting

1o = (101, Noz2), the model can be defined by the following CMRs:

E[Y1 —no1 (11, X1)| I1, X1] = 0, (3.10)
E[Y2 — F (X2, 00p) — 60w (o1 (11, X1) — F (X1, 60p))| Q1] =0, (3.11)
E[Y2 — no2 (T2, X2)| I2, Xa] = 0, (3.12)
E[Ys — F (X3, 00p) — fow (02 (12, X2) — F (X2,00p))| Q2] = 0. (3.13)

Let Y = (Yl,}/g,}/g,Xg,Xg), X = (Il,Xl,IQ,XQ), Z = (X, Ql,QQ), and W = (Y,X, Z) Hence, based

on W, our goal is to learn 6y = (96]0, 90w> , the parameter of interest, in the presence of an unknown
no. To this end, we might exploit (3.10)/(3.12) to estimate 79, and then plug the resulting estimator
into moments based on (3.11)/(3.13) for estimation of 6y. [

Both Example 1 and Example 2 share a common characteristic: 7y is unknown and ultimately needs
to be estimated to estimate 5. One approach to estimating 7y involves employing a low-dimensional
framework, e.g., with a polynomial series using a small number of terms. For instance, a popular
Stata command for estimation of production functions, introduced in Petrin et al. (2004), as a default
option, treats the part of 7y that depends on wy (I, X¢) as a third-degree polynomial. We, instead,
model 79 using machine learning tools, which includes the low-dimensional sieve approach of Petrin et al.
(2004) as a special case.% These tools (e.g., Lasso, random forest, neural networks, and boosting) have
proven useful in dealing with situations where functions of covariates (where the leading case involves
conditional expectations) need to be estimated without imposing stringent parametric assumptions.

With a highly complex ng, it would be difficult to estimate 8y without bias. This is a by-product
of the regularization techniques that all those algorithms impose in estimation. Moreover, that bias
would typically decay at slow rates, slower than y/n (Chernozhukov et al., 2022a). Consequently, a
valid concern is that such a first-stage bias would be translated into bias in the estimation of 6y, and
then it would not hold that /n (éN(m,orth — 00> is normally distributed. Indeed, v/n (éNon,orth — 90>

would not be O,(1), invalidating standard inference on éNon_Orth. To illustrate the point, Figure 1
displays (in orange) the empirical distribution of the standardized (éNon,orth — 90> for one of the
parameters of the production function of Example 2 obtained from simulated data on 1,000 firms and
1,000 Monte Carlo repetitions. This is computed by estimating 7y using Random Forest in the first
stage and then estimating 6y using GMM.” The figure illustrates that this estimator is substantially

5The only generalization of Petrin et al. (2004)’s proposal that we are aware of is Cha et al. (2023), who model
the nonparametric component using a high-dimensional basis. Notice that we allow for the use of many other suitable

nonparametric estimation strategies.
"For this illustration, we have used the R function ranger and its default options.
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biased, as its mean is not centered around zero. Furthermore, the shape of the distribution is certainly
different from the standard normal distribution (depicted by the red curve), which would be similar to
the expected asymptotic distribution if the bias were absent.

Therefore, our ultimate goal is to construct moments that, under regularity conditions, can be used
for estimation of #y, and that will lead to an estimator that would remain y/n—consistent, even when
1o has been estimated flexibly. Such moments, known as LR/Orthogonal/Debiased moments, play a
crucial role in achieving this goal. A key object will be a function of the conditioning variables Z
that satisfies an important property. We will argue that to compute this function one needs to solve
functional equations. The particular terms involved in it as well as the plausibility of it would be
extremely linked to the particular setting that one is working on. Our aim is to construct LR moments
in a data-driven manner that can be uniformly applied across various settings, e.g., missing data and
production functions. This is the main contribution of this work. Moreover, the researcher does not
have to derive explicit expressions for such functions, in the spirit of the fairly recent literature of
automatic estimation of Riesz representers (cf. Section 2). The algorithm will provide the user with a
suitable adjustment term that can subsequently be employed in the estimation of 6. This approach
results in an estimator that indeed yields a /n (éOrth — 90> normally distributed. Figure 1 displays
the standardized empirical distribution of such an estimator (in blue). Notably, it closely resembles the
expected asymptotic distribution and, crucially, is centered around zero, implying that our construction
is less affected by the first-stage bias. To accomplish this, we will show that the problem reduces to
a Lasso-type problem, under an approximate sparsity condition. Thus, implementing our approach is

relatively straightforward.
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Figure 1: Comparison of Non-Orthogonal and Orthogonal Estimators
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NOTE: The figure shows the histogram of the standardized and centered estimator 6 — 6y for one of the parameters of the
production function of Example 2, using Non-orthogonal and Orthogonal moments, based on the construction we propose. The
density of the standard normal distribution is also displayed in red. The sample size is n = 1,000. Results are based on 1,000
Monte Carlo repetitions.

4 Debiased Moments and Informal Discussion

The first step in our automatic construction involves theoretically characterizing debiased moments (see
definition below) within the specific setting that the researcher is concerned with. Hence, following
the recent literature on debiasing moments in high-dimensional contexts (cf. Section 2), we aim to
construct debiased moments for Example 1 and Example 2.

We provide a precise notion of a LR moment for 6 in our setting. Let k € L?(Z) be an arbitrary
vector-valued function. Let xo be an element of a special subset of L?(Z), which will be described
below. Moreover, let g € B, where B is a possibly infinite dimensional vector space. A debiased
moment in our setting is a moment based on a function ¥ : W x © x B x L?(Z) ~ R satisfying the

following two restrictions:

d

d—E [ (W, 00,m0 + Tb, ko)] =0, for all b € B, (4.1)
-

E [¢) (W, 600,10, %)] =0, for all k € L*(2), (4.2)

where % denotes derivatives from the right (i.e., from non-negatives values of 7). Equation (4.1) implies
that the Gateaux derivative at 1y of a moment based on v is zero. Here b represents a possible direction

of deviation from 79, and belongs to B. Intuitively, local perturbations to the nuisance parameter do
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not affect the moment. This is an appealing property as it would be hard to learn ng exactly, which is
particularly true in high-dimensional contexts. This is the reason why the estimation of §y based on a
moment that is orthogonal is less affected by first-stage bias, typically present in the estimation of 7,
and will be a key attribute to establish standard inference results on an estimator of #y. As we will
show below, we need to introduce the nuisance parameter kg to achieve (4.1). Nonetheless, this would
not affect the moment itself as Equation (4.2) implies that the expectation of 1 is globally insensitive
to deviations from kg.

Now, how can we construct moments that satisfy the key properties (4.1)-(4.2) in the contexts of
Example 1 and Example 27 The basic idea will be to obtain a function k¢ that is orthogonal to a set
that contains all the possible derivatives of the CMRs with respect to 1. This corresponds to a more
general result of orthogonality for general functionals in models defined by several CMRs, studied by

Arganaraz and Escanciano (2023).

EXAMPLE 1: Under regularity conditions, it is not difficult to see that an orthogonal moment in this

case will be based on

0
n0(X)

1)
n0(X)

Y (W, 00,m0, ko) = ( - 1) ko1 (X) + p (Y1, Z1,00) ko2(Z1), (4.3)

where ko = (ko1, ko2) € L? (X) x L%(Zy) is such that

d ob (X
—E[¢) (W, 00,10 + 7b, 50)] = E [ 2( ) (=ro1 (X) — p (Y1, Z1,60) ko2 (Z1))| =0, for all b€ B.
dr ng (X)

(4.4)
Then, g satisfies (4.1). In addition, as kg € L? (Z), condition (4.2) also holds. [J

ExAMPLE 2: For this case, given some smoothness conditions, we can obtain a debiased moment by

means of

Y (W, 00,10, k0) = (Y1 — no1 (11, X1)) ko1 (Z1) + (Y2 — F (X2, 00p) — Oow (01 (Z1) — F (X1, 00p))) ko2 (Z1)

+ (Yo — no2 (Z2)) ko3 (Z2) + (Y3 — F (X3,60p) — bow (02 (Z2) — F (X2,60p))) kos (Z2)
(4.5)

where Zl = (Il,Xl), ZQ = (IQ,XQ), R = (K01,/€02,H03, K,o4) < L2 (Zl) X L2 (Zl) X L2 (Zg) X L2 (ZQ) 18
such that

d

EE [ (W, 00,10 + 7b, ko)] = E [b1 (Z1) (—ko1 (Z1) — bowkoz (Z1)) + b2 (Z2) (—ko2 (Z2) — Oowkoz (Z2))]

=0, forall be B.
(4.6)

Then, we can verify that (4.5) indeed satisfies (4.1)-(4.2). O

Expressions (4.3) and (4.5) indicate that we can obtain debiased moments by linearly combining

the initial CMRs: sum the products of the initial residual functions and the elements in xg. This linear
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combination is special in the sense that we are required to find kg € L?(Z) such that the moment is
invariant to local perturbations to 7. Therefore, by construction, the resulting moments (4.5)/(4.3) are
debiased. Since kg yields an orthogonal moment by properly combining the initial residual functions,
we denote them Orthogonal Instrumental Variables (OR-IVs).

In both situations, obtaining a valid k¢ entails solving functional equations (4.4)/(4.6). Various
approaches can be pursued to achieve this goal. One option is to directly characterize the solutions to
(4.4)/(4.6). However, this strategy may not be ideal, as its plausibility hinges on the specific expressions
involved in the functional equations defining xg. Consequently, there is no guarantee that a particular
procedure for solving kg in one model can be readily applied in other contexts. For instance, solving
Equation (4.4) differs from solving Equation (4.6), given that the former involves 7y, while k¢, and
ko2 are functions of different random variables. Moreover, Equation (4.6) requires finding four terms,
instead of two, although each pair involves functions of the same random variables. In more complex
settings, additional terms may emerge. Instead of relying on the tractability of the equations defining
the OR-IVs, we propose an approach that can be applied generally. In addition, as it is evident
from (4.4)/(4.6), these equations might involve unknown quantities, and thus the direct computations
might not be feasible. Our goal is to design a feasible algorithm where unknown quantities are treated
intelligently.

Another possibility, inspired by the literature on the automatic construction of Riesz representers
for orthogonal moments (see Bakhitov, 2022; Chernozhukov et al., 2022d; Ichimura and Newey, 2022),
is to view Equations (4.4)/(4.6) as moment conditions for kyg. However, we cannot directly apply the
same techniques developed for Riesz representers. There are two main reasons for this. First, unlike
Riesz representers, which are unique, for reasons that will become clear below, xg is not uniquely
identified—there might be more than one OR-IV. Second, in our setting, the trivial solution is always
a solution, making kg = 0 an OR-IV, which leads to the orthogonal moment ¢ = 0, providing no
information about #y. To avoid trivial solutions, one might consider imposing an additional constraint
to disregard them. However, determining the most suitable approach to impose such restrictions
can be challenging and context-dependent. For example, one might attempt to estimate the null space
associated with some unknown linear operator defined by (4.4)/(4.6). Although this could theoretically
work, estimating unknown null spaces is likely unfamiliar to the average practitioner, which is why we
opted not to pursue this route further. Instead, we propose a more “natural” idea based on a Lasso-type
program, as detailed below.

Finally, in cases where the conditioning variables are fixed across the CMRs, Chernozhukov et al.
(2018) (Section 2.2.4) present a general expression for ko’s. This approach has some caveats. The
formula involves unknown quantities and thus one might not apply it directly. More importantly, it
requires the inversion of an unknown conditional variance-covariance matrix, which is challenging to
handle in practice (see Equations (2.23)-(2.25) in Chernozhukov et al. (2018)).

Differently from all the previous ideas, we aim to design a procedure that allows the researcher
to find functions kg’s without solving complicated equations. Additionally, we want to obtain these
functions without dealing with sensitive terms such as conditional variances that need to be inverted.

More importantly, we aim to provide a method that can be applied in general settings, independent of
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the specific structure of the model. Our algorithm will convert any vector of instruments f € L?(2)
into a unique and valid kg. In other words, our approach will transform any suitable function of the
conditioning variables such that it satisfies the equations implied by (4.4) or (4.6). If multiple functions
are considered, several ¢’s can be constructed and orthogonal moments derived, and hence GMM can
be applied as usual to estimate 3. An estimator 6 based on this will be shown to be asymptotically
normally distributed. Hence, the associated “sandwich” formula will yield proper standard errors,
which account for the first stage estimation of 79 and xg.

Let us discuss informally the core idea of our procedure in the context of Example 1. We start
with an arbitrary and known function f = (f1, fo) € L?(Z), chosen by the researcher. For instance,
f1(X) =T and f3(Z1) = Z1, provided that these variables have finite second moments. Under suitable
conditions and for suitable vectors Ml and Mg, our algorithm will find some finite-dimensional vector

B such that an estimator & is constructed as follows:

and satisfies (4.4), with probability approaching one.

In particular, we interpret B as being the solution to a Lasso-type problem with regressors M and
M. Essentially, the vector B makes &, constructing as in (4.7)-(4.8), orthogonal to a linear operator
whose range is equal to all the possible deviations of the moment based on . This orthogonality
condition can be seen as the minimization of a mean squared error. As we allow for the dimension of
each of the regressors M’s above to be greater than the sample size, we add a ¢;—norm penalization
term. Hence, our problem of finding B can be regarded as the solution to a Lasso problem. Under an
approximate sparsity condition, we show that if this 3 is plugged into (4.7)-(4.8), a valid £ and thus a
debiased moment can be obtained. Therefore, starting from an arbitrary f, we were able to construct
an orthogonal moment.

Based on this construction, we derive below a convergence rate for our OR-IV estimator, 4. Letting

7 be a suitable machine learning estimator of 79, under the key condition

vl = ol [ [& = kol | = 0,

which allows slower than /n rates for 7) and &, we prove the asymptotic normality of a two-step GMM
estimator é, implying that standard inference can be conducted on it straightforwardly. Debiasing plays
a pivotal role in this derivation. The following sections develop these ideas in a general framework,
derive the exact program that S has to solve, and provides the technical conditions required. Readers
less interested in these details can skip these sections, except for Section 7 where we present our

estimator.
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5 Computation of the OR-IVs

5.1 General Setting

Let us introduce the general setting. The data W; = (Y;, X, Z;), i = 1,--- ,n, is iid with support
W, where Y is a random vector of endogenous variables taking values in Y C R% | X is another
random vector of potentially endogenous variables, and Z is random vector of exogenous variables.
Let # € © C R% denote a finite-dimensional parameter vector. In addition, let n € B be a vector of
real-valued measurable functions of X that may depend on additional unknown parameters that we do
not specify, and B is some linear vector space. To be specific, n = (771, e ,ndn) with ns = ns (X). We

assume that there is a vector of residual functions m; : J x © x B > R such that:
E[m; (Y,00,m)| Z;] =0, pj—as., j=1,2,---,J, (5.1)

where E[] is expectation under the distribution of Y given Z;, p; is probability measure of Z;, Z =
(Z1,---,Zy), and each m; is known up to the parameters (6y,n9). To be precise, m; might depend
on fy arbitrarily. Observe that we are not imposing anything regarding how the conditioning variables
relate. These might have all or some elements in common. Note that in the case where Z; is a
constant, for some j, we have an unconditional moment. Hereafter, we assume that there exists a
unique (6, n0) € © x B such that (5.1) holds.

As before, let k = (k1,--- ,ky), where r; = ; (Z;), and k; € L*(Z;), 1 < j < J. Hence, we say
k € L*(Z), where L*(Z) = ®3]:1 L*(Z;). Let B C Q™ L2 (X) be a Hilbert space with inner product
(-,-) g and define

hj(Z;,0,n) =E[m; (Y,0,n)| Z;].

Our results will rely heavily on smoothness conditions of the functions g;’s. In particular, throughout

we maintain the key assumption:

Assumption 1. Given some ||-||, hj (Z},00,") : B — L*(Z;) is Fréchet differentiable in a neighborhood

of no, where the derivative is given by

d

[Vh; (Zj,00,m0)) (0) = ——hj (Z;,60,m0 + 70)
T (5.2)

= |5000] (2).
for some b € B.

We make the observation that (5.2) defines a linear operator Ség )770 : B L?(Z;) (Carrasco et al.,
2007; Luenberger, 1997). In addition, let us define

(o )
Sgomb = (590 b Samb).

Then, Sg,, : B — L?*(Z) is also a linear operator. We equipped L?(Z) with the inner product

(F1(2), £2(Z)) 122y = Sa BLA(Z5) f25(Z))), where fi = (fur,---, fus) and fo = (far,-, far).
Therefore, L?(Z) is a Hilbert space. The range of that operator can be defined as follows

R (Soome) = {f € L*(Z): f = Sgoob for some b€ B}.
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—_—
A key object for us is R (Sg, )  i-e., the orthogonal complement of the closure of the range of Sg, »,
in L?(Z), which can be defined as

R Soom) =3 F€L*(2): S B (Z) hi (Z)] =0, forall h=(hy,---.hs) € R (Sgym)

Jj=1

Let ko € R(S@O’WO)L . Then, it can be easily verified that a debiased moment in model (5.1) can

be constructed as follows: p

b (W, 00,1m0) =Y m; (Y, 00,m0) roj (Z5) - (5.3)
j=1

We point out two important observations. First, kg might not be unique. In fact, there can
potentially exist an infinite number of such q’s. Despite this, not every IV, i.e., functions in L? (Z),
belongs to mL’ and thus not every IV may serve as a valid kg. Consequently, choices of
instruments commonly made in applied work might not lead to orthogonal moments. Nevertheless, we
will demonstrate how to convert any possible function in L? (Z) into a valid xo. Therefore, one may
begin with the common choices of instrument functions and then apply our transformation to directly
obtain an orthogonal moment.

Second, ko does not necessarily exist. This situation occurs when mL = {0}. This implies
that the only valid OR-IV is ko = 0, which will lead to a trivial LR moment that cannot be used to
learn 6. Following the terminology in Arganaraz and Escanciano (2023), when WQMIO)L = {0} we
say that the model satisfies a local surjectivity property.® A practical implication of this situation is
that this would result in a trivial orthogonal moment, i.e., ©» = 0. Unfortunately, the plausibility of

encountering this situation depends on the particular model at hand.”

5.2 Estimation of OR-IVs

We next explain how to obtain OR-IVs automatically in the general model (5.1). We need to im-
pose some conditions to simplify our automatic construction below while still maintaining a general

framework. We assume

Assumption 2. (i) There exists a known (up to Oy and ng) function v; such that

00,10

(ii) v; (Y,00,m0,b) = b(X) 7; (Y,00,m0), for some d,—vector of known (up to 6y and no) functions v;

8Similar notions have appeared elsewhere, e.g., in Bonhomme (2012).
9Using our approach for estimating OR-IVs, we may check for local surjectivity in practice. For example, local

surjectivity implies 4 ~ 0 for each individual in the sample for a large class of initial functions f’s. An alternative approach
1

consists of using duality theory and exploiting the fact that R (Spp,n,) =N (S;W]O), where Sg, . is the adjoint operator

70

of Soy,n, and N (-) denotes the null space of an operator (Luenberger, 1997, Theorem 6.6.3). Theoretically checking that
N (S5,.m0) = {0} might be easier than studying if R (SQO,WO)L ={0}.
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(iii) For allb € B, E[b(X) 7; (Y,00,m0)| Z;] € L*(Z;).

Assumption 2 (i) says that there exists a function v; that links the direction b to the operator S(gi ?770
through the conditional expectation given Z;. Assumption 2 (ii) requires that the function v; has to
be linear in the direction b. Assumption 2 (iii) assures the well-definiteness of the operator for all
b € B. Notice that assuming the residual functions m;’s are sufficiently smooth such that their Fréchet
differentiable exists and the interchange between derivatives and integrals holds, Assumption 2 (i) and
(ii) are satisfied. Assumption 2 (iii) is a high-level condition that restricts the conditional distribution
of the data given Z; and simplifies our calculations below.!? We can easily verify that Assumption 2
holds in Example 1 and Example 2.

As we explained above, our goal is to find a function kg € L? (Z) such that it is orthogonal to

R (S6,n,)- This implies that

J

ZE [E [v; (Y, 60,0, b)| Zj] ko (Z;)] = 0,

for all b € B. We can obtain such kg by picking some function f € L?(Z), and then computing

ko = f — llm=—=—=f, where recall that II——-——= denotes the orthogonal projection operator onto
R(SGO’"O) R(Seowo)

R (S6y,n,), and is defined as follows

Hmf ;= arg min i]E {(fj(Zj) — fj(Zj)>2] : (5.4)

TER(Sog.my) 3=1

By the Projection Theorem, (5.4) exists and is unique (see Luenberger, 1997, Theorem 3.3.2). Next,

we exploit the following facts. Notice that Hm f € R (Spy,n0), and that the range of Sp, S, 18

dense in R (Sg, 5, ), where S;o,no is the adjoint operator of Sy, ,,. The following proposition provides a

general expression for this operator, which will be useful in the sequel.

Proposition 1. Suppose Assumptions 1 and 2 hold. In addition, suppose that Sg,, is bounded and
(b1,b2) g =E |by (X)/bQ(X)] Then, the adjoint Sj, . L?*(Z) — B exists, is lineal, continuous, and is

given by
J

[S5ym09] (X) = E[5;(Y,60,10) 9 (Z;)| X].
j=1

Let II ) f = f*, then for any € > 0, there exists at least one function g* such that

R(SGO"’IO

S E [(f;“ e séi;?%s;o,mg*f] <. (5.5)

Notice that it is not necessarily the case that f* is an interior point of R <S90,,70 St 770). However, as the

previous display indicates, we can approximate the orthogonal projection by exploiting the operator

%Similar conditions to Assumption 5.2.1 in Bonhomme (2012) are sufficient for Assumption 2 (iii).
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560,108, o’ objects that, as we have shown, are given by the model. These types of observations have

been used in previous works, e.g., Bonhomme (2012) (see Section D of the Appendix of this paper). In

*

0 11 Moreover, notice
0,70

other words, we may say that f* is approximately smooth relative to Sg,

that for any function g € L?(Z), by orthogonality we have that

ZE [(fg S50 s Shom9) } ZE {( ) = 550y i) ] +ZE[ £,(2) - 1 (2))7).

(5.6)
The above implies that a necessary and sufficient condition for 5901770550,770 g to be close to f* is that
S00,m059,,m,9 has to be close to f. This point is important since the left-hand side of (5.6) can be used
in estimation, as we will explain below.

In this paper, we focus on a particular function space for functions that satisfy (5.5). To be precise,
let G be some space of functions equipped with norm ||-||5 such that G C L?(Z). Notice that this
condition is not necessarily restrictive. In particular, if we consider G to be the space of functions in
L?(Z) that has finite Li-norm, i.e., Zj E[|f; (Z;)|] < oo, then, all functions in L?*(Z) belongs to G.

In general, we are interested in solving

J

i () g 2
rgnélg j:lE [(fj(zj) B 5907770890,7709) ] : (5.7)

Using Proposition 1, we can write (5.7) more explicitly:

’ 2
J J

min S E || £ (2,)-E Z]E[ﬂj/(Y,Ho,no)gj/(Zj)‘X} 5; (Y, 00,m0)| Z; . (58)
J=1 §'=1

Typically, there will be more than one element g that solves (5.8). This can be seen from the fact that
if g* is a solution, then any ¢g* + h is also a solution if h € N/ <S9omoS;0,no>a where N (-) denotes the
null space of an operator. Nevertheless, this point is not problematic for us since any of them will lead
to the same approximation to f*, i.e., we can take any function that solves (5.8). A natural thing to do
is to focus on the g* of minimum norm, denote it by go. Then |[go||g < [|gl|g for all g that solves (5.8).
If the minimum norm solution exists, it is unique since N (59077,05507”0) is a closed linear subspace
(Luenberger, 1997, Them 3.10.1). We will let ||-||; be the £; —norm.

In what follows we will construct an estimator of gg and use it to obtain an estimator of f*. We

propose to estimate gg by means of

n 2
gn—argmmZE{(f] )= 808 550) | + 20l (5.9

g€Gn

Hnterestingly, in other settings, conditions such as this one, have been imposed. Recently, in the context of Riesz
representers and for non-parametric IV ill-posed problems, Bennett et al. (2022) impose a similar assumption for the
Riesz representer associated with a parameter of interest that can be written as an expectation of a function of the
nonparametric component of the model. This assumption assures strong identification of such a parameter, even if the

nonparametric part is non-identified.
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&) G . i : : (1) gx
where SéyﬁS by 182 suitable estimator of 59077705007770,

function class. We impose the key assumption that G,, C G for some fixed normed set of functions that

An > 0 is a regularization term, and G, is a

do not depend on n with norm ||-||; and, importantly, G C G. We note that G,, can be any suitable

class, e.g., Reproducing Kernel Hilbert Spaces or Neural Networks.

’

Particularly, we work with the space of sparse functions.'? Let v (Z) = ('yl (Zl)l YT (ZJ)/>
be a vector of basis functions, where 7; (Z;) is a rj—dimensional vector of known real-valued func-
tions, with E [y; (Z;)] = 0 and E [’Yfk (Zj)} =1, k=2,--- ,7"j.13 Let 8= (Bi1,-++ , Biryy - ,5JT-J)/
be a r—dimensional vector, where r = ijl rj. Then, we consider the s-sparse function class in

r—dimension with bounded coefficients:
Go = {9€G:95(Z) = (Z) Bis 1Bllg =, 1Bl <c}-

For estimation, we use cross-fitting.'* Randomly partition the sample into L subgroups, I, -- , I,
of the same size. Let Ij be the complement of I,. Next, split I} into three pieces such that Ij =
Ay 4+ By + Cy. Possibly, this partition will depend on j, but we omit this dependence for simplicity.
We compute Bg, using observations in If only, and base estimation of each of the components in (5.9)
using each of the pieces of If. To make our computation clear, we need to add some notation. For any
estimator, a subscript will indicate the part of Ij that has been used to compute it. For example, 6 A,
means that 8y has been estimated using observations in A, and so on. In addition, let n, denote the

number of observations in I,. The estimator Bg can be written as follows

. A
B¢ = arg min JZ:; - Z(f] (Zji)

peRT ¢l

/

2
xi|) 7 (Yi,éBz,ﬁB@)‘ZfD 20 1185

J T‘j/
I [CACACNIENES

j=1k=1
(5.10)

where 94,, 7iB,, Ep, [-| X], and E¢, [-| Z;] are non-parametric estimators, possibly based on some Ma-
chine Learning tool, and 0 A, and éB[ are possibly non-LR estimators of 6y.'% Recall that v; are known
functions, given estimators of 6y and 79, thus, these conditional expectations can be evaluated. Notice
that the ¢; —penalization term allows for » > n. We can also write (5.10) using matrix notation. Let
fje be a ng—dimensional vector containing each f;(Zj;), i ¢ I,. Let Mjg be a ny X r design matrix

such that its (i,[)-entry is given by

[Mje} 4= Ec, [(EBE [,;j, (Yz’,éApﬁAg) Vix (Zji) (5.11)

x) 7 (o5, 2

12Extending our results to other functional classes such as Reproducing Kernel Hilbert Spaces or Neural Networks is

an interesting avenue of research.
13We let the first element of ; be 1.
Y Cross-fitting has a long tradition in the semiparametric literature; see, e.g., Bickel (1982), Klaassen (1987), van der

Vaart (1998), Robins et al. (2008), Zheng and van der Laan (2010), and more recently, Chernozhukov et al. (2018).
5] e., estimators based on non-LR moments.
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Then, (5.10) can be equivalently written as

By = o (fje_Mﬂﬁ)/ (fje—Mjeﬁ) + 22 (18]l -

BeRT

Remarkably, we have transformed our initial problem into a Lasso-type one for which there exist
well-known and fast algorithms to find the solution.

Ultimately, we propose to estimate each component in kg, for each individual ¢ € Iy, by means of

Rje (Zji) = 13 (Z5) — f*(Z')
_fJ Zzﬁ MECZ |:(EBZ[ (YZveAevnA£>7 k(Z ) X]>,ﬁj (YivéBevﬁBe)‘Zji}'

j=1k=1

(5.12)
We can outline our algorithm as follows:
Algorithm to estimate OR-IVs:
Step 0: Choose a real-valued function f € L?(Z). For instance, f(Z) = (f1(X), fo(Z1)) = (T, Z1) in

Example 1. Choose a basis for each v;(Z;), e.g., exponential, Fourier, splines, or power. In addition,

specify a low-dimensional dictionary, say v'°(Z), which is a sub-vector of v(Z).'6

Step 1: For each ¢ = 1,--- L, compute (possible) non-LR estimators éAe and HABZ. Moreover, using
some Machine Learning algorithm, compute 7i4,, ii5,, Eg,[-| X], and Eg, [| Z;]. These conditional

expectations depend on known 7;, and thus can be evaluated.
Step 2: Compute design matrix Mj, such that its (i,1)—entry is (5.11).

Step 3: Initialize 3; using 4/°*(Z) such that

9], = 8 [ (o () 5 (20 ) s (i) 2]

J “r’ A% - J ~
BZ _ (Zj:l MjeMjE) (Ej:l Mjgfjl&)
0

Step 4: (While 3, has not converged)

(a) Update normalization

!

D]’kg n— n[ Z ZEC[ |:<EBZ |:ﬁ (}/;7914[777]14@) 7] k <Z )

igl, =1

&jie = [ (Z Z ZBJ welc, [(EBZ [’7 (Y“@AwnjAe) V' (Zj’i) D vj (Yz‘»éBuﬁm> ’ ij‘] -

j=1k=1

18F, g., take the first #; components of each ;.
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(b) Update 8, where

"y

J , J
A . 1 ~ N .
By =arg min » (fje - Mjéﬁ) (fje - Mjeﬁ) +2X ) Djkfﬁjk‘ ;
perr N T j=1k=1
and
N &1 1 < CQ)
A — 1-——=
" /n—nyg 2r/)’

where @ (.) is the standard normal cdf.

Step 5: Given the optimal 3y, compute kje as in (5.12).

Following Belloni et al. (2012), we need to include a normalization term, Djkg, in the #1 norm, which
is necessary for the good properties of the Lasso estimator we are considering. For this same reason,
we suggest computing A, as given in Step 4, as recommended by Belloni et al. (2012) (p. 2380). We
initially set ¢; = 1.1 and c2 = 0.1/ log(n V p), as recommended by Belloni et al. (2012) (footnote 7). In
our Monte Carlo experiments, we have also considered other choices for these constants. To improve
numerical stability we follow Chernozhukov et al. (2022d) and cap the maximum number of iterations
at 10. In addition, we use warm start. This means that in a given iteration, the initial parameter
value is equal to the Bg obtained in the previous iteration. In Section B of the Appendix we provide
a justification for the previous optimization of By. Notice that Step 4 (b) requires solving for ,Bg. For
this, we use an extension of the coordinate descent approach for Lasso (Friedman et al., 2007, 2010;
Fu, 1998); see Section C of the Appendix for details and justification.

We make the observation that our previous algorithm applies to the most general case. In some
applications, it will be implemented with some simplifications, depending on the particular expres-
sion of 7; and how the random variables relate. For example, it might not be necessary to par-
tition I, into three pieces, as it might not be necessary to compute all the estimators in Step 1.
This occurs, for example, when 7; does not depend on 6y or 79 or both. Another case is when
E[7; (Y, 00,m0) vix(Z5i)| X] = 75 (Y,00,m0) Vjx(Zji) as (Y, Z;) and the variables that 79 depends on
are contained in X. More simplifications can emerge if 7; depends only on Z;. As we will illustrate
below, in Example 1 and Example 2, [M jg:| y has a simpler expression than in (5.11).

We can simplify our implementation further. Notice that by nature of our general model, we
need to deal with a dimension given by j, which indexes the CMRs. This might be inconvenient in
practice as the researcher has to make choices for each j. For example, the type of basis v; and the
dimension of each of these vectors ;. Moreover, this might lead to work with large matrices Mjg. In
particular, in the case where r; = r* for all j, the number of columns of the design matrix is r = J x r*.
Nevertheless, the way in which we have formulated our problem allows us to deal with this point. We
are trying to estimate simultaneously a number of functions in L?(Z) by using a linear combination of
elements. Then we can straightforwardly impose restrictions among the approximating terms, which

places restrictions on G,. One natural choice is to restrict 7; and 3; to be constant across j. Then,
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each basis 7; = 4 has the same dimension, and g;(Z;) =74 (Zj)/ B. In this case, 8 = (p1, -, (), and

!

XZ} 7; (Yi,éBe,ﬁBZ) Zii| . (5.13)

J
|:Mj£:| ik - EC@ Z EBZ |:17j/ (Y;, Hsz ﬁAZ) Vi (Zj/z'>
J =1

Needless to say, our approximating condition will be more likely to hold with more flexible models.!”
As we will evaluate this simpler estimation of OR-IVs in Section 9 through different Monte Carlo

exercises, let us show (5.13) in the contexts of Example 1 and Example 2.

EXAMPLE 1: In this case, the researcher has to provide a function f € L?(Z) and basis v (X) and

v (Z1). The regressors can be written as

- e (Xi) - Y& (Z1i) i -
ME:| = = +EB B R a— (sz '79A> Xﬁ 5
|: 1 ik 77% (Xz) ¢ 77,?21[ (Xz) P 12 14 ¢ 7
. . 8i ; Y (Xi) | & | (Z1i) 6 5
M| =B, | 0 (Vi 2005, ) | 22505 + B, | 2t (Vias Zuis b, )| X | )| 2
|: 2 ik YA nQB[ (XZ)IO 17 17 Y4 nB[ (XZ> Y4 77124[ (Xl) p 14 17 Y (3 17

In this example, while My, involves all the estimated objects in Step 1, in My, only éAev a,, and
one conditional expectation appear. Thus, to estimate the entries of My, we only need to split /7 into
two pieces such that I§ = Ay+ By, while for estimation of Moy, we make the partition Ij = Ay+By+Cy.
O

EXAMPLE 2: The user has to provide f(Z) = (f1(Z1), f2(Z1), f3(Z2), f1(Z2)) € L* (Z) and basis 7 (Z1)

and 7 (Z2). In this example, the regressors have the following expression

:Mll: o= e (Z1) + O (Z11) (5.14)
:Mze: . Ot (’Yk (Z1) + Oty (le')> : (5.15)
:Ms.e: o = e (Z2i) + Oy (Zai) (5.16)
:Mzm: . Ot (’Yk (Z2:) + Oty <Z2i)> : (5.17)

As we can see from above, no conditional expectations or estimators of 7y appear. Hence, it is not

necessary to partition I7. This is, we would use all observations in I} to obtain an estimator of fg,. [

6 Asymptotic Properties of OR-IVs

This section provides the mean square convergence rate for & based on the Lasso estimator that we

introduced above, which is fundamental for deriving the asymptotic properties of 0.

1"Notice that our algorithm remains as given above, except for the fact that now the expression [M jg] (and thus the
ik
normalization term D;¢) needs to account for the aggregation before the expectation Ep, [-| X], as suggested by (5.13).
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Let Mj be the population analog of matrix MJ ¢. Let Mjg (Z;i) be a r—dimensional vector contain-

ing the i— row of M je- A similar definition applies to M; (Z;;). We define

Fyo= e Y Zi) My (Z), F =B (2) M; (2))],
I
Gt =1 e > Mje(Z;:) . Gj=E [Mj (Z;) M (Zj)l] '
i¢1,

Then, 3, can equivalently be written as

b = g 3 Z (—2F8 — 8 GyuB) + 22 181], - (6.1)
Interestingly, the previous characterization of the program is similar to the one proposed by Cher-
nozhukov et al. (2022d) for automatic estimation of Riesz representers (see Equation (3.7) in this
paper), but with different matrices. An important difference is that @j, the estimated Gram matrix,
depends on regressors Mj’s that are estimated. This also contrasts with the formulation considered by
Bakhitov (2022). These previous works formulate the estimation problem in terms of known objects

analogous to M;’s. In what follows, we work with the characterization given in (6.1). We start by

assuming
Assumption 3. There are constants ci,--- ,cy such that with probability approaching one
Z)| < ¢4 i—a.s., j=1,---,J.
1121]?“2( ’ ( ])|—Cj7 MJ a.s., Jj ) )

Since Gj depends on the estimated Mj(Zj)Mj(Zj),, it is natural that we require a convergence
rate for them such that we can assure that Gj provides a good approximation to G;. Let Fy be the

distribution of the data W, then we assume
Assumption 4.

’

log(r) .

M;o(25)Mjo(z0) — Mjo(zji) Mje(z5:)

Fy(dw) =0, (2), en=

Assumption 4 is a key assumption. For our Lasso results to be valid, it is sufficient to approximate
the population counterparts of the entries of the Gram matrix well, at a rate given by 2. Adding
more estimated regressors in the Lasso program is worth it as long as their estimation is good enough.
This emphasizes the need to leverage machine learning tools to effectively approximate the unknown
regressors, and thereby G, at the required rate. The flexibility of these algorithms can be important

in ensuring that Assumption 4 holds. Assumptions 3 and 4 imply
Héjg—G]’H Zop(Sn).
oo

Chernozhukov et al. (2022d) and Bakhitov (2022) present a similar result to the previous one. It should
not be surprising that we obtain this, even though we do not know the M;’s, as Assumption 4 addresses
the fact that we are working with estimated Mj’s in the sense that we can proceed “as if” we knew

them. Next, we impose a sparse approximate condition on the orthogonal projection f*.
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Assumption 5. There exist C > 1 and 3 with s non-zero elements such that
J N2
> E [{ff (Z;) — M;(Z;) 5} ] < Cser,
j=1

with ||B||, = O(1).

The previous assumption controls the squared approximation error from using the linear combina-
tion M jl B to approximate the orthogonal projection. Remark that Assumption 5 does not impose that
f* can be written as a linear combination of s terms, i.e., that the orthogonal projection is strictly
sparse. Instead, Assumption 5 only requires the existence of 5 with s terms such that the approxima-
tion error across the J elements is bounded by Cse2. Moreover, the above assumption does allow the
unknown identity of the elements in M; that give a good approximation, i.e., the researcher does not
have to specify which elements are important, a task that will be typically hard to accomplish as we
are dealing with highly complex functional objects; see Bradic et al. (2022). We also notice that a very
sparse approximation, with a small number of terms s, will typically lead to faster convergence rates.
For a more detailed discussion of approximation bias conditions with sparse specifications, see Belloni
et al. (2012). For the remainder of this section let us drop the dependence of random elements on ¢ to
simplify our notation.

We next impose a sparse eigenvalue condition, following the Lasso literature (e.g., Bickel et al.,
2009), on the empirical matrix ijl (A}'j:l8

Assumption 6. The largest eigenvalue of ijl G is uniformly bounded in n and there is a ¢ > 0

such that with probability approaching one
/ J 2
0 Zj Gjé

. S eRN{0},
5515

(555

P*(s) = inf{

1§3H6SBH1’ |S5| ES} > c.

Notice that the objective function in (6.1) depends on a sample counterpart of F}, F j, and thus we

hypothesize a convergence rate for it.
Assumption 7. Hﬁ’jg — FJH =0p (en).
oo

Assumption 4 involves the estimated components of the estimated design matrix Gj, MJM J/ This
assumption is crucial for the good properties of the Lasso estimator 8. Nonetheless, it is not enough
to assure that a good approximation will be obtained for f*. If B is sufficiently accurate but M j is not,
in a precise sense, we will not be able to approximate f* well. Given this, we also need to impose some
rate for the mean square distance between Mj and its population counterparts M;. We do this with

the following assumption:

BImposing a sparse eigenvalue condition on the empirical Gram matrix has been done elsewhere, e.g., Belloni and
Chernozhukov (2013).
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Assumption 8. Let

/

B = ZJ:/ (Mj (25) — M; (Zj)) (Mj (z) — M; (%’)) Fy (dw).
j=1

Then, the mazimum eigenvalue of B is O, (5%)

Finally, we allow the Lasso regularization parameter A, to shrink slightly slower than ¢, = /log(r)/n
(as in Bakhitov (2022) and Chernozhukov et al. (2022d)), which restricts the rate at which r grows as
a function of n. This completes the list of sufficient conditions that yields one of the main results of

the paper:

Theorem 2. Let Assumptions 3-8 hold. In addition, suppose that €, = 0 (\,). Then,

18(Z) = Ko(D)ll L2z = Op (1), 11 = V/5An.

Notice that the rate depends on s, which controls the degree of approximate sparsity in f*. The
smaller s, the faster the rate. Additionally, the rate depends on ¢,, which controls the approximation
of the estimated Gram matrix Gj to G;. As we emphasized above, this depends heavily on the good
properties of Mj. Interestingly, despite allowing for an endogenous setting, as in Bakhitov (2022),
which derives slower rates for its Riesz representer estimator relative to the one in Chernozhukov et al.
(2022d), endogeneity does not affect the rate we obtain.! Intuitively, this is due to the fact that to
construct our estimator i, we always work with functions or dictionaries of the exogenous variables

* is a function of the conditioning variables only. In contrast, Bakhitov

of the model. Particularly, ¢
(2022) deals with dictionaries of endogenous variables. We regard this as an advantage of the way we

have formulated our problem.

7 Estimation of the Parameter of Interest in a Two-Step Setting

We now propose an estimator of 6y. To this end, we will simplify some aspects of our general model
(5.1). Up to now, we have allowed the functions m;’s to depend on the entire vector 7y and y. This
is the most general case that we can think of in our context. As we have shown, our construction of
debiased moments can handle it. We, however, will be interested in the common situation where the
researcher works with a two-step setting, in which there are functions m;’s that depend on 79 only.
Then, CMRs based on those functions can be used to obtain an estimator of 7, as it occurs with our
examples. We focus on this case as many relevant scenarios in applied work present this feature (see,
e.g., Chen and Qiu, 2016, Section 5 and references therein). Additionally, to simplify our theoretical
derivations below and to be able to obtain more familiar conditions for rates of first-stage estimators,

we will focus on the case where m; depends on 7; only and 7g; is a conditional expectation.?? Focusing

'9See Theorem 1 and the author’s comments in Bakhitov (2022).
20We remark that this is not necessary. Our theory can be extended to the more general case, at the cost of making

derivations more involved. We focus on the situation where 7, is a conditional expectation since the asymptotic result
we obtain for 6 depends on the mean square convergence of 7;, which has been derived for various machine learners. This
is not the case for general first-stages, except for the theoretical guarantees obtained by Farrell et al. (2021b) for Deep

Neural Networks.
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on conditional expectations as first-stage nuisance parameters is appealing as we can leverage machine
learning algorithms to model such objects very flexibly. Furthermore, there exist well-known theoretical
results that guarantee their convergence.

Recall from our previous discussion that for a given instrument f € L?(Z), we can obtain an OR-IV
ko(Z), with J elements. Then, for different choices of instruments, say ¢ of them, we can construct J
vectors Koj(Z;), of dimension q. We use the bold notation to emphasize that koj(Z;) is a g—vector.

For the remainder of this paper, let us re-define (5.3) such that

J
V(W 0.0,k) =Y m; (Yi,0,0) k5 (Z;),
j=1
where we should notice that 1 is a now a g—vector function, and m; depends on n; only. Let 7, be an

estimator of 1o, using observations in Ij. In addition, let

L
DO) = 30w (Wi, )

(=11iely
Our proposed estimator 6 is defined as the solution to the GMM program

6 = arg min ¢ (9) A (6), (7.1)

where A is a positive semi-definite symmetric weighting matrix. A choice that asymptotically minimizes

the asymptotic variance is A =01 where

L

.1 N . _

U= ﬁzzwww;& 1/’@457/1(Wi7967772a’@£> )
(=11i€ly

and 6, is a possibly non-LR estimator of 6y, based on observations in Ij7. Matrix 0 directly accounts

for estimating 79 and k¢ in a previous stage. We refer to (7.1) as the Debiased-CMRs Estimator

(D-CMRs). Let us summarize our estimation procedure with the following steps:

Step 1: For each subsample £ =1,--- | L , compute estimates 7y and Ay, using observations not in .
Step 2: Obtain our estimator by means of (7.1). The estimator of the asymptotic variance, which
accounts for the estimation of the previous objects, takes the “sandwich” form
. o=l o N1 .
V= (T’AT) TAGAT (T’AT) L T =500 (7.2)
As 19 is a vector of conditional expectations, any suitable machine learning procedure can be
used to obtain 7jy. Standard assumptions in the machine learning literature need to be imposed on
the mean-square convergence rate of this estimator. Conveniently, for the exogenous case where 1
depends on the conditioning variables Z only, the convergence rates for different machine learners have

been already obtained, for example, neural networks (Chen and White, 1999; Farrell et al., 2021a;
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Schmidt-Hieber, 2020), random forests (Syrgkanis and Zampetakis, 2020), Lasso (Bickel et al., 2009),
and boosting (Luo et al., 2022). As we stated previously, we want to consider the general case where 7
can also be a function of variables different from the conditioning ones, i.e., we allow for endogeneity.
In the endogenous setting, identification of 7y is trickier and typically involves an ill-posed problem. In
particular, the identification of this parameter requires the so-called “completeness condition” (Newey
and Powell, 2003). The ill-posedness results in slower rates for the mean square norm of estimators of
1o than in the exogenous situation. One strategy to alleviate this is to consider rates for the projected

mean square norm. Let T} : L?(X) — L?(Z;) denote the conditional expectation operator given by

Tim; =E[n; (X)| Z] .

The projected norm is ||T (1; — no;)||, = \/E [E (7 (X) — noj (X)] Zj]2 . That this norm projects onto
the exogenous Z; allows us to hypothesize convergence rates without having to control the degree of
ill-posedness. Moreover, due to ill-posedness, rates for the square norm will be typically slower than
for the projected norm.?! Hence, conditions on rates for the projected norm will be weaker. This is

what we will do to derive the asymptotic properties of 6. To be concrete, we will require

J
T (n = no)ll 2z DT (ny = mog)ll; (7.3)
j=1

= Op (MZ) )

where we will allow g, to be slower than the y/n—rate. Then, we can use a variety of machine learners
that deal with the estimation of conditional expectations under the presence of endogeneity (e.g., Gold
et al., 2020; Singh et al., 2019). Considering the previous discussion, and to avoid ambiguity, for the
remainder of this paper, we treat n as belonging to B C B, equipped with the projected mean square

norm, given on the right-hand side of (7.3).

8 Asymptotic Properties of D-CMRs

The theoretical guarantees of 6 will be obtained by applying many of the results derived by Cher-

nozhukov et al. (2022a). To this end, let us impose some regularity conditions:

Assumption 9. E [Hz/; (W, 00,770,/40)“2] < 00, and
i) [ Imj (4,00, j¢) = m; (y, 00, m0)|” Fo (dw) = 0,
ii) [ Imj (y: 00, 95¢) = mj (y, 00,m07) [|kog (25)|I* Fo (dw) = 0,

iii) [ |m; (y. 00,105 [|Rje(25) — koj(25)II* = 0.

21See Section 2.1 in Bakhitov (2022) to see why this is the case; see also Bennett et al. (2022).
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Assumption 9 i) and i) are mean square convergence conditions for 7, while i) is a convergence

condition for &. Next, let us define

J
Ag(?ﬂ) = Z (mj (y> 907 ﬁjf) —my (yv 00a 770])) (’%JE(ZJ) - KOJ(ZJ)) .
j=1

We need to guarantee that the estimators of OR-IVs are well-defined, for this, we impose

Assumption 10. There are constants c1,--- ,cj such that with probability approaching one
ax | Z-‘< =1, J as
1I£k§r ik (Zj)| < ¢j5 g a.s

Also, we hypothesize a rate of convergence for the estimator 7, which is required to be faster than
n~14 only, and the same requirement applies for our estimators of OR-IVs, as the following assumption

states:
Assumption 11. i) || (i — 1)l 2z = Op (1), 41l = 0 (n=/4); id) \ryidyty — 0.

However, to make the rate for 7) useful in our context, it must be the case that m; is continuous in

75, which is imposed by the following condition:
Assumption 12. For ||T () — 770)”%2(2) small enough,

J

ST (my (. 80, 17) = m; (9,80 DI < CIIT (e = o)l 22z -
j=1

Assumptions 3, 4, 7, 10, 11, 12, and &,, = o(\,,) imply

2‘)/

Expression (8.1) is a y/n—convergence result for object Ay, which will be key to derive the asymptotic

Ag(iﬂ)HQF()(d'w) 20, and i) \/H/Ag(w)Fo(dw) 2o (8.1)

properties of . Additionally, let

¢ (0,n.k)=E[p(W,0,n, k).
Assumption 13. 1 (0,7, k) is twice continuously Fréchet differentiable in a neighborhood of ng.

Then it can be shown that since ¥ leads to a debiased moment, there exists a C' > 0 such that

- . 2
|4 (80,1, k0)|| < CIT (e = 10)|[72(2) -
All the previous conditions yield the most important result of this section:

Lemma 3. Let Assumptions 3, 4, 7, 9, 10, 11, 12, and 13 hold. Then,
. 1 &
Vnih(6y) = %Z@b(%&o,m,no) + op(1). (8.2)
i=1
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The result in (8.2) is essential for obtaining asymptotic normality of 6. Interestingly, cross-fitting
enables to show (8.2) in a simple manner, without the need to impose the so-called Donsker conditions
for ng, as discussed in Chernozhukov et al. (2018) and Chernozhukov et al. (2022a). Avoiding Donsker
conditions is important as it is unknown if machine learners satisfy them. Furthermore, they could be
restrictive in high-dimensional contexts.

The next condition is sufficient to show the consistency of \TI, which appears in the asymptotic

variance of our GMM estimator.
Assumption 14. [ [m; (v, Gp.ie) — m; (u, 0. 156)| 1Rge(z)> Fofdw) % 0.
Finally, as in any GMM setting, we need conditions for convergence of the Jacobian: %zﬁ(é) it
T=E [%w (W, 00,0, no)] for any 6 2 6y. To that end, we impose the following:
Assumption 15. T exists and there is a neighborhood N of 6y and ||-|| such that
i) 1T (e = m0)l| 122y l17e = Rollp2(z) = 0;

it) For all ||T (n—mo)ll2z) |l — Kollp2(z) (where we are considering each element of ;) small
enough, ¥ (W,0,n,K) is differentiable in 6 on N with probability approaching one and there is a
C and d(W,n, k) such that for 0 € N and for each ||T (1 —10)||12(z) ||k — Koll[2(z) small enough

a¢ <W7 97 7, K’) _ 31/’ (W7 007 K
00 00

)Hsd<vv,n,n>||e—eo||”0; E[d (W, x)] < C:

iti) For each q and k, [ lan(w’aeeok’ﬁ"ke) - aqbq(wgg;no’mo) Fy(dw) 5 0.

Given the previous assumptions and findings, the following result, which shows the asymptotic

normality of 6, can be obtained in relatively simple terms.
Theorem 4. Let Assumptions 8, 4, 7, 9, 10, 11, 12, 18, and 14 hold. In addition, let [N 0o, A B A,
and Y AY be non-singular. Then,
N (é _ 00) 4 N(0,V), V= (T'AT>_1 Y AUAY (T’AT) -
If Assumption 15 also holds, then Vv

Theorem 4 implies that confidence intervals for 6 can be obtained straightforwardly in a standard
way, using V, and the usual quantiles of the standard normal distribution. This holds despite the
convergence rates of nuisance parameters being slower than y/n. Note that Theorem 4 relies on the

consistency of 6. We provide sufficient conditions for this in Section E.

9 Monte Carlo

This section studies the performance of D-CMRs, introduced in Section 7, in samples of finite sizes.
We have run several Monte Carlo experiments in the context of Example 2 to estimate the parameters
of a production function, 6y, (cf. Equation 3.4), and the parameter associated with the productivity

process, 6o, (cf. Equation 3.8), simulating data of a panel of n firms observed across T periods.
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9.1 Data Generating Process

The data generating process (DGP) we work with is similar to the one considered by Ackerberg et al.
(2014), Section 4.3. Only for this section, let us distinguish between variables in logs and in levels.
Uppercase variables denote variables in logs while lowercase variables stand for variables in levels. In
our experiments, firms are followed during three periods, i.e., T' = 3. We consider a Cobb-Douglass
production function in logs:

Yie = Oo1 + Oor Kt + wit + €it,

where 091 = 0 and 0px = 1. The law of motion of capital is given by
ki = (1 —0) kit—1 + pittit—1,

where 1 —§ = 0.9, ;¢ is a lognormal standard shock to the capital accumulation process, and i; is the

firm’s investment decision. This decision is assumed to follow
Iit = v0 + 11 Kit + yowir + exp (—0.5K;; + 0.5wi¢) ,

where 79 = 0, v1 = —0.7, and v2 = 5. We consider a large value for v, to exacerbate the endogeneity
bias due to the correlation between inputs and the anticipated productivity shock. We have specified
an admittedly ad-hoc process for I;;. We do this for two reasons. First, we avoid solving potentially
complicated firms’ dynamic programs. Second, such a process, as we showed, is the source of the
non-parametric component of this model, and thus we would like to model it flexibly to assess how
our estimator behaves in highly nonlinear circumstances. Hence, we would like to have some degrees
of freedom to make the relationship between I;; and w;; complex.

Productivity is assumed to follow a normal AR(1) process with 6y, = 0.7. The variance of the
innovation term in this process is specified such that the standard deviation of wy is o, = 0.1. The
unanticipated productivity or measurement error in output is normal and iid over firms and time. The
standard deviation of this shock o varies across the three periods of observed data such that o, = 0.2,
0e, = 0.05, and o, = 0.1. Finally, to avoid our GDP depending on the starting values of the variables,
we focus on data coming from the steady-state distribution implied by the model. For this, we have

simulated the data over one hundred periods and kept the last three.??

9.2 Results

Recall that Step 0 in our algorithm to estimate OR-IVs involves choosing a vector of functions of
the conditioning variables appearing in the CMRs implied by the model, (3.10)-(3.13). A given vector
function f(Z) will allow us to obtain one unconditional LR moment. In our simulations, we automat-

ically construct four debiased moments, and thus we have to provide four such vectors of functions.

22The same idea has been followed by Ackerberg et al. (2014) and Ackerberg et al. (2015).
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These are

F1(Z) = (K, K, Kip, Kip)
F2(Z) = (In, I, T, Iin)
£3(2) = (Kin, Kit, Lo, Iia)
F4(Z) = (Kit, I, Iin, Iin)

Let us emphasize that each of the previous vectors has four elements since our model has been written
in terms of four CMRs, (3.10)-(3.13). We have specified four of these vectors as we aim to construct
four different orthogonal moments.

Based on these, we have run GMM using the identity matrix as the weighting matrix A.23 In all
situations, the bases coincide, i.e., v; = ¥, and 8;’s are assumed to be constant across j, for simplicity.
The estimation of the OR-IVs is based on regressors (5.14)-(5.17) and we obtain (3, using our algorithm
outlined in Section 5.2.

We acknowledge that one limitation our overall procedure has is that it involves several choices
by the user. Hence, we are interested in studying the performance of our proposed algorithm using
different choices, with the hope that these do not play an important role, as our theoretical results
indicate, at least for a reasonable sample size. These choices are \,, the number of folds L, the number
of bases r, the type of basis 4, and the machine learner employed in the first stage.

Except for specific situations, we estimate 79 with boosting letting L. = 4, 4’s are exponential bases,
r = 9.24 The tuning parameter ), is the recommendation by Belloni, Chen, Chernozhukov, and Hansen
(2012) (p. 2380, BCCH below). This is such that A, = —A2—=&~" (1 — £), with c; = 0.1/ log((n—ny)V

Vn—nyg
1.01

r). Also, we have chosen a smaller and larger \,,. The smaller A, is such that \,, = m@fl ( gi)

with ca = 2/log(log(log((n — ng) V r))). The case with larger A, has A\, = \/%qul (1— ), with

ca = 0.1/log((n—mng)Vr). We also consider a scenario where L = 6. In a different experiment, we specify
25

a larger number of coefficients such that » = 25. Additionally, we model «’s through Fourier basis.
Finally, in another situation, 7y is estimated with Random Forest.?6 Taking everything together, we
present seven different experiments. In a given experiment, three different sample sizes are considered.
We based results on 1,000 Monte Carlo repetitions.

Table 1 and 2 display the associated bias and the 95% coverage of D-CMRs for each of the three

23This can in principle be improved by considering some matrix that depends on the instruments Z. However, we have
kept our choice for simplicity and to reduce computational time.

24We use the R-function gbmt for boosting. Default options were kept. In particular, weights are equal to 1, the model
offset is a vector of zeros, the number of trees is 2000, interaction depth is 3, the minimum number of observations in a
node is 10, shrinkage is set at 0.001, bag fraction is 0.5, and 50% of the sample is for training the model. Predictions
were conducted using the first 500 iterations of the boosting sequence. A one-dimensional exponential basis is of the form
(V) = exp (ax V), each with different rate parameter ay. To create a multi-dimensional basis we use the tensor product
among one-dimensional bases. For a discussion of the use of bases with R, we refer the reader to Ramsay et al. (2009).

25 A one-dimensional Fourier basis is such that 71(V) = 1, 52(V) = sin (aV), 43(V) = cos (aV), 2(V) = sin (2aV),
¥5(V) = cos (2aV), - - -, where o = 27/K and K is the range of V.

26We use the R-function ranger. Default options were kept. In particular, the number of trees is 500, the minimal
node size is 5, the minimal terminal node size is 1, sampling is with replacement, the splitting rule is based on variance,

the significance threshold is 0.5, and the regularization factor is 1.
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parameters of interest, 6y1, 6o, and 6y, across the Monte Carlo repetitions. The tables indicate
reasonably good performance for D-CMRs uniformly, regardless of the specific experiment we focus
on. We observe that as the sample size increases, D-CMRs reports small bias, which is true for every
parameter of the model. Hence, point estimates provide a good approximation to the true values. As
expected, a smaller )\, tends to yield a smaller bias. The number of folds seems irrelevant in terms of
bias. In this example, increasing the number of bases does not necessarily produce better bias, but the
difference with respect to a case with smaller r does not seem of practical relevance. The same holds
for the specific choice for 7’s and the machine learning tool employed. While the bias is always smaller
for ék, we see that 6p; and 6, are more difficult to learn properly. Nevertheless, this issue disappears
for larger n’s.

More importantly, our procedure is able to control the size. As n becomes larger, the coverage
gets closer to the nominal level. The three different choices of the tuning parameter produce almost
the same coverage. While we observe some differences when L is larger, any apparent distinction
disappears as n grows. A larger r causes a slight improvement in terms of coverage, however, the
improvement disappears when n is sufficiently large. The choice of the specific basis seems innocuous
for coverage. Random Forest tends to yield a coverage level slightly larger for parameters 6, and éw,
possibly explained by the fact that the bias is shrinking faster than the variance as n grows. This might
be prevented by exploring other choices of the tuning parameters used in the first stage when 7 is
estimated. The main takeaway is that we see relatively stable performance over the choices considered
in this simulation example. These observations, then, are in line with our theoretical results. As we
emphasized several times in the text, our setting is challenging from an econometric perspective as we
are dealing with unknown operators (or an unknown Gram matrix). Yet, D-CMRs perform well for
sample sizes that can be arguably regarded as small. In conclusion, our Monte Carlo results allow us

to be confident about the good properties of our estimation strategy.
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Table 1: Monte Carlo Results - Bias and 95% Coverage

n = 250
Est. Smaller Larger An Larger Larger Fourier = Random
An An (BCCH) L r Basis Forest
Bias (él) 0.095 0.097 0.100 0.105 0.095 0.105 0.100
Cov95% 0.935 0.934 0.936 0.912 0.937 0.948 0.914

Bias (§;)  -0.031  -0.039  -0.041  -0.044  -0.036  -0.046  -0.042
Cov95%  0.912 0.913 0.906 0.894 0.910 0.925 0.918

~

Bias (0,)  -0.160 -0.162 -0.163 -0.165 -0.160 -0.166 -0.253
Cov95% 0.738 0.742 0.739 0.651 0.745 0.733 0.777
n = 500
Est. Smaller Larger An Larger Larger Fourier = Random
An An (BCCH) L r Basis Forest
Bias (6) 0.048 0.061 0.059 0.060 0.059 0.071 0.035

Cov05%  0.943 0.939 0.947 0.927 0.941 0.959 0.963
Bias (§;)  -0.013  -0.029  -0.027  -0.027  -0.027  -0.040  -0.021
Cov05%  0.903 0.935 0.927 0.894 0.935 0.935

0.949
Bias (6,,) -0.081 -0.088 -0.087 -0.074 -0.087 -0.095 -0.103

Cov95% 0.926 0.922 0.922 0.886 0.922 0.919 0.970

NOTE: The table shows the bias and the 95% coverage of D-CMRs, across different specifications of our algorithm.
Except for specific situations, we have estimated 7o with boosting, L = 4, 4’s are constructed from exponential
basis, r = 9, and Ay, is the recommendation by Belloni, Chen, Chernozhukov, and Hansen (2012) (p. 2380, BCCH).

All these choices are used in the specification appearing in the fourth column of the table. Smaller A, refers

to the case Ay, = \/%éfl (1- ;—i), with ca = 2/log(log(log((n — n¢) V 7))). Larger A, stands for the case
An = \/i'_iwd)*l (1—$2), with ca = 0.1/log((n — ng) V 7). Larger L is when L = 6. Larger r reproduces the

estimation with r = 25. Fourier Basis employs these for the 7’s. We use random forest to estimate 7o in the last
column of the table. Results are based on 1,000 Monte Carlo repetitions.
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Table 2: Monte Carlo Results - Bias and 95% Coverage (continued)
n = 750
Est. Smaller Larger An Larger Larger Fourier = Random
An An (BCCH) L r Basis Forest

Bias (6;) 0.028 0.039 0.037 0.038 0.039 0.053 0.022
Cov95% 0.944 0.946 0.949 0.955 0.958 0.965 0.980

Bias (6;)  -0.002  -0.020  -0.017  -0.017  -0.020  -0.037  -0.018
Cov95%  0.880 0.929 0.925 0.924 0.930 0.944 0.945
Bias (4,) -0.018  -0.025  -0.023  -0.012  -0.025  -0.033  -0.041
Cov95%  0.952 0.951 0.954 0.952 0.951 0.950 0.990

NOTE: The table shows the bias and the 95% coverage of D-CMRs, across different specifications of our algorithm.
Except for specific situations, we have estimated 19 with boosting, L = 4, «’s are constructed from exponential
basis, r = 9, and Ay, is the recommendation by Belloni, Chen, Chernozhukov, and Hansen (2012) (p. 2380, BCCH).
All these choices are used in the specification appearing in the fourth column of the table. Smaller A, refers
to the case \p, = %@‘1 (1—£2), with ¢ = 2/log(log(log((n — ng) V 7))). Larger An stands for the case

An = \/%é_l (1—£2), with ¢z = 0.1/log((n — ng) V 7). Larger L is when L = 6. Larger r reproduces the
estimation with » = 25. Fourier Basis employs these for the v’s. We use random forest to estimate 7o in the last
column of the table. Results are based on 1,000 Monte Carlo repetitions.

10 Final Remarks

This paper has extended the construction of LR/orthogonal/debiased moments to general models
defined by a finite number of CMRs, with possible different conditioning variables and endogenous
regressors. As we have argued, our strategy exploits the CMRs implied by the model in a general way,
and thus can be applied in a wide variety of settings. Hence, our approach will hopefully pave the way for
the employment of machine learning techniques in contexts where the construction of LR has remained
unexplored such as non-linear GMM settings, missing data models, production functions at the firm
level, dynamic discrete choice models, simultaneous equations models, and many others. Conveniently,
our construction is based on a Lasso-type program, making it straightforward to implement. We
encourage researchers to use our recipe to convert typical “ad-hoc” choices of IVs into valid OR-IVs,
leading to a LR moment, especially important in high-dimensional contexts.

Our theoretical results and Monte Carlo experiments motivate us to leverage our procedure further.
In future versions of this work, we plan to use data from a panel of Chilean firms, from 1979 to 1986.
This data has been extensively studied by the production function literature; see, e.g., Levinsohn and
Petrin (2003), Ackerberg et al. (2015), and Gandhi et al. (2020).2” Our motivation to work with this
application is that production function estimation and measures of productivity play a central role in
several empirical settings in economics, with important implications for policymaking. For instance,

production functions have been used to study the effects of trade liberalization, exporting, foreign

2"We are indebted to David A. Rivers and Salvador Navarro for sharing the data with us and answering our questions
regarding the construction of the variables.
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ownership, competition, importing intermediate goods, investment climate, and learning by doing (see
Ackerberg et al., 2007, 2015, and references therein). To the best of our knowledge, no previous work
has constructed debiased moments for all the interesting parameters in these settings using a semi-
parametric perspective. Hence, we are interested in determining if our strategy can uncover larger
heterogeneity patterns among production functions than previously recognized. We leave such an
exploration for future versions of this paper.

We recognize that our paper has its limitations. We have assumed that our limited number of LR
moments are sufficient to identify 6y. Additionally, taking identification for granted, we have ignored
that efficiency can be improved by selecting other orthogonal moments. These are crucial matters
that should not be overlooked. It is essential to explore the construction of debiased moments that
are assured to preserve identification in models defined by a number of CMRs using modern tools,
following, e.g., Muandet et al. (2020) and Zhang et al. (2021). Furthermore, as we have seen, several
ko’s might exist. This raises the question of whether it is possible to characterize a suitable notion of
“optimality” among these OR-IVs. From an efficiency standpoint, it is well-known that the first best is
the optimal IV (see, e.g., Chamberlain, 1992b). This special x not only yields an estimator that achieves
the efficient semiparametric bound, but it is also a valid OR-IV (Newey, 1990; van der Vaart, 1998).
Such a choice, nonetheless, is difficult to estimate in general settings, which might explain why it has
not been popular among applied researchers. It might be interesting to define a broader criterion that
yields second-best choices of OR-IVs that are guaranteed to improve efficiency in estimation relative
to other OR-IVs and whose computation is tractable in practice. Moreover, a more general theory
for the estimation of OR-IVs can be derived. We have performed our construction exclusively for the
space of sparse functions. It might be promising to develop a general framework for different functional
spaces Gy, including Reproducing Kernel Hilbert Spaces and Neural Networks. Finally, observe that
the algorithm that this paper proposes only serves for debiasing structural parameters 6y’s. It might
be important to reproduce the exercise for more general parameters, which include smooth functions of
high-dimensional parameters, e.g., an average partial effect that depends on 79. While the theoretical
characterization of debiased moments for such parameters has already been derived by Arganaraz and
Escanciano (2023), a suitable implementation routine for it remains to be explored. Hopefully, these

ideas will be addressed in subsequent works.
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APPENDIX
A Orthogonality Results

Proof of Proposition 1: The existence, linearity, and continuity of S;o,no follows from Theorem 2.21

in Carrasco et al. (2007). For any function g € L?(Z), by definition, S;()JIO satisfies

<5007nob7g>L2(Z) = <b’ Sgoﬂ?og>B ’

Then, the result of the proposition easily follows by writing:

B

(Stpanbs 9122 = D E [E [6(X)'5; (Y, 00,m0)| Z3) 9:(2))]

<.
Il
—_

I
M~

E |:b(X)/17j (Y, 00,m0) gj(Zj)}

<.
Il
—

—E [b(X) S E[7; (Y.00.m0) 9;(2)| X1 (A1)
j=1

where the first equality holds under Assumption 2, and the second and third equality uses the law of

iterated expectation. Hence, expression (A.1) implies

J
S;()ﬂ?og = Z]E [ﬁj (Y, 60,m0) gj(Zj)\ X].n
=1

B Justification of the Algorithm for Estimation of OR-IVs

The justification of the proposed algorithm for estimation of OR-IVs follows by similar arguments as
presented by Belloni et al. (2012) and Chernozhukov et al. (2022d). Particularly, we have applied
Algorithm A.1 in Belloni et al. (2012) to our context. bjke = Dy, is the normalization term, which is
constructed as the square root of the empirical second moment of the regressors of the problem times
the corresponding residuals (a normalization of the first-order conditions of the unrestricted problem).
The formula for )\, is the same as in Chernozhukov et al. (2022d), which is the one recommended by
Belloni et al. (2012).2% As a result, the procedure that we propose based on tuning parameter ), is
justified by a similar argument to Theorem 1 in Belloni et al. (2012).

Observe, nevertheless, that there exists a difference between our program and the type of Lasso
problems considered by Belloni et al. (2012) and Chernozhukov et al. (2022d). As we emphasized
in the main text, regressors are unknown in our case and thus we need to estimate them, while the

aforementioned papers work under the standard situation where regressors are known. In any case,

28 After we properly account for the fact that A, = j\n/n, where X, is the tuning parameter in Belloni et al. (2012).
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the key condition in Theorem 1 in Belloni et al. (2012) ask for the asymptotic validity of the penalty
loadings, i.e., Dy Let ﬁ?e = ZA??M be the “ideal” penalty loadings, which are defined as

2+ 1/2

Zj:| 6(; ;

’

D= n—lnf% ;E[(E[ﬁj’ (807 ) 374 (Z30) | X]) 7 (V2 00.)

where e? is the j — th entry of the vector f(Z) — f*(Z), i.e., the difference between the starting

instrument and its orthogonal projection on R (Sgomo S;O 770)‘ Then, the ideal loadings are constructed

from the “population” regressors and e?. Our estimated loadings are asymptotically valid if they obey
aDY < Dy < bDY, (B.1)

where 0 < a < 1 < b such that a % 1 and b 5 b, with &' > 1 (cf. Equation (3.2) in Belloni et al.
(2012)). Condition (B.1) is written in terms of the estimated regressors, as it involves D;. But, under
a mild convergence condition, it can be written in terms of loading based on the population regressors,
with probability approaching one. In this case, condition (B.1) will be analogous to the condition
required by Theorem 1 in Belloni et al. (2012). Let us define

9-1/2
DY, = n_lwz EJ:E [(E [ﬁjr <Y, 907n0j'>7j'k(zjk)‘X:|>’Dj (Y, 6o, 705) Zy} it )
ig1, | =1
o= 52— 30 S BB (B [5 0% 00.m) 17 (27) | X]) 7 00| 22

j’ —1 k=1
In addition, let us ignore the subscript associated with cross-fitting, and assume

Assumption 16. There exists a neighborhood N of 6y and ||-|| such that for § € N and for

1/2
7 /

> Ty (05 = moj)ll3

j=1
small enough, there ezists a function h (W,n) and a C such that
|Du(6) = D1 < h (Wm0 = 60ll, E[R(W,m)] < C,
where Dy() is the estimated loading evaluated at 6.

Then, by the Conditional Markov inequality, Assumption 16 implies that, with probability ap-
proaching one, h (W, /) = O,(1). Moreover, let 0 2 9y, with probability approaching one,

< h(W,7)

‘Dl(é) _D 16— 6o|| = 0,(1)0,(1) % 0.

Hence, Dg(é) 2 Dy follows by the Conditional Markov inequality. This implies that with probability

approaching one, condition (B.1) is equivalent to
aD? < D; < bDY,
where notice that now D depends on the population regressors and then we are in an analogous case

to the one considered by Belloni et al. (2012).
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C Optimization

C.1 Algorithm

Step 4 of the iterative algorithm above requires to solve

J

1 - ! - .
i -—M~)<-—M»)2>\D‘, C.1
tin 2w (fge jeB) | fie 568 ) + 220 || DeB||, (C.1)
where _Dg is a diagonal matrix with elements ﬁjkg = Dw along the main diagonal, with [ = 1,--- ,r.

Hence, the first 1 entries correspond to the regressors with v1(Z1), the next ry entries are the regressors
with v2(Z3), and so on. To solve (C.1), we use an extension of the coordinate descent approach for
Lasso (Friedman et al., 2007, 2010; Fu, 1998) to our particular objective function. To be precise, we
implement a coordinate-wise descent algorithm with a soft-thresholding update. Let v; denote the I*?
element of a generic vector v and let ¢; be a r x 1 unit vector with 1 in the I coordinate and zeros

elsewhere. This algorithm can be implemented as follows:

Forl=1:r,do
Step 1: Compute loadings (which do not depend on S):

J
A= n—lng Z;e;MJ/ (fj — Mjﬁ + Mjelﬁl>
1 ]; NN
By =— o ZeleMjel.
j=1
Step 2: Update coordinate [;:
ActDid 4 < —Dya,
Bir=<0 if A; € |=Dihn, Di\,

A=Didn A
% if A; > DiA,.

C.2 Justification

In this section, we justify the previous coordinate-wise soft-thresholding update. Observe that

’ EJ: : (fjl - Mjeﬁ)l (fjt’ - Mﬂﬁ) = —2A; + 2B,
J

where we note that neither A; nor B; depend on ;. The subgradient of the penalty term is

—2D; M\, if <0
d || » R )
a5 ], = { 2o 28] i -
2521108, [ 2D, 2D, | i B =0
2D\, if Bl>0
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Therefore, ((1/2) of) the subgradient of the objective function of our program is

oo , — A+ Bif — Dy, if <0
952 ;n—nz (fje—Mje5> (sz—MjL’ﬂ) +2HﬁﬁHl = [—Al—f?Mm—AAmLDMn] if B=0
—A;+ B + DA, if ;>0

Hence, equalizing those terms to zero and solving for §; gives the element-wise update provided above.

Note that the first term of the objective function in (C.1) is differentiable and convex and the penalty
term is the sum of convex functions. Hence, the whole objective function in (C.1) is a particular case
of Equation 21 in Friedman et al. (2007), and thus the coordinate descent converges to the solution to
(C.1) (Tseng, 2001).

D Asymptotic Results of OR-IVs
Lemma 5. Let Assumptions 8 and 4 hold. Then,

A log(r
ng—GjHOO:op(gn), En = n().

Proof of Lemma 5: Let Gj = n%w >igr, M (Zji) M (Zji)l. Then, by the triangle inequality,

e~ 6| =lj6w -l + o

We first show that Hng - GjH = O, (). To prove this, we follow the proofs of Lemma A10 of
o0
Chernozhukov et al. (2022d) and Lemma D.1 of Bakhitov (2022). Let us define

. . 1 .
Tl = Miq (Z30) My (Zjs) = E[Mjq (Z30) My (Z3a)) s Upe = == > T
i¢l,

where My, (Z;;) is the k — th element of the vector M, (Z;;). Note that in the previous displays, the
elements just defined depend on ¢, but we omitted this dependence to simplify the exposition. Then,

for any constant C, we have

(e 20n) < 3 e 2 ce)
ak=1

< r’max P (‘Ujk’ > Csn> .
k,q 1

Note that E [quk] = 0 and by Assumption 3,

J
T’iqk

| < 1M (Z30) 1M (Z33)| + B (1M (Z30)| | M (Z5)]

2
< 2cj.
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The previous fact shows that quk is a bounded random Variable Therefore, it is sub-Gaussian. Let
‘ TZJ‘I’“’ U,
(see Thereom 2.6.1 in Vershynin, 2018), there is a constant ¢ such that

; C?1
TQII%EZX P (’ng-’ > Can> < 2r? exp (_cKozg(r))
’ J

)
)
J

for any C such that C > K; \/g Hence, for C large enough, P (Héjg - Gj

as needed.

denote the sub-Gaussian norm. Then, K; = —2 > ‘

k qu . By Hoeffding’s inequality

= 2exp <log(r)

— 0,

20€n>—>Oasr—>oo,

[e.9]

Next, let W; contain the data for each ¢ € If. Then, each estimated element in the matrix éjg

depends on Wy only. Now, define

Piar = Mjeq (Zji) Mo (Zji) — Mg (Zji) My (Zji) s Qe = Z itqk:
ZEIg

Conditional on Wy, by the the conditional Markov’s inequality and the triangle inequality, we can write

for any C' >0
W)

2l = 0=

i) < (a2 O

<P (|Qlpose| = Con %)
1 PN .
= CanE .‘Qiq*’“* W@}
1 -
< C&nE zéq*k’* WZ]
) -
< CEnE HISZX qu) W£:|
— 0,
where mkax ‘quk‘ = ‘Q’Zq* w+|» and the last display follows from Assumption 4. We have shown then
7q
Héﬂ - GjHOO < Op(en) + Op (en) = Op (en) ,
as needed. W

Let us define B, as

J
B« € arg min (f O—U/ZGJ Bo —v) +2€nz AR (D.1)
veER” j=1 kesg

A maintained assumption throughout this work is that ||S.||; = Op(1).
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Lemma 6. Hijl G (Bs — 60)HOO <ep.

Proof of Lemma 6: The first order condition (sub-gradient of the objective function) for g, implies
that for k € Sz, we have e;c Z}-le G, (B« — Bo) = 0, where ey, is the k — th column of an identity matrix
I, of dimension r x r. For k € Sg, we have that e}c Z}'le G (By — Bo) +enmy = 0, where 7, = sign (By)

if Bux # 0 and 7 € [—1,1] if B = 0. Hence, in any case e;g ijl Gj(Bs—Bo)| <ep. N

Lemma 7. (8 — 5x) Z}Izl G (Bo — B«) < 055%'

Proof of Lemma 7: By definition of 5,

J J
(Bo—B:) D Gj(Bo—B) +2en D 1Bkl < (Bo—B) .Gy (Bo—B) +2en > | Bl
j=1 k€S j=1 keSg
: (D.2)
= (b= B) DG (Bo—B)
j=1

Let By be the linear projection of f* on M = (M, -, M) in the sense that
J /
Y E [Mj (Z)) (ff (Z;) — M; (Z;) ﬁoﬂ = 0.
J=1

Next, notice that by the triangle inequality

. J , 2
(50-3) 3265 (00~ 3) = L[5 (50 D)}
=1 i=1
= ZJ: HMJ(ZJ)/BO — M;(Z;) B E
j=1
<2) (’ i (Z;) = MJ(Zj)/ﬁon + ) £1(2;) — M;(2;) B D oY
j=1
< 4i) £302)) - My(2,) B
j=1
< Cse?

where the last inequality follows from Assumption 5. The result then follows from Equation (D.2) and
€n Zkesg |/B*,k‘ >0. 1

Lemma 8. Let Sg, be the vector of indices of nonzero elements of Bx. Then, s, = |S,| < Cs.

Proof of Lemma 8: For all k € Sg,\ S5, the first order conditions to (D.1) imply )e}c Z}]:1 G (B —Bo)| =

€n. Therefore, it holds that

2
J

Do | DoCiB—fo) | =en]55\S5]-

keSs\S5 \ =1
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Furthermore, using Lemma 7 and the fact that the largest eigenvalue of Z;-Izl G is bounded, we obtain

o o) g

k€Sp,\S5 j=1

< C’ssi,
where A\jqz(A) denotes the maximum eigenvalue of an arbitrary matrix A. The previous result implies
e2 |55.\55| < Cser.
Diving both sides of the previous expression by €2 yields ‘Sg*\S B‘ < C's. Hence,
Sk = ‘SB‘ + ‘5’5*\55‘ <s+Cs<C(Cs,
as needed WM.
Lemma 9. Z;]:lIE [(fj* (Z;) — M; (Z;) 5*)2] < COsel.

Proof of Lemma 9: By the triangle inequality and Assumption 5, we can write

J 2 J
Y E [(f;-‘ (Z;) — M; (Zj)'ﬁ*) } < 22‘
j=1 :

52) - M (2,) B[+ 53 [85(2)' 3 M;(2;)' 5.
j=1

< Csa%+4ZHMJ (2Z;) B — M; (Z])’ﬁOH2 (D.4)
p
SOIEEANIERIACA RN (D.5)
Notice that by the result in (D.3), "

Z 2452 5 - M52 0|, = (50— ) i:c:j (60— ) < Cse2. (D.6)

Moreover, by Le:n_ma 7, "
ZHM ) Bo = M; (2) =<ﬁo—m>i@ (Bo = B.) < Csel, (D7)

p

Plugging (D.6) into (D.4) and (D.7) into (D.5) yields the desired result. B
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Lemma 10. Hijl éjﬂ* - Z}'Izl G B+

= Op (en).

Proof of Lemma 10: It can be easily verified that by definition of ||-||, and [|||;, we have

- G;) B,

o0

(éj - Gj) |18+l

o

~Mk
/N
QQ>

J J
Y GiB =Y Gi.|| =
j=1 J=1 o

<
Il
—

B

I

) [l
3
~

as needed. W
Lemma 11. Let A = B — B«. For any S such that B, gc = 0 with probability 1, with probability
approaching 1,

J
AT GA <AL ||Ag
j=1

=3 HAS‘ }1 :
Proof of Lemma 11: By definition of B, we have

S (7056 280)

Jj=1 j=1

(5* Gy = 2038, ) + 2 [1Bull, -

Using 8 = A + B, in the previous expression and re-arranging terms, we obtain

J

J ’
AT GA 420 |18+ Ally < 20 |18l +2) (Fj - Gjﬁ*) A. (D.8)

J=1 7=1

By definition of Sy, Z}]:1 G;Bo— Z;-le F; = 0. Then, by Assumption 7, Lemma 6, Lemma 10, and the

triangle inequality, we have

i ( 3/8* - ) < i (éjﬂ* - G]ﬁ*) + i ( j/B* - )
J=1 00 j=1 o] J=1 00
< zjj (Gi. - cy8.)|| + ij (B -H)|| + ij( Gjf. — F;)
j=1 j=1 oo J=1 00

J
< Oy (en) + Oy (en) + Z (GB« — Fj)

o0 o0

= Oy (en) -



Therefore, by the Holder’s inequality, we have that 'Zjl (FJ — Gfﬁ*) A‘ < HZ <FJ - é,@) ‘ I|All, =
Oy (en) ||All;- Recall that &, = 0(\,,), and then we can write
J
AD GHA+ 22 (1B + Ally < 2218l + Op (n) 1Ay
j=1
< 200 [[Belly + An [JA]ly (D.9)

with probability approaching 1. Moreover, by the triangle inequality, ||B.||; < ||8« + Al + [|All;.
Plugging this into (D.9) results in A’ Z}]:1 GJA < 3\, [|Al]l;, and the first result of the lemma is
obtained.

Furthermore, as A’ ijl G;A > 0, it also follows from (D.9) that

2M [18x + Ally < 22X [[Bully + An [IAl - (D.10)
Bos+Dg|| + [|Ag]; and [I8]]; =

B, S) ‘1. Dividing both sides of (D.10) by \,, and substituting the previous conclusions yields

From the fact that S

|

= 0, it follows that ||3, + A||, = ‘

*,5¢

?

B,s+ 04| +2(l2s

<]

85|, + 1Al
Bosl), + l1Asll + Al
<2(][8.s - Agl|, + [12g11) + llagll, + 12

=2||8.5 - 24|, +3ll25l, + 125,

:2‘

1

1 )

where the second equality follows from the reverse triangle inequality. Subtracting 2 Hﬂ* g+ A S‘ ’1 +
125

, from both sides in the previous displays yields
1As.

1 S?’HAS‘

1 )
as needed. W
Lemma 12. [|Al], < cA\py/s.

Proof of Lemma 12: let N denote the indices corresponding to the largest |Sg,
that N C S5 , N[ =[5g,|, and [Ag| > |Ay| for any k € N and ¢ € S§ \N. For S = 8s, UN it follows
from Assumption 6, Lemma 8, Lemma 11, and the Cauchy—Schwarz inequality that with probability

entries in Asg , SO
*

approaching 1,
J
1ag][; <0a>"6a
j=1
= O ([[Ag]], +[]Ag
< On ),
< Orv/E ||,
< /s [|Ag]l, -

)
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Then dividing through by HA S‘ }2 then gives, with probability approaching 1,
1241, < Cravs. (D.11)

By Lemma 6.9 of Bithlmann and Van De Geer (2011), Lemma 11, (D.11), and the Cauchy—Schwarz

inequality
= () lasl <5 )

Hence, by the triangle inequality, with probability approaching one,

|as. ) lasll <3 (8) (18 all, < oruvs

18]l < [|Ag]], + [[As

,<CAyy/5. B

Lemma 13. Z}]:l E Wi | =0, (sA2).

((Mj (Z)) — M; (Zj))13>2

Proof of Lemma 13: By the triangle inequality,

2

J
W;] <2) E Wg]
=1
JJ
+2) E
j=1

Let us provide a bound for the first term on the right-hand side above. By Assumption 8 and Lemma

((Mj (z)~ 1;(2) (B~ 5*)>

((Mj (Z)) — M; (Zj))l &)2

Wg]

12, with probability approaching 1

-Z;E ((Mj (Z;) — M (Zj))/ (5 - @«))

2

WE] <(4-5) B(s-5)
< Aas (B) 1AL (D.12)
< Cse2 )2
< Cs)\?

By the same token, by Assumption 8, we write

J ’ 2
Y E ((Mj (Zj) — M (Zj)) 5*)
j=1

wg] < Amaz (B) || 8|2

(D.13)
< Ce?

< Cs\2,

where the last inequality follows from &, = o (A,). The results in (D.12) and (D.13) implies that

J
Z E
j=1

< Cs\2,

((Mj (Z;) — M; (Z]-))/ 5>2| Wy

as needed. W
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J “ ;oA\ 2
Lemma 14. Y7 E [(f; (2;) — M; (2;) ,8)

} — 0, (sX2).
Proof of Lemma 14: By the triangle inequality and Lemma 9,

éE [(ff (2)) - M; (2)) 3)2’ WE] < 22153 [(ff (2)) = M; (Z3) 5*)2]

J ;A\ 2
+2) E [(Mj(zj)lﬂ* — M;(Z)) 5) WE]
j=1
< Ose + 2i1{«: [(Mj(zj)’ﬁ* — M; (Z;) 3)2 } (D.14)
j=1
Next, by the triangle inequality
J ;AN 2 J ~ 2
S r| (M5 - 5 (2)) 8) || <2308 | (27 (5.~ 5))] (D.15)
j=1 j=
Jl / 2
+2) E (( Mj(zj)) B) wg] (D.16)
j=1

We now find a bound for (D.15). Since the maximum eigenvalue of Z;-le G is bounded, and using

Lemma 12, we have

XJ:E[(Mj(Zj)/ (8.-8)) ] < Amas (XJ: ) A2 < CsA2. (D.17)
j=1

Furthermore, by Lemma 13 we know that

J ’ 2
Y E ((Mj (Z;) — M; (Zj)) 5)
j=1
Plugging the results in (D.17) and (D.18) into (D.15) and (D.16), respectively yields

J
> E [(Mj(Zj)lﬂ* - M; () /3)2‘ Wec] < OsAy.

J=1

< Cs\2, (D.18)

Using the last displays and that e, = o (A,) in (D.14) gives the desired result. B

Proof of Theorem 2: By Lemma 14,

k0 (2) = & (D)2 = ZE (£ 2~ 0ty (2 B

< C’s/\%,

as needed. W
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E Asymptotic Results of the Parameter of Interest

Lemma 15. Let Assumptions 3, 4, and 7 hold. In addition, suppose that e, = o(\,). Then,

b

= 0,(1),

Proof of Lemma 15: We follow the proof of Lemma D.9 in Bakhitov (2022). Notice that Expression
(D.9) in the proof of Lemma 11 implies

2\, B — B«

BHl < 20, [1Bs]]y + A

L
Next, let us divide by 2\, throughout, then by the triangle inequality
]|, < gl + 5|3 -
p— g 1
1 .
<1181+ 5 (|[8]| + 18:11) -

with probability approaching one. Subtracting H B H /2 from both sides in the previous display and
multiplying by 2 yields
18] = 3181l = 0,1,

as needed. W

Lemma 16. Let Assumptions 3, 4, 7, 10, 11, and 12 hold. In addition, suppose that £, = o(\,).
Then,

i) /HAg(w)HZFO(dw)£>07 and u)\/ﬁ/Ag(w)Fo(dw)&o.

Proof of Lemma 16: First, we show i). Lemma 15 and Assumption 10 imply that sup|&;,| = Op(1)
Zj
a.s., for any &j; in Rje. Next, observe that by the triangle inequality and Assumption 9 i), we have

/

2

J
o[ Fatdw) = [ |3 m (000.150) = m; (0.0, 109) (R5e(25) — 05 (23))] | Folew)
j=1

J
< Z/\mj (Y, 60, Mje) — m; (y,00,m07)1* 1R je(Z5) — Koj (Z5)|I° Fo(dw)
j=1

J
<0,1)}" / Imj (4, 00, 75¢) — m; (31, 8o, 705 2 Fo(duw)
i=1

0.

1=
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Second, let us show 4i). By the Cauchy-Schwarz inequality,

1/2

H\F/AE JFo(dw) H <Vn /ZE m; (y, 00, Mje) — m; (y, 00, m05)| Z3, Wi Fo(dZ;)

1/2

J
3 ®ie(Z9) — o3 (2)) Fatiz) ©.1)

By Assumption 12, with probability approaching one,
1/2

/ ZE m; (4,90, 5¢) — m (y. B, m0))| Zy, WEP Foldz;) | | < CIIT (0= o)l

= Op (k) - (E.2)
Using (E.2) and Theorem 2 in (E.1) yields with probability approaching one,
Vi [ Bdwiratan)| = 0, (Vi) o
by Assumption 11 4i). Then, the conclusion follows by the Conditional Markov inequality. H

Lemma 17. Let Assumption 15 hold. Then, there is a C > 0 such that for [|T (n — no)||,2(z) small

enough,
19 (60,1 w0)[| < CNIT (0= m0)lIZ2(z) -

Proof of Lemma 17: The result follows from Proposition 7.3.3 of Luenberger (1997). B

To prove Lemma 3, let 24 be a g—dimensional vector of ones and define

J
g (W170>n) = Zm] (}/;79777) 1q,

j=1
J
o (Wi7 0, m, "3) = Z m; (Yl7 0, 77) (K’j (Zﬂ) - zQ) .
j=1
Then, we can write
Y (Wi, 0,m,6) =g (Wi, 0,n) + ¢ (Wi, 0,n,K). (E.3)

Notice that, by using representation (E.3), we have written the LR functions as the sum of two
terms g+ ¢ as in Chernozhukov et al. (2022a) (Equation (2.3)). Two differences are worth mentioning.
First, instead of having the Riesz representer entering in ¢, we have the OR-IVs. Second, g and ¢, by
construction, are evaluated at the same 6. In particular, v (W;,0p,n,&) = g (Wi, 00,1n)+& (Wi, 00,1, K).
Chernozhukov et al. (2022a) allow for g and ¢ to be evaluated at different 6’s as ¢ has mean zero when

evaluated at the true nuisance parameters value, for any # € ©. In our case, that is true only at 8 = 6.
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Proof of Lemma 3: To show the result we will verify the conditions of Lemma 8 of Chernozhukov
et al. (2022a) and restrict g and ¢ to be always evaluated at the same 6.
First, note that, by Assumption 9, E [Hw (W, 00,0, /s;o)HZ} < 0o0. Moreover, by the triangle inequal-

ity,
J
[ 119 60,10 = 9 980 m) | Foldw) < laall* Y [ b (60, ) = (0, 0)* Fod). (B0
j=1

Hence, (E.4) and Assumption 9 i) imply Assumption 1 (i) of Chernozhukov et al. (2022a). Similarly,
by the triangle inequality and Assumption 9 (i),

J

[ 116 .80 r0) = B, )2 Faduo) <23 [l (o) o () — m; (o) s (29
j=1

+ 0p(1). (E.5)

Then, Assumption 9 4i) imply Assumption 1 (i) of Chernozhukov et al. (2022a). By the triangle

inequality, we can show

J
/"b(wve()ano:i%’f) - qb(w,@o,no,mo)Hng(dw) < Z/ |mj (y7 907770j)‘2 H'%JE(ZJ) - RO(ZJ')HQFO(dw)'
=1

(E.6)
Therefore, Assumption 9 44i) imply Assumption 1 (94) of Chernozhukov et al. (2022a).2?
Observe that

~

Aé(w) = ¢ (w7907ﬁ€7 ’?"'l) - ¢ (w»90>7707 ’?"'E) - ¢ (w7 907ﬁ€7 K/O) + ¢ (w»90,7707 K’O) .

Then, Lemma 16 implies Assumption 2 (i) of Chernozhukov et al. (2022a).

By Lemma 15 and Assumption 10, we have [ ¢ (w, 6o, 0, Re) Fo(dw) = 0 with probability ap-
proaching one. Furthermore, H?,[_) (Oo,ﬁg,no)H < C||IT (ne — Tlo)H%Q(Z), with probability approaching
one. Hence, \/HH@Z (GO,ﬁg,no)H %0, by Assumption 11 i). These results verify Assumption 3 (i)
and (iv) of Chernozhukov et al. (2022a). Then, all the conditions of Lemma 8 of Chernozhukov et al.

(2022a) hold in our context and the result of Lemma 3 can be obtained. W
Let ¥ =E [1/) (W, 00,m0, ko) ¥ (W, by, no, no)/ . We next show that

Lemma 18. Let Assumptions 9 and 14 hold. Then, VRS

Proof of Lemma 18: This proof follows similarly to the proof of Lemma E1 of Chernozhukov et al.

29 Assumption 1 (iii) of Chernozhukov et al. (2022a) is a convergence condition for estimators 6, and &, but since we

are restricting g and ¢ to be evaluated at 6 = 6y, we only need a convergence condition for ko and have 6, = 6y.

50



(2022a). For each i € Iy, let A, (W;) be as in the main text. Additionally, let

J
Ry = g (Wi, 00,7¢) — g (Wi, 00,m0) = Z (mj (Yi, 00,05¢) — mj (Y3, 00,1M05)) 2q,
=1
) J
R2€i = ¢ (Wz7 907ﬁ€7 K’O) - ¢ (WZ7 907770a K/O) = Z (mj (Y;790>77€) —my (Y;n QOa 770)) (F"/Oj (ZJZ) - 7’11)>

<
Il
-

M-

Rsui = ¢ (Wi, 00,m0, o) — & (Wi, 00,m0,k0) = Y m; (Y, 00,m0) (Rje (Zji) — Koj (Zji))

7=1
A J ~
Ry = Z (mj (YE, 9&%‘@) —my (Y;, 0o, ﬁjé)) Rio (Zj;) -
j=1
. ~ 2 P .. . ~ 2 D
By Assumption 9, E HRM Wi | = 0,k =1,2,3. Similarly, by Assumption 14, E HRM Wil —

. 2
0. Also, by Lemma 16 i) E [HA@(W)H ’Wg] 2 0. Then, it follows for ¢; = 1 (W, 00,m0, Ko),

E %Z’l@é—w ’ Wy <E“1ﬁiz—¢i Q‘ch}
i€y
4 . 2 N 2
gc(zza[ s e] + [ [[ 2w wz])
k=1
2.

Pie — i
by the triangle inequality and the Cauchy-Schwarz inequality,

2 = !
50, Let U = 135" e, Then,

Hence, by the Conditional Markov inequality %Zze I,

. L . 2 .
& - @ sZiZ(]w—wi +2sz~|r\wiz—wi>
=1 " icl,
1/2 1/2
Lo ) e (1 ) 1 ) 2
<S03 e w230 (D el =3 |[ee— v
/=1 i€ly /=1 i€l i€ly
op(1) 0p(1) op(1)

Moreover, by the law of large numbers, ¥ 2, W, Hence, the conclusion of the lemma follows by the

triangle inequality. W

Lemma 19. Let Assumption 15 hold and 6 2 6. Then, 8%—(9) L

Proof of Lemma 19: We follow the proof of Lemma E2 of Chernozhukov et al. (2022a). Let

o1



o oY (Wy,0,1,, kg v Y (Wi,00,7¢,R : ; "
T, = n% ZiGIg % and YTy = ni[ Zie[e W@igw- Notice that by Assumption 15 ii),

1 SR PR
E ;Zd(Wiané)me) Wg :E[d(WuW>"5£)|W£C] < Cv
¢ i€y
with probability approaching one. Then, by the Conditional Markov inequality, n% Yic 1, & (Wi, e, Re) =
Op(1). Next, by Assumption 15 i) and i), and the triangle inequality, with probability approaching

one,

. 1 _
HTé - TzH < nfgzd(‘%,ﬁe,f”ve) 16— 90H1/C
i€lp

= 0,(1)op(1) & 0.

Then, T,—Y¢ 2 0 follows by the Conditional Markov inequality. Finally, let T = n%} Y ic I, W.

Similarly then, using Assumption 15 #4i), we have that T,—T, 5 0. What is more, by the law of large
numbers, T, = Y. Hence, the conclusion follows by the triangle inequality. W

Proof of Theorem 4: Based on the results of Lemmas 3-19, the proof can be derived using standard

asymptotic arguments as in, e.g., the proof of Proposition 21.20 in Ruud (2000). W

The result in Theorem 4 relies on the consistency of 6. We now proceed by establishing the

consistency of our estimator.

Theorem 20. If i) A L A, where A is a positive definite matriz; ii) E v (W, 0,n0,k0)] = 0 if and
only if 0 = 0y; iii) © is compact; w) [ ||m; (y,0,70) Rje(z5) — mj (y,0,105) koj(z;)]| Fo(dw) 20 and
E [[|m; (Y,6,m0) koj(Z;)||] < oo for all € ©; v) There is a C > 0 and d(W,n, k) such that for each
1T (1 = 10)ll 22y Ik = Koll2(z) small enough and all 0,0coO,

o (W.0.0.8) — v (W.0.n.0|| < dWo) |7 6| ", BLa W m)] <

Then, 05 0.

Proof of Theorem 20: We follow the proof of Theorem A3 of Chernozhukov et al. (2022a). Observe
that, by the triangle inequality and Assumption iv),

J
/ H"/} (’IU, 977757 R’E) - w (wa 97 No, K’O)H Fﬁ(dw) < Z/ Hm] (ya evﬁje) ’%JE(zJ) —my (ya 07770]) K’OJ(ZJ)H F()(dU])
j=1
20.

It follows then that 1&(9) RN P(0) = E [ (W, 0,10, K0)] for all § € ©. Next, by v), with probability
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approaching one,

5(@)-do) siég(lw(me,m,m) |
< LSS dWino|fi— o]
(=11i€ly
= iffo o] "

Note, by the conditional Markov inequality, M = Op(1). Then, by Corollary 2.2 of Newey (1991),
we have supgeg HQZ)(Q) — @Z_J(H)H %, 0. Moreover, observe that condition v) also implies that () is
continuous on O. Finally, note that the second condition in iv) implies that E [||¢) (W, 8,10, ko)]||] < o0

for all § € ©, by the triangle inequality. The conclusion then follows similarly to the proof of Theorem
2.6 of Newey and McFadden (1994). W

F Additional Monte Carlo Details

/

As we stated in the main text, to obtain our estimator 6 = (él, ék, 9w> , we use GMM based on four

debiased moments. These can be written as

Y (W, 00,m0) = (Y1 —no1 (11, K1)) ko1 (Z1) + (Y2 — o1 — Oor K2 — Oow (01 (Z1) — Oo1 — OorK1)) ko2 (Z1)
+ (Y2 — no2 (12, K2)) ko3 (Z2) + (Y3 — Oo1 — Oor. K3 — o, (02 (Z2) — 001 — Oor K2)) Koa (Z2) -

Notice that our GMM program involves a three-dimensional non-linear search. To increase the relia-

bility of our results, we have reduced the dimension of the problem such that we see 0y; and 6q, as

functions of Op;. In this way, we only search over the dimension 6y;. We have accomplished this as

follows. Notice
not (Z¢) = Oo1 + i Ky + wi (I, Ky)

which implies that
Oo1 + wi (It, Kt) = not (Zt) — Oor K. (F.1)

As w; follows an AR(1) process, we have
wr = Oppwi—1 + ¢, Elef|wi—1] =0. (F.2)
Plugging (F.1) into (F.2) and re-arranging terms yields
not (Zi) — Oop Kt = ¢+ Oow, (M0,t—1 (Zi—1) — Ok K1) + €, € =001 (1 — 0Oo.,) .

Hence, for a given value of g, we can identify g, as the slope in a linear regression of ng; — G K
on 7o,¢—1 — GorKi—1. The parameter 0y can also be identified from this regression equation by using
the equality 61 = ¢/(1 — 6oy, provided that 6p, # 1. As 6p1 = 0 in our Monte Carlo experiments, we
directly consider ¢ = 6p;. Then, in our non-linear search, we impose these restrictions and minimize

the GMM objective function based on v, treating it as a function of 6y only.
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